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Abstract 

This  thesis  presents  a  general  framework  for  reasoning  about  the  relationship  between 
the  shape  of  a  solid  object  and  its  kinematic  function  in  a  mechanical  device.  Such  a 
framework  is  essential  for  numerous  reasoning  tasks  concerning  mechanical  devices  such 
as  analysis,  prediction  of  behavior,  and  design.  We  propose  to  use  an  intermediate 
representation  that  relates  the  geometry  of  objects  to  their  kinematic  function  in  a 
mechanism;  this  representation  stems  from  the  notion  of  configuration  spaces,  originally 
introduced  for  motion  planning.  We  show  that  configuration  spaces  are  an  appropriate 
symbolic  representation  for  reasoning  about  the  kinematics  mechanical  devices  because 
the  regions  of  the  mechanism's  configuration  space  can  be  interpreted  as  representing 
all  the  qualitatively  different  possible  motions  its  objects.  Our  theory  supports  both 
qualitative  and  causal  reasoning. 

To  describe  kinematic  behavior  functionally,  we  be^n  by  developing  two  functional 
languages:  possible  motions  descriptions  and  causal  descriptions.  We  then  present  a 
two-step  analysis  procedure  that  starts  by  deducing  the  behavior  of  all  kinematic  pairs 
and  then  composes  these  behaviors  to  obtain  the  overall  behavior  of  the  mechanism.  For 
a  subclass  of  mechanisms  (fixed  axes  mechanisms),  we  show  that  a  simplified  version  of 
the  composition  operation  can  be  used  to  obtain  the  overall  behavior,  and  we  outline  a 
constraint  propagation,  label  inferencing  algorithm  to  produce  a  region  diagram.  This 
diagram  constitutes  a  total  qualitative  envisionment  of  the  mechanism's  reachable  be- 
haviors. Given  a  sequence  of  input  motions  and  a  region  diagram,  we  indicate  how  to 
predict  the  behavior  of  the  mechanism. 

In  the  second  part  of  this  thesis,  we  address  the  problem  of  designing  the  shape  of 
physical  objects  defined  by  a  set  of  functional  requirements.  In  particular,  we  show  how 
to  design  kinematic  pairs  from  a  description  of  their  desired  behavior.  We  provide  a 
general  heuristic  algorithm  for  innovative  shape  design,  and  present  a  number  of  efficient 
algorithms  for  special  design  cases.  We  also  show  how  to  design  kinematic  pairs  when  a 
qualitative  or  incomplete  lescription  of  the  desired  behavior  is  provided. 

Thesis  Supervised  by  Ernest  Dnvis.  Assistant  Professor,  Computer  Science  Depart- 
ment. 
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Chapter  1 


Introduction 


Over  the  last  forty  years,  much  effort  has  been  devoted  to  devising,  developing,  and 
implementing  computer  programs  that  automate  human  reasoning  tasks.  An  innate 
human  faculty  that  has  resisted  complete  automation  is  the  ability  to  reason  about 
objects  in  the  physical  world.  In  fact,  the  automation  of  reasoning  about  physical 
objects  and  the  processes  associated  with  them  has  been  recognized  as  one  of  the 
most  challenging  problems  for  computer  science.  In  a  recent  article,  entitled  "The 
Challenge  of  Robotics  for  Computer  Science,"  Hopcroft  and  Krafft  claim  that: 

A  system  that  does  not  allow  determination  of  the  future  states  of  ob- 
jects, that  does  not  permit  posing  and  answering  questions  about  object 
behavior,  and  does  not  support  accurate  simulation  of  physical  processes 
is  a  very  weak  system  indeed  [Hopcroft  and  Krafft,  87j. 

One  of  the  most  important  physical  processes  involving  solid  objects  is  motion. 
Objects  move  and  interact  in  space,  giving  rise  to  complex  and  interesting  behaviors 
that  could  not  occur  if  the  objects  were  always  fixed.  Thus,  a  system  that  reasons 
about  physical  devices  must  be  capable  of  reasoning  about  the  kinematic  behavior 
of  the  device,  i.e.,  the  behavior  resulting  from  motions  that  can  occur  in  the  device. 

Kinematic  behavior  is  directly  determined  by  the  geometry  of  the  objects  consti- 
tuting the  device.  The  possible  motions  of  objects  in  a  mechanism  are  constrained, 
and  in  fact  determined,  by  the  precise  geometry  and  sliape  of  these  objects.  Con- 
sider for  example  the  pairs  of  objects  in  Figure  1.1.    Suppose  that   both  objects 
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Figure  1.1:  Different  Shapes  Lead  to  Different  Behaviors 


can  only  rotate  around  an  axis  perpendicular  to  the  plane  of  the  page,  O.  Then, 
depending  on  the  particular  shapes  of  the  objects,  the  rotations  of  A  and  B  will 
be  independent  (cases  (a),  (b),  (c)),  coordinated  (cases  (d)  and  (e))  or  both  (case 
(f)).  By  determining  their  shapes  and  constraining  their  motions,  objects  can  be 
assembled  to  form  mechanisms  that  accomplish  useful  and  comphcated  tasks. 

In  more  complex  mechanisms,  objects  have  specific  kinematic  functions  that  are 
determined  by  the  shape  of  the  object  and  the  contacts  with  other  objects.  Consider 
for  example  the  Clutch  System  in  Figure  1.2  (the  top  corresponds  to  a  lateral  view 
and  the  bottom  shows  front  views  of  selected  interactions).  It  consists  of  a  fixed 
frame  F,  whose  function  is  to  provide  a  support  for  all  the  moving  parts,  and  two 
shafts,  A  and  C  that  can  only  rotate  around  axis  Oi.  Mounted  on  the  shaft  C  is  a 
cyHnder  B;  since  5's  hub  is  rectangular,  as  well  as  C"s  cross-section,  both  objects 
rotate  together.  In  addition,  B  can  translate  along  C.  The  function  of  the  screw 
E  and  the  plate  D  is  to  move  B  back  and  forth  so  that,  when  the  four  cyhnders  of 
B  coincide  with  the  four  holes  in  >1,  B  can  be  engaged  with  A,  so  that  A  turns  iff 


B  turns.  Thus,  a  rotation  of  A  (the  input  shaft)  will  cause  a  rotation  by  the  same 
amount  of  C  (the  output  shaft).  The  kinematic  function  of  the  screw  E  is  to  engage 
and  disengage  the  clutch.  This  function  is  determined  by  the  thread  of  the  screw, 
the  matching  thread  in  the  fixed  frame  F,  and  the  attachement  of  the  screw  with 
the  plate  D.  As  we  can  see  from  this  example,  the  kinematic  function  is  intimately 
related  to  the  shape  of  the  object  and  its  contacts  with  other  objects. 

Because  of  the  intimate  relation  between  shape  and  kinematic  function,  any 
automated  system  that  reasons  about  mechanisms,  and  in  general,  moving  objects 
must  have  the  ability  to  make  this  relation  explicit.  Moreover,  the  system  must 
be  capable  of  addressing  a  wide  range  of  questions  related  to  the  role  of  shape  and 
kinematic  function;  these  questions  appear  in  the  ancdysis,  design,  and  diagnosis  of 
mechanical  devices.  Consider,  for  example,  the  following  questions: 

•  Does  object  A  fit  into  object  B  (Figure  1.3(a))? 

•  How  do  I  modify  A  so  that  it  rotates  when  B  does  (Figure  1.3(b))? 

•  Design  a  pair  of  objects  so  that  A  rotates  clockwise  iff  B  rotates  counter- 
clockwise (Figure  1.3(c)). 

•  Are  two  mechanisms  kinematically  equivalent  (Figure  1.3(d))? 

•  Explain  qualitatively  how  does  the  clutch  system  work  (Figure  1.2). 

The  first  question  is  relevant  to  determine  what  type  of  interaction  can  A  and  B 
have.  The  second  and  third  questions  involve  the  modification  (or  determination) 
of  object  shapes  based  on  kinematic  requirements;  they  address  design  issues.  The 
fourth  and  fifth  questions  require  the  deduction  of  kinematic  function  based  on  the 
given  shapes  of  objects.  Although  by  no  moans  complete,  this  list  of  questions  is 
a  representative  sample  of  typical  questions  that  one  could  ask  about  a  mechanical 
device.  They  are  all  about  the  relationship  between  shape  and  kinematic  function. 

To  answer  each  one  of  the  questions  in  the  previous  list,  we  could  develop  a 
different  ad-hoc  technique.  For  example,  to  delcrnune  if  an  object  .4  rotates  when 
another  object  B  rotates,  it  is  sufficient  to  compute  the  maximum  external  radius 
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Figure  1.2:  The  Clutch  System 
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Figure  1.3:  Five  Reasoning  Tasks  DcaJing  with  Object  Shapes 
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tb  of  B  with  respect  to  the  axis  of  rotation,  the  minimum  internal  radius  ta  of  A 
with  respect  to  the  same  axis,  and  compare  them.  If  tb  >  r^  then  a  rotation  of  B 
will  cause  the  rotation  of  A.  For  this  task,  the  computation  of  two  values,  r^  and 
Tb  is  sufficient.  However,  these  values  are  not  sufficient  to  determine  whether  A 
will  fit  into  B;  nor  they  provide  any  guidance  in  designing  pair  of  gears.  In  general, 
each  task  would  require  its  own  set  of  parameters  and  decision  methods. 

Developing  different  techniques  for  different  problems  that  have  an  underlying 
common  basis  presents  two  main  disadvantages.  First,  since  there  is  no  underlying 
theory,  each  new  problem  has  to  be  independently  analyzed  anew.  Second,  the  inte- 
gration of  different  solution  techniques  is  problematic  when  designing  systems  that 
address  related  questions  jointly.  An  integrated  scheme  has  the  advantage  of  provid- 
ing a  basic  understanding  of  the  nature  of  related  problems.  Since  all  the  previous 
questions  addressed  the  same  issue  (the  relationship  between  the  direct  geometric 
representation  of  the  objects  and  a  kinematic  property  such  as  fit,  transmission  of 
motion,  kinematic  equivalence,  etc.),  it  is  desirable  to  develop  a  common  basis  that 
will  provide  both  a  deep  understanding  of  the  domain  and  a  computational  basis 
for  automated  reasoning. 

A  theory  that  provides  a  common  basis  for  all  reasoning  tasks  in  a  certain  domain 
must  stem  from  the  analysis  of  the  fundamental  properties  of  the  domain.  From 
this  analysis,  we  derive  the  set  of  fundamental  principles  that  define  the  meaningful 
concepts  and  their  relationships.  This  set  of  fundamental  principles  constitutes  the 
deep  model  or  the  first  principles  theory  of  the  domain.  We  are  interested  in  a  first 
principles  theory  of  kinematic  behavior  that  will  provide  a  common  basis  for  cill 
reasoning  tasks  concerning  rigid  objects  and  their  motions  in  space. 

In  addition  to  the  above  requirements,  we  want  the  theory  to  support  both  quali- 
tative and  causal  reasoning.  Qualitative  reasoning  is  concerned  with  the  description 
(or  deduction)  of  a  mechanism's  behavior  in  qualitative  terms,  rather  than  in  quan- 
titative terms.  This  involves  the  identification  of  the  important  states  of  the  device 
(such  as  "on",  "off"  or  "engaged",  "disengaged").  Causal  reasoning  is  concerned 
with  the  description  (or  deduction)  of  the  links  existing  between  the  motions  of 
objects.  This  involves  the  identification  of  how  a  particular  motion  (or  sequence  of 
motions)  appHed  to  objects  in  a  mechanism  is  transmitted  to  the  other  objects.  Our 


previous  description  of  tlie  functioning  of  the  clutch  system  is  an  example  of  a  quad- 
itative  and  causal  description;  in  it,  we  identified  the  existence  of  two  conceptually 
different  states,  ("clutch  engaged"  and  "clutch  disengaged"),  where  the  behavior 
of  the  device  is  qualitatively  different.  We  also  described  the  effect  of  turning  the 
screw  E  on  the  other  objects  in  the  mechanism  (screwing  E  causes  the  translation 
of  D  along  Oi,  which  in  turn  causes  the  translation  of  B). 

There  are  three  main  reasons  for  wanting  to  incorporate  qualitative  and  causal 
reasoning.  The  first  (and  most  compelling)  reason  is  a  cognitive  reason:  both  qual- 
itative and  causaJ  reasoning  are  pervasive  in  human  reasoning;  they  are  systemati- 
cally used  in  communicating  complex  ideas,  explaining  the  behavior  of  phenomena, 
and  specifying  design  requirements.  Second,  they  allow  reasoning  with  incomplete 
information:  the  behavior  of  a  device  can  be  deduced  without  having  precise  ved- 
ues  on  some  parameters;  similarly,  the  design  specifications  of  a  desired  device  can 
be  left  on  purpose  incomplete  for  the  unimportant  aspects  of  the  device  behav- 
ior. Finally,  qualitative  reasoning  implies  a  "discretization"  of  continuous  physiccd 
phenomena.  Such  a  discretization  provides  the  basis  for  symbolic  (as  opposed  to 
numericcd)  reasoning;  symbolic  reasoning  has  a  number  of  advantages  over  numer- 
ical reasoning  because  it  is  more  tractable  and  has  a  cognitive  appeal.  It  requires 
the  development  of  a  symbolic  language  to  describe  qualitative  behavior. 

The  purpose  of  this  thesis  is  to  presents  a  unified  framework  that  supports  auto- 
mated reasoning  about  the  shape  and  kinematic  behaviors  of  objects  in  mechanical 
devices.  Based  on  this  framework,  we  develop  two  languages  for  describing  kine- 
matic behavior  that  support  both  qualitative  and  causaJ  descriptions  and  develop  a 
number  of  analysis  and  design  algorithms  whose  completeness  and  correctness  can 
be  fully  proved  within  the  framework. 

1.1      Reasoning  Tasks  about  Mechanisms 

Although  there  is  a  great  variety  of  reasoning  tasks  concerning  objects  and  mecha- 
nisms, two  categories  of  tasks  are  essential:  analysis  and  design,  .\nalysis  consists 
in  determining  the  behavior  of  a  given  collection  of  objects  from  their  shapes  and 
initial  positions.  Design  consists  in  determining  the  shapes  of  objects  so  that  they 
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achieve  a  desired  kinematic  behavior.  Other  reasoning  tasks,  such  as  diagnosis 
(given  an  actuaJ  abnormal  behavior  of  the  device,  determine  the  change  of  struc- 
ture or  behavior  of  one  or  more  components  of  the  device)  and  postdiction  (given 
an  actual  state  of  a  device,  determine  the  set  of  possible  initial  states)  require  the 
use  of  one  or  more  aspects  of  analysis.  We  can  further  subdivide  the  two  categories, 
analysis  and  design,  into  more  specific  tasks  of  that  are  of  particular  relevance.  For 
analysis,  some  of  the  important  tasks  are: 

•  Prediction:  Determine  the  behavior  of  the  device  for  a  given  input. 

•  Envisioning:  Determine  all  the  possible  behaviors  of  the  device. 

•  Explanation:  Give  a  causal  account  of  the  device's  behavior. 

•  Hypothetical  Reasoning:  Determine  the  effects  of  a  change  in  the  objects  or 
the  structure  of  a  given  device. 

•  Validation:  Determine  if  a  given  mechanism  has  the  desired  behavior. 

•  Functionality:  Determine  the  role  of  an  object  in  the  device. 

Being  able  to  make  predictions  and  envisionments  of  a  device's  behavior  virtu- 
ally enables  us  to  carry  all  the  other  analysis  tasks:  if  the  envisionment  provides 
qualitative  behavior  distinctions,  an  explanation  of  a  device  behavior  can  be  easily 
extracted  from  it;  hypotheticad  reasoning  and  validation  both  require,  in  addition 
to  prediction  and  envisioning,  a  procedure  to  compare  behaviors.  Finally,  the  role 
of  an  object  in  a  mechanism  can  be  deduced  from  the  envisionment.  As  for  design, 
we  distinguish  between  two  types  of  design: 

•  Design:  Determine  the  shapes  of  the  objects  in  a  device  so  that  they  achieve 
a  desired  behavior. 

•  Re-design:   Modify  the  shapes  of  (some)  objects  in  the  device  so  that  they 
achieve  a  desired  behavior. 


Several  categories  of  design  methods  have  been  identified  in  the  Hterature  [Dixon, 
86],  [Brown  and  Chandrasekaran,  86].  They  range  from  well  known  hmited  parameter- 
based  re-design  methods  all  the  way  to  the  poorly  understood  creative  design.  In- 
between,  lie  routine  design  and  innovative  design.  Routine  design  consists  in  choos- 
ing from  a  number  of  pre-defined  solutions  and  adjusting  some  device  parameters 
to  satisfy  the  design  constraints.  Innovative  design,  on  the  other  hand  is  capable  of 
creating  previously  unknown  solutions.  Clearly,  a  theory  that  supports  innovative 
design  is  more  powerful  than  a  theory  that  supports  routine  design  for  the  Seime 
domain.  We  are  interested  in  supporting  innovative  design,  because  this  task  tests 
the  power  and  capabilities  of  a  first  principles  theory  in  a  particular  domain. 

To  illustrate  the  type  of  innovative  design  we  have  in  mind,  consider  the  following 
design  problem:  we  are  given  a  rotating  disc  A  and  a  translating  rectangle  B  (Figure 
1.4(a)).  The  problem  is  to  modify  (i.e.,  re-design)  their  shapes  to  satisfy  (separately) 
each  one  of  the  following  requirements: 

•  Bound  the  translation  of  5,  Figure  1.4(b). 

•  Prevent  the  rotation  of  A  for  6^  =  0,  Figure  1.4(c). 

•  Achieve  a  specific  motion  relation.  Figure  1.4(d). 

•  Have  A  rotate  iff  B  translates,  Figure  1.4(e). 

For  the  design  algorithm,  we  cannot  presuppose  the  existence  of  these  solutions; 
rather,  we  want  a  design  methods  that  only  uses  knowledge  about  shapes  and  their 
interactions. 

Due  to  their  importance  for  reasoning  about  mechanical  devices,  we  will  con- 
centrate in  this  thesis  on  the  prediction  and  envisionment  of  mechanisms  and  the 
innovative  design  of  pairs  of  objects.  In  the  next  section,  we  will  discuss  two  widely 
used  methods  for  reasoning  about  devices. 
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Figure  1.4:  Examples  of  Innovative  Design 
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1.2      A  Critique  of  Two  Existing  Methods 

Besides  ad-hoc  techniques  to  perform  particular  reasoning  tasks  about  devices,  we 
distinguish  between  two  problem-solving  categories:  parameter-based  methods  and 
component-based  methods.  We  will  discuss  them  next. 

Parameter-based  methods  model  the  functioning  of  a  device  by  identifying  the 
relevant  parameters  of  change  and  estabhshing  the  relationships  between  these  pa- 
rameters. This  requires  the  previous  consideration  and  analysis  of  the  device  by  a 
human  in  order  to  determine  these  parameters;  clearly,  a  pretty  good  understanding 
of  the  functioning  of  the  device  is  necessary.  In  this  method,  automated  analysis 
consists  in  finding  the  critical  values  of  the  parameters  for  which  the  behavior  of 
the  device  changes.  Design,  on  the  other  hand,  consists  in  modifying  the  values 
of  pre-determined  parameters  in  order  to  comply  with  a  set  of  design  constraints. 
Both  problems  can  be  posed  as  optimization  problems,  and  various  mathematiccil 
techniques  can  be  used  to  solve  them,  depending  on  the  nature  of  the  equations. 
Parameter-based  reasoning  takes  place  at  the  functional  level  since  the  parameters 
are  not  related  directly  to  the  structure  of  the  device.  The  scope  of  these  methods 
is  always  limited  by  the  initial  choice  of  the  parameters:  for  example,  if  a  design 
problem  requires  the  consideration  of  a  new  parameter,  or  the  introduction  of  a  new 
component,  the  design  process  will  fail.  Almost  all  existing  Computer- Aided  Design 
(CAD)  programs,  including  recent  rule-based  expert  CAD  systems,  are  parameter- 
based. 

To  illustrate  the  limitations  of  this  method,  consider  the  pair  of  objects  in  Figure 
1.5(a):  it  consists  of  a  rotating  disc  and  a  translating  block.  We  can  parameterize 
their  shapes  by  specifying  the  values  of  the  diameter  for  the  rotating  disc,  and  the 
width  and  length  for  the  translating  block.  Suppose  we  want  to  modify  the  shape  of 
B  so  as  to  bound  its  translation  to  the  right.  A  possible  solution  for  modifying  the 
shape  of  B  is  shown  in  Figure  1.5(b).  Clearly,  this  modification  cannot  be  achieved 
by  varying  the  predefined  parameters  of  A  and  B  in  the  current  parameterization. 

Component-based  methods  emphasize  the  distinction  between  the  structure  of 
a  device  and  its  behavior.  In  this  method,  a  device  is  described  as  a  collection  of 
interconnected  elementary  (or  primitive)  components.  Elementary  components  are 
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Figure  1.5:  An  Example  of  Parameterization 

described  by  predefined  models  that  specify  all  their  potential  behaviors.  A  set  of 
composition  principles  determines  how  individual  behaviors  are  combined  to  obtain 
the  overall  behavior  of  the  device.  Basic  components  are  described  functionally 
with  no  reference  to  their  internal  structure.  They  should  follow  the  no-function- 
in-structure  principle,  stating  that  the  laws  of  the  elementary  components  should 
not  presume  the  functioning  of  the  whole  [DeKleer  and  Brown,  84].  For  example, 
in  the  domain  of  electrical  devices,  the  elementary  components  are  light  bulbs, 
batteries,  resistors,  etc.  connected  by  electrical  wires.  Each  component  is  modeled 
by  the  effect  it  has  on  current  intensity  and  voltage;  the  composition  principles 
correspond  to  electrical  laws  such  as  Ohm's  law  and  KirchofT's  law. 

In  the  case  of  mechanical  devices,  elementary  components  are  formed  by  peiirs 
of  objects  in  contact  (called  kinematic  pairs),  such  as  a  nut  and  bolt,  or  a  pair  of 
gears.  This  is  because  no  kinematic  function  can  be  assigned  to  single  objects.  The 
functional  specification  of  kinematic  pairs  describes  the  set  of  possible  motions  of 
each  object  and  the  relationship  between  these  motions.  For  example,  a  pair  of 
meshed  gears  is  modeled  by  the  following  description:  A  rotates  iflF  B  rotates;  the 
relation  between  the  angular  positions  of  both  gears  is: 


9ji  =  —number -of  Jeeth{A) / number -of  Jeeih(B)  *  6b 

Using  only  a  functional  representation  of  kinematic  pairs  has  several  drawbacks. 
First,  since  the  initial  description  of  the  mechanism  is  specified  in  terms  of  the 
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geometry  of  every  object,  we  need  to  determine  which  pairs  of  objects  form  known 
pairs,  i.e.,  we  have  to  determine  if  the  pair  is  a  pair  of  gears,  a  prismatic  joint, 
etc..     This  forces  us  to  consider  every  possible  object  geometry  and  specify  its 
behavior  in  a  kinematic  pair.    For  example,  for  a  prismatic  pair  (a  prismatic  pair 
is  a  pair  in  which  the  only  possible  relative  motions  of  the  objects  are  translations 
along  an  axis;   Figure  1.3(d)  shows  three  examples  of  prismatic  pairs),  we  have 
to  store  all  possible  pairs  of  object  geometries  that  can  form  such  pairs.    This  is 
clearly  unreasonable,  since  there  is  virtually  an  infinite  number  of  object  geometries. 
Instead,  we  should  be  able  to  deduce  the  kinematic  behavior  of  any  given  pair.  The 
second  problem  associated  with  functional  representations  is  that  we  cannot  reason 
about  the  consequences  of  modifying  the  shape  of  an  object  in  a  pair  since  we  do 
not  know  its  internal  structure.    For  example,  the  removal  of  the  guide  from  the 
base  of  the  second  pair  in  Figure  1.3(d)  enables  the  slider  to  rotate  in  addition 
to  translate,  creating  a  different  kinematic  pair.    Without  geometric  information, 
we  cannot  arrive  at  this  conclusion.  Functional  descriptions  of  kinematic  pairs  are 
insufficient  as  the  basis  for  reasoning  about  kinematic  interactions  of  objects  with 
arbitrary  shapes. 

To  recapitulate,  existing  problem-solving  techniques  are  only  partially  adequate 
for  reasoning  about  shape  and  function  of  objects  in  mechanisms: 

1.  Ad-hoc  techniques  for  solving  specific  problems  might  be  efficient  but  lack 
generality.  We  are  looking  for  a  common  basis  for  most  reasoning  tasks  con- 
cerning moving  objects  and  their  shapes. 

2.  Schemes  that  use  a  parameterized  description  of  the  device,  and  thus  abstract 
object  shapes,  are  efficient  but  limited  in  scope.  No  parameterization  can 
be  considered  as  being  general  enough  to  properly  address  more  than  a  few 
questions. 

3.  The  primitive  component  approach,  where  elementary  components  of  a  device 
are  described  functionally,  although  general,  is  not  appropriate  for  reasoning 
about  the  interaction  between  two  objects.  The  geometry  of  both  objects 
must  be  considered  in  order  to  deduce  their  functionality. 

A  related  problem  that  is  of  direct  relevance  in  the  context  of  reasoning  about 
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objects  and  their  motions  in  space  is  the  motion  planning  probleni,  also  known  as 
the  Piano  Mover's  Problem  [Lozano-Perez  and  Wesley,  79],  [Schwartz  and  Sharir, 
83].  Planning  the  motion  of  a  mobile  object  amidst  fixed  obstacles  consists  in  finding 
a  collision-free  path  for  the  mobile  object  from  an  initial  to  a  fined  position.  In  this 
problem,  the  shape  of  the  mobile  object  and  the  obstacles  determine  whether  such  a 
path  exists.  Because  of  its  importance  in  robotics,  many  variations  of  this  problem 
have  been  analyzed  and  solved.  The  most  commonly  used  technique  is  based  on  the 
notion  of  configuration  spaces.  In  this  approach,  the  problem  of  finding  the  path  for 
a  set  of  moving  objects  from  an  initial  to  a  final  position  is  reduced  to  the  problem 
of  finding  a  path  for  a  reference  point  in  a  higher  dimensional  space,  subject  to  a 
set  of  constraints  derived  from  the  geometry  of  the  objects.  The  general  techniques 
introduced  are  not  directly  suited  for  our  purposes  for  several  reasons.  First,  this 
approach  requires  the  interpretation  of  the  resulting  configuration  space  to  deter- 
mine the  kinematic  behavior.  Second,  the  solutions  are  prohibitively  expensive  for 
the  case  of  several  moving  objects.  Third,  this  approach  does  not  account  for  some 
of  the  properties  encountered  in  mechaniccd  devices,  such  as  small  degrees  of  free- 
dom of  each  object  and  highly  constrained  motions,  nor  it  provides  a  qualitative 
and  causal  account  of  object  motions. 

Despite  these  drawbacks,  we  will  see  that  configuration  spaces  constitute  a  usefvd 
abstraction  for  representing  the  possible  motions  of  objects  in  space.  Because  of 
their  generality,  we  will  use  configuration  spaces  as  the  basis  of  our  theory,  although 
we  will  interpret  and  use  them  differently  than  in  the  case  of  motion  planning. 

1.3      Statement  of  the  Problem 

The  goal  of  this  thesis  is  to  develop  a  framework  for  reasoning  about  the  relationship 
between  shape  and  kinematic  behavior  in  mechanical  devices.  In  particular,  this 
framework  should: 

•  Provide  a  first  principles  theory  (or  deep  model)  of  shape  and  kinematic  be- 
havior in  mechanical  devices 
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•  Allow  explicit  reasoning  about  the  relationship  between  shape  and  kinematic 
function 

•  Be  provably  sound  and  complete 

•  Support  symbolic  and  functional  reasoning 

•  Support  qualitative  and  causal  reasoning 

•  Provide  the  basis  for  the  development  and  analysis  of  specific  reasoning  algo- 
rithms in  this  domain 

•  In  particular,  provide  the  basis  for  algorithms  for  envisionment,  prediction  of 
behavior,  and  innovative  design  of  kinematic  pairs. 

This  thesis  is  a  step  towards  achieving  these  goals. 

1.4      Proposed  Solution:  An  Overview 

We  propose  to  use  configuration  spaces,  originally  introduced  for  motion  planning, 
as  a  representation  that  relates  object  geometry  to  kinematic  behavior.  The  con- 
figuration space  of  a  mechanism  defines  the  set  of  legal  placements  (position  and 
orientations)  of  objects  in  a  mechanism  so  that  no  two  objects  overlap.  This  set 
of  legal  placements  can  be  partitioned  into  regions  that  correspond  to  qualitatively 
different  possible  motions  of  objects  in  a  mechanism.  The  regions  can  then  be  de- 
scribed with  possible  motion  labels,  indicating  which  motions  are  possible,  and  what 
is  the  relation  between  them.  This  label  description  constitutes  a  functional  descrip- 
tion of  the  kinematic  behavior  of  the  mechanism.  Configuration  spaces  serve  as  an 
intermediate  representation  that  relates  the  geometry  of  the  objects  in  a  mechanism 
to  their  kinematic  behavior.  The  following  diagram  illustrates  these  relationships: 
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In  this  scheme,  both  analysis  and  design  are  based  on  a  configuration  space  rep- 
resentation of  the  mechanism's  kinematic  behavior.  For  a  given  a  description  of 
the  geometry  and  initial  placement  of  each  object  in  the  mechanism,  the  analysis 
of  a  mechanism  consists  of  computing  its  configuration  space  and  partitioning  it 
into  regions  that  describe  its  qualitatively  different  kinematic  behaviors.  Design, 
on  the  other  hand,  consists  of  taking  a  description  of  the  desired  kinematic  behav- 
ior, converting  it  into  the  corresponding  configuration  space,  and  then  using  this 
configuration  space  to  produce  the  object  shapes  that  satisfy  the  desired  kinematic 
requirements. 

Since  every  object  has  six  degrees  of  freedom  in  space  (three  rotations  and  three 
translations),  its  position  and  orientation  (also  called  its  placement)  can  be  uniquely 
characterized  by  a  vector  in  a  six-dimensional  space.  For  a  mechanism  consisting 
of  n  objects,  we  can  uniquely  characterize  the  positions  and  orientations  of  all  the 
objects  by  a  vector  in  6n- dimensional  space.  This  6n- dimensional  space  is  called  the 
configuration  space  of  the  mechanism.  Note  that  not  every  point  in  a  mechanism's 
configuration  space  corresponds  to  a  feasible  placement  of  its  objects:  it  is  possible 
that  the  placement  produces  the  overlapping  of  two  or  more  objects,  which  is  a 
physically  infeasible  situation.  Thus,  for  a  given  mechanism,  we  distinguish  two 
types  of  subsets  in  its  configuration  space:  subsets  defining  legal  placements  (i.e., 
where  no  two  objects  overlap)  and  subsets  defining  illegal  placements  (i.e.,  where 
at  least  two  objects  overlap).  The  boundary  between  the  two  sets  corresponds  to 
placements  in  which  at  least  two  objects  are  in  contact.  This  is  because  in  order 
to  go  from  a  legal  placement  in  which  two  objects  are  not  in  contact  to  an  illegal 
placement  in  which  two  objects  overlap,  we  must  go  through  a  placement  in  which 
objects  do  not  overalp  but  their  boundaries  do. 
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Figure  1 .6:  The  Double  Slider  Mechanism  and  its  Configuration  Space 


In  practical  mechanisms,  most  objects  do  not  have  ail  six  degrees  of  freedom, 
but  rather  one,  or  at  most  two.  Therefore,  it  is  sufficient  to  consider  projections 
of  the  full  6n-dimensional  space.  In  this  case,  the  dimensionality  of  the  projected 
configuration  space  is  the  total  number  of  degrees  of  freedom  of  the  objects.  As  an 
example,  consider  the  double  slider  in  Figure  1.6(a).  It  is  formed  by  a  fixed  basis 
B  and  a  slider  A  that  is  free  to  move  in  the  plane  A,  corresponding  to  the  plane  of 
the  figure.  If  we  assume  that  the  basis  is  fixed,  the  slider  has  only  two  degrees  of 
freedom,  and  thus  the  analysis  of  two-dimensional  projection  of  the  configuration 
space  is  sufficient  to  determine  the  sets  of  legal  and  illegal  placements  Figure  1.6(b) 
shows  the  configuration  space  of  the  double  sHder.  The  hatched  areas  correspond 
to  regions  of  free  placements. 

We  will  briefly  illustrate,  with  a  very  simple  example,  how  configuration  spaces 
can  be  used  as  a  basis  for  analysis  and  design.  Consider  again  the  double  sHder 
mechanism  in  Figure  1.6(a).  Since  A  has  three  potential  degrees  of  freedom  (two 
translations  and  a  rotation)  and  B  is  fixed,  the  set  of  free  placements  of  .4  with 
respect  to  its  reference  point  can  be  represented  in  a  three-dimensional  space.  Ilow- 
ever,  A  cannot  rotate  inside  5,  and  thus  its  orientation  remains  constant.  The  set 
of  free  placements  of  A,  indicating  the  free  placements  of  v4's  reference  point,  can 
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be  represented  in  a  two-dimensional  space,  as  shown  in  Figure  1.6(b).  In  this  con- 
figuration space,  we  can  distinguish  three  regions:  Rq,  Ri  and  R2.  The  placement 
shown  in  Figure  1.6(a)  corresponds  to  a  point  P  in  Ri.  Note  that  placements  in 
the  region  Rq  are  not  reachable  from  P  since  there  is  no  path  in  that  goes  from 
P  to  a  point  in  Rq  that  does  not  traverse  a  set  of  illegal  placements.  In  Ri,  the 
only  possible  motion  of  ^  is  a  translation  along  axis  Oi.  In  R2,  the  only  possible 
motion  is  a  translation  along  axis  02-  Therefore,  we  can  conclude  that  A  can  have 
only  two  distinct  kinematic  behaviors  that  are  reachable  from  its  initial  position: 
bounded  translation  along  Oi  and  bounded  translation  along  02-  This  description 
constitutes  the  analysis  of  all  the  possible  reachable  behaviors  of  the  pair. 

The  design  of  a  mechanism  consists  in  reversing  the  above  process.  Suppose  we 
want  to  design  a  double  slider  mechanism.  The  design  requirements  of  the  desired 
behavior  state  that  we  want  two  objects,  A  and  B,  such  that  object  B  is  fixed  and 
serves  as  a  base  for  a  second  moving  object,  A.  Object  A  can  have  two  bounded 
translations  along  axes  Oi  and  O2.  First,  we  translate  this  description  into  a  con- 
figuration space  representation,  obtaining  the  configuration  space  in  Figure  1.6(b) 
(excluding  region  Rq)-  The  next  step  is  to  use  the  configuration  space  representa- 
tion to  produce  the  shapes  of  two  objects  so  that  their  actual  configuration  space 
is  identical  to  the  desired  one.  As  noted  previously,  the  boundaries  of  the  configu- 
ration space  define  placements  corresponding  to  object  contacts.  Thus,  for  a  given 
boundary  of  the  configuration  space,  we  have  to  create  a  corresponding  contact 
between  two  object  boundaries.  In  this  particular  case,  since  the  shapes  of  neither 
A  nor  B  are  predefined,  there  is  an  infinite  number  of  solutions.,  one  of  them  being 
the  pair  in  Figure  1.6(a).  The  determination  of  the  shape  of  one  object  determines 
the  shape  of  the  other. 

The  main  problem  in  dealing  with  configuration  spaces  is  their  high  dimen- 
sionality. As  noted  before,  the  configuration  space  of  a  mechanism  consisting  of 
n  objects  is  potentially  6n- dimensional.  In  the  previous  example,  we  were  deal- 
ing only  with  two  objects,  and  we  reduced  the  dimensionahty  of  the  configuration 
space  by  introducing  a  series  of  assumptions  (object  A  is  fixed,  B  can  only  move 
in  the  plane  A,  etc.);  in  general,  this  is  not  possible.  Using  configuration  spaces 
reduces  a  complex  state  description  to  a  single  point,  at  the  cost  of  imposing  a  com- 
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plex,  high-dimensional  space.  This  space  is  complex  since  some  of  its  dimensions 
are  rotational.  Rotational  dimensions  introduce  unusual  (non-Euclidean)  topologies 
and  transcendental  equations  for  the  boundaries  that  separate  free  and  forbidden 
placements.  Computing  and  analyzing  these  configuration  spaces  is  difficult  and 
expensive  because  general  algebraic  techniques  are  required. 

How,  then,  can  configuration  spaces  be  used  to  deal  effectively  with  mechanisms 
consisting  of  several  objects?  Mechanical  devices  have  a  number  of  properties  that 
distinguish  them  from  randomly  assembled  objects.  First,  and  as  noted  previously, 
objects  in  mechanisms  generally  have  very  few  degrees  of  freedom.  Therefore,  pro- 
jections of  the  original  configuration  space  into  lower  dimensional  spaces  are  suffi- 
cient to  determine  the  kinematic  behavior.  For  example,  was  sufficient  to  analyze 
a  two  dimensional  projection  of  the  configuration  space  of  the  slider  mechanism  in 
Figure  1.6(a),  instead  of  the  full  12-dimensional  space,  to  determine  its  behavior. 
Second,  most  mechanisms  can  be  decomposed  into  small  subsets  of  objects  that 
have  a  specific  kinematic  role,  independent  of  the  rest  of  the  mechanism.  Kine- 
matic pairs  are  the  smallest  such  subsets.  The  kinematic  behavior  of  these  subsets 
can  be  computed  independently  and  then  composed  with  the  behavior  of  the  other 
subsets.  This  means  that  the  complete  configuration  space  of  a  mechanism  does 
not  have  to  be  described  explicitly  in  order  to  describe  its  behavior.  It  can  be 
constructed  implicitly  by  analyzing  the  configuration  spaces  of  subsets  of  objects, 
deducing  their  relative  kinematic  behavior  and  then  composing  them  to  obtain  the 
complete  kinematic  behavior  of  the  mechanism. 

Based  on  these  considerations,  and  following  Reuleaux's  pioneering  work  on  the 
systematization  of  the  analysis  and  design  of  mechanical  devices  (Reuleaux,  1876), 
we  view  mechanisms  as  a  collection  of  pairs  of  objects,  called  kinematic  pairs.  When 
analyzing  a  mechanism,  we  first  consider  its  kinematic  pairs,  and  determine,  from 
their  geometry  and  position,  their  relative  kinematic  behavior  by  computing  their 
pciirwise  configuration  space.  To  deduce  the  overall  behavior  of  the  mechanism,  we 
compose  these  relative  kinematic  behaviors.  For  a  restricted  cla^s  of  mechanisms, 
called  fixed  axes  mechanisvis,  the  composition  of  relative  behaviors  can  be  done 
efficiently  using  a  small  set  of  composition  rules.  Design  is  done  by  producing  the 
specifications  of  tlu-  desired  behavior  for  each  kinematic  pair  in  the  mechanism. 
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These  pairwise  descriptions  are  then  converted  into  desired  configuration  spaces 
that  will  guide  the  shape  design  process. 

In  the  following  chapters,  we  will  present  the  details  of  our  approach  and  show 
how  to  apply  it  in  three  important  reasoning  tasks:  envisioning,  prediction  of  be- 
havior and  design  of  kinematic  pairs. 

1.5      Thesis  Outline 

We  begin  by  introducing  in  Chapter  2  the  two  symbolic  languages  that  will  be 
used  to  describe  simple  kinematic  behaviors.  One  language  describes  the  potential 
behaviors  of  a  mechanism  in  terms  of  possible  motions,  while  the  other  describes 
behavior  in  terms  of  causality.  Both  languages  allow  the  description  of  a  mecha- 
nism's behavior  without  referring  to  its  structure  or  to  the  geometry  of  its  parts. 
They  are  suited  for  explaining  the  kinematic  behavior  of  a  device  (analysis)  and  for 
specifying  the  kinematic  requirements  of  a  desired  mechanism  without  specifying 
its  structure  (design).  The  two  languages  are  designed  to  support  qualitative  and 
causal  reasoning.  Chapter  3  contains  the  core  of  our  theory:  configuration  spaces, 
their  role  in  mechanisms,  and  their  relationship  to  object  geometry  and  kinematic 
behavior.  In  this  chapter,  we  provide  a  formalization  of  these  concepts  and  formally 
prove  the  completeness  and  correctness  of  Reuleaux's  decomposition  procedure.  We 
also  prove  a  decomposition  theorem  for  fixed  axes  mechanisms  that  will  serve  as 
the  basis  of  the  analysis  procedure.  Chapter  4  presents  two  algorithms  for  the  anal- 
ysis (envisionment  and  prediction)  of  fixed  axes  mechanisms.  It  also  discusses  how 
to  simplify  envisionment  graphs  (called  region  diagrams),  and  possible  extensions 
for  the  analysis  of  linkage  mechanisms.  Chapter  5  presents  our  theory  of  innova- 
tive kinematic  pair  design  based  on  configuration  spaces.  It  contains  a  genered  but 
inefficient  backtracking  aJgorithm  and  a  number  of  less  general  but  more  efficient 
design  algorithms  for  special  cases.  We  also  show  how  to  extend  the  general  design 
algorithm  for  behavior  specifications  that  are  qualitative  or  causal.  Finedly,  we  dis- 
cuss a  number  of  extensions.  Chapter  6  and  7  evaluate  the  theory  with  respect  to 
existing  approaches  and  contain  ideas  for  extensions.  Appendix  A  presents  some 
detailed  results  and  computations  of  configuration  space  endpoints  and  boundaries 
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necessary  for  both  the  analysis  and  design  algorithms. 

Because  Chapter  2  presents  the  two  languages  for  describing  kinematic  behavior 
functionally,  it  should  be  read  before  the  others.  However,  the  casual  reader  can 
skim  through  the  technicalities  of  Chapter  3  (especially  sections  3.1,  3.2,  the  end  of 
3.3,  and  the  end  of  3.4)  in  order  to  get  an  idea  of  how  configuration  spaces  are  used 
as  a  basis  of  our  theory.  Chapters  4  (analysis)  and  5  (design)  axe  totally  independent 
and  thus  can  be  read  in  any  order.  The  reader  that  is  only  interested  in  design  can 
read  Chapter  2  and  go  directly  to  Chapter  5.  The  reader  interested  in  ancdysis  is 
advised  to  read  the  recommended  portions  of  Chapter  3  and  then  Chapter  4. 


Chapter  2 

Functional  Descriptions  of 
Kinematic  Behavior 


In  this  chapter,  we  develop  two  symboHc  languages  that  will  be  used  to  describe 
simple  kinematic  behaviors.  One  language  describes  the  potential  behaviors  of  a 
mechanism  in  terms  of  possible  motions,  while  the  other  describes  behavior  in  terms 
of  causality.  Both  languages  allow  the  description  of  a  mechanism's  behavior  with- 
out referring  to  its  structure  or  to  the  geometry  of  its  parts.  They  are  suited  for 
explaining  the  kinematic  behavior  of  a  device  (analysis)  and  for  specifying  the  kine- 
matic requirements  of  a  desired  mechanism  without  specifying  its  structure  (design). 
The  two  languages  are  designed  to  support  qualitative  and  causal  reasoning  about 
the  kinematic  functions  of  a  mechanism  and  its  parts. 

2.1      Describing  Kinematic  Behavior 

We  follow  DeKleer  and  Brown's  reductionist  approach  for  the  description  of  the 
behavior  of  a  complex  physical  structure:  the  behavior  of  a  physical  structure  can  be 
completely  described  by  the  behaviors  of  its  constituents  [DeKleer  and  Brown,  84]. 
We  thus  describe  the  kinematic  behavior  of  a  mechanism  in  terms  of  the  motions  of 
each  of  its  parts.  Such  descriptions  are  functional  since  they  specify  object  motions 
and  their  relationships  without  referring  to  the  structure  of  the  device  or  the  actual 
geometry  of  its  parts. 
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Figure  2.1:  Half  Gear  Pair 

In  order  to  describe  kinematic  behavior,  we  introduce  two  types  of  functional 
descriptions:  possible  motions  descriptions  and  causal  descriptions.  A  possible  mo- 
tions description  specifies  all  the  potential  motions  that  each  object  can  have,  and 
the  relations  between  motions  of  difTerent  objects.  A  causal  description  specifies  the 
effects  that  a  sequence  of  input  motions  applied  to  objects  in  a  given  initial  position 
has  upon  the  other  objects  in  the  mechanism. 

To  illustrate  the  difference  between  these  two  descriptions,  consider  the  mecha- 
nism in  Figure  2.1.  It  consists  of  two  gears,  A  and  B,  pinned  to  a  fixed  frame  at 
axes  Oa  and  Ob  respectively.  One  gear  {A)  is  fully  toothed,  while  the  other  (5) 
has  teeth  in  only  half  of  its  circumference;  the  initial  position  of  the  pair  is  the  one 
shown  in  the  Figure.  We  refer  to  this  mechanism  as  the  half  gear  pair.  A  possible 
motions  description  of  the  half  gear  pair  will  specify  that  there  are  two  distinct  po- 
tential behaviors:  coordinated  or  independent  rotation  of  gears  A  and  B,  depending 
on  whether  the  gears  are  engaged  or  disengaged.  In  order  to  engage  or  disengage 
the  gears,  they  must  be  in  specific  positions.  A  causal  description  of  the  half  gear 
pair  will  describe  the  effects  of  certain  input  motions.  For  example,  given  that  gear 
B  rotates  in  the  clockwise  direction  two  full  turns,  a  causal  description  specifies  that 
gear  A  will  rotate  counterclockwise  half  a  turn,  stop,  rotate  again  by  half  a  turn. 
and  then  stop.  DifTerent  input  motions  produce  different  causal  descriptions.  For 
example,  a  continuous  counterclockwise  rotation  of  A  causes  a  clockwise  rotation  of 
B  by  half  a  turn  and  then  no  motion  of  li. 
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Possible  motions  descriptions  are  suitable  for  describing  all  the  potential  be- 
haviors of  a  mechanism  (envisioning)  whereas  caused  descriptions  are  best  used  to 
describe  the  effects  of  a  particidar  sequence  of  input  motions  applied  to  objects  in 
the  device  (prediction  of  behavior).  We  found  both  descriptions  to  be  equally  useful 
when  reasoning  about  the  kinematic  behavior  of  mechanisms. 

Whether  the  behavior  of  a  mechanism  is  described  in  terms  of  possible  motions 
or  causally,  we  distinguish  between  two  types  of  behaviors:  reachable  behaviors 
and  unreachable  behaviors.  For  a  given  mechanism  in  an  initial  position,  reachable 
behaviors  are  all  the  behaviors  attainable  from  this  position.  Unreachable  behaviors 
are  behaviors  that  are  attainable  from  a  position  not  reachable  from  the  initial 
position.  As  an  example,  consider  the  two  blocks  in  Figure  2.2(a).  Their  only 
possible  motions  are  translations  along  axis  O.  Assume  that  solid  arrows  represent 
input  motions,  and  empty  arrows  represent  the  resulting  motions.  From  the  initial 
position  shown  in  the  figure  there  are  two  reachable  behaviors:  the  translation  of  A 
to  the  left  causes  the  translation  of  B  to  the  left;  the  translation  of  B  to  the  right 
causes  no  translation  of  A  to  right  (Figure  2.2(b)).  The  first  behavior  is  directly 
attainable  from  the  initial  position,  while  the  second  behavior  can  be  attained  by 
first  pushing  A  to  the  right.  An  unreachable  behavior  consists  of  having  a  translation 
of  B  to  the  left  cause  a  translation  of  A  to  the  left.  This  behavior  is  only  attainable 
if  we  switch  the  positions  of  A  and  B  as  shown  in  Figure  2.2(c).  This  new  position 
is  unreachable  from  the  initial  position.  Impossible  behaviors  are  behaviors  that 
cannot  be  reached  from  any  position.  For  example,  an  impossible  behavior  of  the 
two  blocks  in  the  previous  example  consists  in  having  the  translation  of  A  to  the 
left  cause  the  translation  of  B  to  the  right  (Figure  2.2(d)).  In  the  following,  we  will 
consider  only  reachable  behaviors,  unless  otherwise  specified. 

Describing  the  kinematic  behavior  of  a  mechanism  requires  the  ability  to  describe 
the  motions  of  its  individual  parts.  In  general,  objects  in  a  mechanism  can  have 
arbitrarily  complicated  motions  and  follow  complex  paths  in  space.  The  complexity 
of  the  description  of  a  motion  is  proportioned  to  the  complexity  of  the  path  that 
the  object  follows  during  the  motion.  In  order  to  keep  the  descriptions  of  kinematic 
behavior  simple,  and  be  able  to  develop  symbolic  (as  opposed  to  algebraic)  languages 
that  describe  kinematic  behavior,  we  require  the  possible  motions  of  objects  to  be 
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Figure  2.2:  DifTerent  Types  of  Behaviors 
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simple  motions.  The  motion  of  an  object  is  said  to  be  simple  iff  it  can  be  described 
as  a  rotation,  translation  or  combination  of  both  along  a  rectilinear  axis  that  is 
fixed  in  space. 

We  restrict  the  class  of  mechanisms  whose  behavior  we  describe  to  fixed  axes 
mechanisms.  A  fixed  cixes  mechanism  is  a  mechanism  whose  parts  have  only  simple 
motions  along  ajces  that  are  fixed  in  space.  In  a  fixed  axes  mechanism,  objects 
can  have  several  simple  motions  along  different  fixed  axes.  For  example,  the  pjiir 
in  Figure  2.1  is  a  fixed  axis  mechanism  since  both  gears  rotate  around  fixed  ajces. 
However,  the  piston  mechanism  in  Figure  2.3  is  not  a  fixed  axes  mechanism;  the 
motion  of  the  rod  R  cannot  be  described  as  a  motion  along  a  fixed  axis:  the  two  axes 
of  rotation  of  the  rod  (O3  and  O4)  move  in  space  (one  rotates,  the  other  translates). 

Although  most  mechanisms  contain  at  least  one  object  that  does  not  have  simple 
motions,  the  analysis  and  design  of  mechanisms  is  simplified  by  identifying  subsets 
of  the  mechanism  that  form  fixed  axis  mechanisms.  Consider  again  the  piston 
mechanism  in  Figure  2.3.  Assuming  the  frame  F  is  fixed,  the  pair  piston-frame 
forms  a  prismatic  joint  (the  only  possible  motion  of  P  is  a  translation  along  axis 
O2)  and  the  pair  wheel-frame  forms  a  revolute  joint  (the  only  possible  motion  of  W 
is  a  rotation  around  axis  Oi).  Also,  if  we  assume  for  a  moment  that  the  piston  and 
the  wheel  are  fixed,  the  pairs  rod-piston  and  rod- wheel  form  revolute  joints.  Thus, 
although  we  are  not  able  to  fully  describe  the  behavior  of  the  piston  mechanism, 
we  can  partially  characterize  some  of  its  parts'  possible  motions.  As  we  will  see  in 
the  next  chapter,  fixed  ajces  mechanisms  have  important  and  useful  properties  that 
make  their  analysis  and  design  tractable.  The  difficulties  involved  in  relaxing  the 
fixed  axes  assumption  will  be  discussed  in  section  4.4. 

2.2      Possible  Motions  Description 

The  first  language  for  describing  kinematic  behavior  is  based  on  the  concept  of 
possible  motions  of  objects.  Given  that  objects  in  a  mechanism  can  be  either  fixed 
or  have  rotations  or  translations  along  axes  that  are  fixed  in  space,  there  are  only 
five  types  of  possible  motions  for  objects:  no  motion,  rotation  around  an  ajas, 
translation  along  an  axis,  independent  rotation  and  translation  along  an  axis,  and 
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Figure  2.3:  An  Example  of  a  Movable  Axis  Mechanism:  The  Piston  Mechanism 

related  rotation  and  translation  along  an  axis  (helical  motion).  The  motion  of  an 
object  (represented  by  its  reference  point)  can  thus  be  described  by  a  predicate 
indicating  the  type  of  motion  and  the  axis  along  which  the  motion  takes  place.  In 
order  to  describe  the  extent  of  the  motion,  we  associate  motxon  parameters  (one 
for  each  degree  of  freedom  along  the  axis)  bound  by  intervals  that  define  the  legal 
range  of  motion  with  respect  to  the  origin  of  the  ajcis.  The  type  of  motion,  together 
with  the  motion  parameters  and  their  intervals  constitute  a  complete  description 
of  an  object's  kinematic  behavior  along  a  fixed  axis.  We  call  such  a  description  a 
possible  motion  label. 

FormeJly,  we  define  a  possible  motion  label  as  consisting  of: 

•  A  motion  predicate  with  three  (or  four)  parameters  indicating  the  object,  the 
axis  of  motion  and  the  motion  parametcr(s), 

•  One  (or  two)  intervals  on  the  motion  parameters. 


I-»t  A  he  an  object  in  a  mechanism,  lot  O  be  a  fixed  axis,  and  let  .V  and  0  he  the 
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Figure  2.4:  Five  Types  of  Possible  Motions 

two  motion  parameters  along  axis  O.  The  five  types  of  possible  motions  (see  Figure 
2.4)  are: 

1.  No  possible  motion: 

fixed{A,p),    where  p  is  the  fixed  placement  of  A. 

2.  Possible  rotation  around  O  by  6: 
pjroiaiion{A,0,6),  9e  [Omiu,Omax] 

3.  Possible  translation  along  O  by  X: 
pJranslation{A,0,X),   X  G  [Xmin^^max] 

4.  Possible  independent  translation  or  rotation  along  O: 

p.Cylinder{A,0,X,6),    0  G   [6min,    ^max],    X  €   [Xmin^^max] 

5.  Possible  helical  motion  (translation  dependent  on  rotation)  along  0: 

pJielical{A,0,X,6),     X   6    [Xrnin,Xmax],    0  G    [Omin^Omax],    X   =  f{9) 


^Strictly  speaking,  X  =  c6,  where  c  is  a  constant;  we  have  broadened  the  term  'helical'  to  include 
any  continuous  function  /. 
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Relationships  between  object  motions  in  a  mechanism  are  specified  by  relations 
among  motion  parameters.  When  the  motion  of  one  object  Ai  constrains  (directly 
or  indirectly)  the  motion  of  another  object  Aj,  we  introduce  a  relation  between  the 
motion  parameters  of  Ai  and  Aj.  Let  Xi  be  the  vector  of  (at  most  two)  motion 
parameters  of  object  Ai  along  axis  O,  and  let  Xj  be  the  vector  of  (at  most  two) 
motion  parameters  of  object  Aj  along  axis  O'  (not  necessarily  identical  to  O).  The 
relation  is  either 

•  A  function,  possibly  discontinuous,  fij{xi,Xj)  =  0. 

•  An  inequality,  fij{xi,Xj)  <  0 

Functions  can  be  real-valued  or  qualitative,  indicating  whether  the  motion  param- 
eters' ratio  is  increasing,  decreasing  or  constant.  For  every  pair  of  axes  {0,0') 
along  which  A,  and  Aj  interact,  we  introduce  one  such  relation.  Note  that  these 
relations  are  sufficient  to  completely  describe  the  interactions  between  all  objects 
in  the  mechanism:  it  is  the  conjunction  of  all  the  relations  that  reflects  the  way  in 
which  objects  constrain  each  other's  motions. 

Note  also  that  although  the  relation  between  motion  parameters  can  be  qualita- 
tive, the  intervals  of  the  motion  parameters  must  be  precise.  When  the  motions  of 
two  objects  are  independent,  no  motion  relation  exists  between  motion  parameters. 

Formally,  let  xi, . . .  ,im  be  the  motion  vectors  parameters  defined  over  a  set  of 
axes.  The  dependency  between  two  motion  parameter  vectors,  Xi  and  !_,,  along 
a  pair  of  axes  is  stated  by  the  relation  rij{xi,Xj)  that  is  either  an  inequality  or  a 
function  (real-valued  or  qualitative).  If  the  motion  parameters  are  independent, 
then  no  relation  is  specified. 

The  possible  behaviors  of  a  mechanism  M  can  be  described  by  assigning  a  pos- 
sible motion  label  to  each  object  in  M  and  specifying  the  dependencies  between 
motion  parameters.    We  call  such  a  description  a  possible  motions  region  '.    For- 

Mt  is  thus  not  necessary  to  specify  global  constraints  by  global  motion  parameter  functions,  i.e 
/(x,,...,ik);  as  w  will  see  in  the  next  chapter,  this  remark  has  a  direct  impact  on  how  we  will 
analyze  mechanisms. 

^As  we  will  see  in  the  next  chapter,  these  descriptions  correspond  to  rtgions  of  the  configuration 

space  of  M . 
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mally,  let  M  =  {Ai,. . .  ,An}  be  a  mechanism  consisting  of  n  objects.    A  possible 
motions  region  is  a  description  of  the  kinematic  behavior  of  M  such  that: 

1.  Every  object     Ak   £  M     has  associated  with  it  one  and  only  one  possible 
motion  label. 

2.  Motion  dependencies  are  described  by  a  set  of  motion  parameter  relations, 

rij{xi,Xj). 

For  example,  two  possible  behaviors  of  the  half  gear  pair  in  Figure  2.1  can  be  de- 
scribed in  terms  of  possible  motions  regions  as  follows.  The  behavior  corresponding 
to  the  two  gears  meshed  is  described  as: 

MESH:  p.rotation{A,OA,0A)-i  P-Totation[B,OB-,&B) 
Oa    G    [0,7r]mod27r)    Ob  €    [— 7r,0],„o<i27r 
Oa  =  —Ob 

When  the  two  gears  are  not  meshed,  the  rotations  of  A  and  B  are  independent  and 
thus  the  function  relating  the  motion  parameters  is  omitted: 

FREE:  ■pjrotation{A^OAiOA)i  p-rotation{B ,0b i^s) 

6a      G      [0,27r]„o<i2ir,       Ob    G      (0,7r)„o<i2ir 

A  transition  between  these  two  behaviors  occurs  when  ^b  =  0  or  ^b  =  t^- 


2.3      Region  Diagrams 

The  kinematic  behavior  of  a  mechanism  can  be  described  as  the  union  of  several 
possible  motions  regions,  together  with  the  transitions  between  these  regions.  Tran- 
sitions between  regions  correspond  to  changes  of  behavior.  In  order  to  describe  both 
the  behaviors  and  the  transitions  between  them,  we  introduce  possible  motions  re- 
gion diagrams  (or  region  diagrams  for  short).  A  region  diagram  is  an  undirected 
graph  G  =  {V,  E)  whose  nodes  V  represent  possible  motion  regions  and  whose  edges 
E  represent  transitions  between  regions.  Every  edge  in  the  graph  has  associated 
with  it  the  values  of  the  motion  parameters  for  which  the  change  of  behavior  occurs. 
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In  order  to  have  a  region  diagram  that  reflects  qucditatively  diff'erent  behaviors  of 
the  mechanism,  we  require  all  the  possible  motions  regions  in  the  region  diagram  to 
be  qualitatively  different.  Two  possible  motions  regions  (i.e.,  two  possible  behaviors) 
Ri  and  Rj  are  qualitatively  different  iff  one  of  the  following  holds: 

1.  The  motion  type  of  an  object  is  different  in  R^  and  Rj.  Two  motion  types  are 
different  iff  they  either  specify  a  different  motion  type  or  are: 

•  Along  a  different  ajds  if  rotation  is  involved. 

•  Along  two  axes  that  are  not  parallel  if  translation  is  involved. 

2.  The  intervals  of  the  motion  parameters  in  iJ,  and  Rj  cannot  be  merged  into 
continuous  intervals  to  form  a  new  region  Rk  such  that  Ri,  =  RiU  Rj. 

3.  The  relations  between  motion  parameters  in  Ri  and  Rj  are  not  identical. 

4.  The  relations  between  motion  parameters  in  Ri  and  Rj  are  identical  but  at 
least  one  of  these  relations  is  monotonically  increasing  in  the  intervals  defined 
in  Ri  and  monotonically  decreasing  in  the  intervals  defined  in  Rj  (or  vice 
versa). 

The  first  condition  requires  all  the  objects  to  have  the  same  type  of  motion;  also, 
two  rotations  along  different  axes,  as  well  as  two  translations  cdong  axes  that  are  not 
parallel,  are  qualitatively  different.  The  second  condition  is  a  meiximality  condition: 
its  purpose  is  to  prevent  the  spurious  subdivision  of  regions.  For  example,  the 
region  FREE  in  the  previous  example  could  be  split  into  two  regions,  FREE\ 
and  FREE2  so  that  the  interval  6b  G  (0, 7r/2]„od2ir  defines  the  first  region  and 
9b  G  (7r/2,7r)„,od2ir  defines  the  second.  In  this  case,  the  two  regions  differ  only  in 
the  intervals  and  FREE  =  FREEi  U  FREE^.  Clearly,  these  two  regions  do  not 
represent  qualitatively  different  behaviors,  and  arc  best  considered  as  one  single 
region.  The  third  condition  requires  the  motion  relations  to  be  different.  This  is 
what  differentiates  the  possible  motions  regions  MESH  and  FREE  in  the  half 
gear  pair  example  in  Figure  2.1:  in  the  first  case,  the  rotations  arc  dependent  upon 
each  other,  and  in  the  second  they  are  independent.  This  clearly  constitutes  a 
qualitative  difference.  The  fourth  condition  is  imposed  to  further  subdivide  regions 
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Figure  2.5:  Region  Diagram  for  the  Half  Gear  Pair 

in  order  to  support  qualitative  reasoning  solely  based  on  the  direction  of  change  of 
the  motion  parameters  relations.  This  subdivision  was  not  necessary  in  the  previous 
example,  since  the  relation  6a  =  —6b  in  the  region  MESH  is  monotonic.  These  four 
requirements  on  possible  motion  regions  can  be  interpreted  as  defining  equivalence 
classes  for  qualitative  behavior. 

In  addition  to  requiring  possible  motions  regions  to  be  qualitatively  different, 
we  also  require  that  the  region  diagram  of  a  mechanism  be  complete,  i.e.,  the  union 
of  all  regions  must  represent  all  possible  reachable  behaviors  of  the  mechanism. 
Therefore,  the  region  diagram  of  a  mechanism  constitutes  a  complete  envisioning 
of  its  kinematic  behavior. 

Figure  2.5  shows  the  region  diagram  of  the  haJf  gear  pair.  Note  that  there  are 
several  MESH  regions,  each  corresponding  to  a  different  angular  position  of  A. 
There  are  as  many  MESH  regions  as  there  are  teeth  in  A.  Because  of  condition 
3,  the  regions  are  qualitatively  different:  the  angular  position  of  the  gears  in  each 
region  is  different  and  no  transition  between  MESHi  regions  is  possible.  Let  n  be 
the  number  of  teeth  in  A.  The  MESHi  regions,  for    1  <  i  <  n  are: 

MESHi:  p-Totation{A,OA,6A),  p-rotation{B,OB,6B) 

6a    6    [27ri7n,  27ri/n  +  7r]„«i2x,    ^B  G    [-7r,0]m<xf2» 
dA  =  -Ob  +  2Tri/n 

The  transitions  7}  correspond  to  the  values  6a  =  27ri/n  and  6b  =  0  or  6b  =  — tt,  all 
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Figure  2.6:  Block  and  Rod  Pair 

modulo  27r.  The  initial  possible  behavior  of  the  pair  is  MESHq. 

The  region  diagram  representation  of  the  possible  behaviors  of  a  mechanism 
is  not  necessarily  unique.  Consider  for  example  the  pair  shown  in  Figure  2.6.  It 
consists  of  a  rod  A  that  can  rotate  around  Oi  and  a  block  B  that  can  translate  along 
Oi.  Let  6a  be  the  motion  parameter  for  the  rotation  of  A  around  Oi  and  let  Xb 
be  the  motion  parameter  for  the  translation  of  B  along  Oj.  Let  Xo  be  the  length 
of  the  rod  A,  and  assume  that  the  placement  Xb  =  ^o,  ^^  =  n/2  corresponds 
to  having  the  rod  parallel  to  O2  and  in  contact  with  B.  There  are  two  possible 
region  diagrams  that  comply  with  the  four  qualitative  requirements  and  completely 
describe  the  possible  behaviors  of  the  pair: 

First  region  diagram 

For  Xb  >  ^0,  A  and  B  arc  not  in  contact,  and  thus  the  rotation  and  translation 
of  A  and  B  are  independent.  For  6^  €  (0,7r/2]  and  Xb  6  (O.Xo]  the  relation 
is  Xb  >  fii^A),  where  /i  is  a  monotonically  increasing  function.  Symmetrically, 
for  9a  6  [7r/2,7r]  and  Xb  €  [0,  Xo]  the  relation  is  Xb  >  M^a),  where  /,  is  a 
monotonically  decreasing  function.  Finally,  for  <?4  ^  (7r,27r)  and  .Ys  €  (0, 00)  the 
rotation  of  the  rod  and  the  translation  of  the  block  arc  independent: 
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Rq:  pjrotation{A,Oi,0A),  p-translation{02,XB) 

Xb  £  (-^OiOo))      ^A   G   [0,  27r]mo<i2ir 

Ri:  pjrotation{A,Oi,0A),  pJranslation{02,XB) 
Xb  e  [0,Xo],    Oa  €  [0,7r/2]w2. 
Xb  >  fii^A),  where  /i  is  a  monotonicaJly  increasing  function 

R2:  p-rotation{A,Oi,9A),  p-translation{02,XB) 
Xb  £  [0,Xo],    Oa  G  [7r/2,7r]mo<i27r 
-^B  ^  fii^A),  where  /2  is  a  monotonically  decreasing  function 

R3:  pjrotation{A,0i,9A),  p-translation{02,XB) 
Xb  £  [0,Xo],    6 A  e  (7r,27r)„od2x 

Note  that  all  the  states  are  qualitatively  different  according  to  our  definition.  In 
particular,  note  that  Ro  and  R3  cannot  be  merged.  The  possible  behaviors  were 
partitioned  by  taking  the  position  of  the  block  as  the  main  factor  of  difference. 

Second  region  diagram 

An  alternative  description  consists  in  partitioning  the  possible  behaviors  by 
taking  the  position  of  the  rod  as  the  main  factor  of  difference: 

J?j:  pj^otation{A,Oi,9A),  pJranslation{02,XB) 
6a  e  [0,7r/2]„od2x,    Xb^  [0,00) 
Xb  ^  fii^A),  where  /i  is  a  monotonically  increasing  function 

R^:  p^otation{A,0i,6A),  p-translation{02,XB) 
9a  e  [7r/2,7r]^<^2x,    Xb  G  [0,oo) 
Xb  >  f2{9A),  where  /2  is  a  monotonically  decreasing  function 

R^:  pjrotation{A,0i,9A),  pAranslaiion{02,XB) 
^^  G  (7r,27r)„cKi2x,    Xb€[0,oo) 

Figure  2.7  shows  the  two  region  diagrams.  The  existence  of  two  region  diagrams 
reflects  two  equally  valid  ways  of  qualitatively  describing  the  behavior  of  the  pair. 
The  problem  of  "partitioning"  the  behavior  of  a  mechanism  in  qualitatively  different 
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(a) 


(b) 


Figure  2.7:  Two  Region  Diagrams  for  the  Block  and  Rod  Pair 

behaviors  is  similar  to  the  problem  of  partitioning  a  two-dimensional  space  defined 
by  functions  in  such  a  way  that  in  each  region  the  functions  are  either  monotonically 
increasing,  decreasing  or  constant.  In  both  cases,  several  partitions  are  possible.  We 
will  return  to  this  issue  in  section  3.5. 


2.4      Causal  Description 


An  alternative  description  of  kinematic  behavior  is  a  causal  description.  This  de- 
scription states  the  effects  that  the  motion  of  one  object  has  upon  the  others,  e.g., 
A  rotates  clockwise  when  B  rotates  counterclockwise.  The  kinematic  behavior  of  a 
mechanism  can  be  described  causally  by  the  motions  of  its  objects  resulting  from  a 
sequence  of  input  motions. 

For  fixed  axes  mechanism,  four  types  of  simple  input  motions  can  be  applied  to 
parts:  no  motion,  rotation,  translation,  and  helical  motion  around  a  fixed  axis.  For 
every  type  of  motion  we  associate  (as  for  possible  motion  labels)  motion  parameters 
bound  by  intervals  that  define  the  legal  range  of  motion  with  respect  to  the  origin  of 
the  axis.  In  addition,  we  indicate  the  direction  of  change  of  the  motion  parameter. 
We  call  such  a  description  an  actual  motion  label. 

I'ornially,  wr  d.-fine  an  actual  motion  label  as  a  triplet  consisting  of  a  motion 
predicate,  intervals  on  the  motion  parameters,  and  the  direction  of  change  of  the 
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motion  parameters.  Let  A  be  an  object  in  a  mechanism  and  let  O  be  a  fixed  axis. 
Let  X  and  6  be  two  motion  parameters  along  axis  O,  let  X  G  \Xmini ^max]  be  the 
motion  interval,  and  let  direction{X)  =  +  or  — ,  depending  whether  X  varies  from 
^min  to  Xmax  OT  vicc  vcpsa.  Fof  helical  motions,  we  also  specify  the  relationship 
between  6  and  X  by  a  monotonic  function  X  =  f{0).  The  four  types  of  actuzJ 
motions  are: 

1.  No  motion;  A  is  still  at  position  Xq'- 
no.motion{A,X),  X  =  Xq 

2.  Rotation  around  O  by  6: 
Totation{A,0,6),  ^  G  [^mm,^mai],    direction{0) 

3.  Translation  along  O  by  X: 
translation{A,0,X),   X  £  [Xmin,^max],  direction{X) 

4.  Helical  motion  edong  O  by  X  and  0: 

helical{A,0,X,6),  9  G  [^m.n,^max],  X  e  [Xmin.Xmax],  X  =  f{9),  direction{6) 

We  define  a  sequence  of  input  motions  a  =  [<ri, . . .  ^a^]  as  a  sequence  of  actual 
motion  labels;  each  label  is  associated  with  one  object,  to  which  the  motion  is 
applied.  Motions  are  applied  sequentially  to  parts  of  the  mechanism,  i.e.,  (Tj  is  first 
applied,  then  <T2,  etc.  Motions  cannot  be  applied  simultaneously  to  several  objects 
and  no  time  information  is  associated  with  motions.  The  endless  repetition  of  a 
sequence  a  is  denoted  by  a*.  For  example,  an  endless  alternate  rotation  of  the  gear 
A  in  Figure  2.1  is  obtciined  by  the  following  input  sequence: 

(7  =  [rotation{A,0,di),  rotation{A,0,62)]*,  where 

^1,^2  £  [0)27r]     and  direction{6i)  =  +    and    direction{62)  =  — 

It  is  easy  to  show  that  if  M  is  a  fixed  axes  mechanism  and  the  sequence  of  in- 
put motions  contains  only  simple  motions,  then  the  motions  of  each  of  the  parts 
can  be  described  by  sequences  of  simple  motions  (by  the  definition  of  fixed  axes 
mechanisms). 
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Relationships  between  object  motions  are  specified  by  causai  relations  between 
motions  together  with  relations  among  motion  parameters.  The  causaJ  dependency 
between  two  motions  is  stated  using  the  predicate  "CAUSES".  The  relation 

■motion{A)     CAUSES     motion{B) 

indicates  that  the  motion  of  A  instigates  (either  by  direct  contact  or  through  other 
objects)  the  motion  of  B.  The  precise  relation  between  the  two  motions  is  indicated 
by  a  real-valued  or  qualitative  function  relating  the  corresponding  motion  param- 
eters. We  implicitly  assume  that  objects  stay  still  when  no  motion  is  applied  or 
transmitted  to  them. 

Actual  behaviors  of  a  mechanism  M  that  result  from  applying  a  sequence  of 
input  motions  can  be  described  by  assigning  a  actual  motion  labels  to  every  object 
in  M  and  specifying  the  causal  relations  between  these  motions.  We  call  such 
a  description  of  actual  behavior  a  state  of  the  mechanism.  Formally,  let  M  = 
Ai,...,An  be  a  mechanism.  A  state  is  a  description  of  kinematic  behavior  of  M 
such  that: 

1.  Every  object  Ak  has  associated  with  it  one  and  only  one  actual  motion  label. 

2.  Causal  dependencies  between  motions  are  described  by  a  set  of  causzd  relations 
and  a  set  of  motion  parameter  functions,  Xi  =  fij{xj),  where  Xi  emd  Xj  are 
vectors  of  (at  most  two)  motion  parameters  along  their  corresponding  axes. 

As  an  example,  consider  again  the  half  gear  pair  in  Figure  2.1.  Assume  that  the 
initial  position  of  the  pair  is  the  one  shown  in  the  figure,  and  that  the  sequence  of 
input  motions  is: 

a  =  {Totation{B,OB,0B)Y,  6b  G  [0,27r]„<^2,,  directioniee)  =  + 

This  motion  of  B  causes  the  intermittent  rotation  of  A.  The  resulting  beha\'ior  can 
be  described  with  four  states.  In  the  first  state  (the  initial  state),  A  and  B  rotate  by 
half  a  turn  in  opposite  directions.  Then.  /?  turns  alone  by  half  a  turn  while  A  does 
not  move.  In  the  third  state  A  and  B  turn  again  half  a  turn  in  opposite  directions. 
Finally,  B  turns  again  half  a  turn  while  A  docs  not  move.  This  behavior  repeats 
itself  endlessly: 
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So'  rotation{A,OA,0A)    CAUSES    rotation{B,OB,0B) 

direction{6A)  =  +,  direction{6B)  =  —,  6^  =  —Ob 
Si:  rotation{A,OA,0A),  no-motion{B,OB) 

Oa   G   {TT,2TT)rnod4-n,    (^B   =   —''^)mod4TT 

direction{OA)  —  + 
52:  voiation{A^OA-,0A)    CAUSES    rotation{B,OB,0B) 

Oa   £    [2-K,S7v]mod4-K,    Ob   G    {  —  T^,—2Tr]mod4ir 

direction{Oji)  =  +,  direction{0B)  =  — ,  Oa  =  —Ob 

S3:  rotation{A,OA,0A),  nojmotion{B,6B) 
Oa  G  (37r,47r)„o<i4ir,  {Ob  =  — 27r)mod4ir 
direction[OA)  =  + 

Unlike  possible  motions  descriptions,  causal  descriptions  do  not  allow  relations 
expressed  as  inequalities  between  motion  parameters.  This  is  because  causal  de- 
scriptions deal  with  actual  motions,  where  we  either  have  a  direct  influence  of  the 
motion  of  one  object  upon  another  one,  or  no  relation  at  all.  The  direct  influence 
is  expressed  as  a  function  relation  between  two  motion  parameters.  The  possible 
motions  description,  on  the  other  hand,  indicates  how  the  motions  constrain  each 
other. 

To  see  this  distinction  consider  the  two  blocks  in  Figure  2.2  (a).  Let  L  be  the 
length  of  the  slit,  and  let  I  a  and  Is  be  the  lengths  of  A  and  B,  respectively.  Let  the 
origin  of  the  ajcis  O  coincide  with  the  left  wall  of  the  slit.  The  possible  behaviors  of 
the  blocks  can  be  described  by  a  single  possible  motions  region: 

R:  pJranslation{A,0,XA),  pJranslation{B,0,XB) 
Xa^  [/b,  L-Ia],  XbG[0,  L-Ia-Ib] 
Ib    <   {Xa-Xb)<   L-Ia 

The  inequality  reflects  the  fact  that  A  cannot  be  inside  B  or  to  the  right  of  it,  as 
in  Figure  2.2(c). 
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A  caused  description  will  specify  the  actual  motions  of  the  objects  from  an  initiaJ 
position.  For  example,  given  the  initial  position  in  Figure  2.2(a)  pushing  A  to  the 
left  pushes  B  to  the  left,  and  pushing  B  to  the  right  pushes  A  to  the  right.  Moving 
A  to  the  right  does  not  affect  jB,  and  moving  B  to  the  left  does  not  affect  A.  These 
behaviors  are  described  by  the  following  states: 

S\:   translatioTi{A,OAiXyi)    CAUSES    translation{B,OB ,  Xb) 
direciion{Xyi)  =  +,  direciion{XB)  =  +,  Xa  =  Xb  +  Ib 

S2-  translation{B,OB,XB)    CAUSES    iranslation{A,OA,XA) 
direciion{XA)  =  — ,  direction{X b)  =  — ,  Xa  =  Xb  +  Ib 

S3:  translation{A,OA,XA),  no.Tnotion(B,XB) 
direction{XA)  =  — ,  Xb  =  Xq 

S4:  iranslation{B,OB,XB),  no.Tnotion{A,XA) 
direction{XB)  =  +,  Xa  =  Xp 

The  values  Xp  and  Xq  indicate  the  initial  position  of  A  and  B  (respectively)  along 
axis  O.  The  inequality  in  the  region  description  Ib  <  (A'^  —  Xb)  <  £  —  /^  is 
transformed  to  a  function  Xa  =  Xb  +  ^b  when  the  objects  are  in  contact  or  to  no 
relation  at  all  when  the  objets  are  not  in  contact. 

2.5      State  Diagrams 

The  causal  description  of  a  mechanism's  kinematic  behavior  can  be  represented 
by  the  union  of  several  states,  together  with  the  transitions  between  these  states. 
Transitions  between  states  correspond  to  changes  of  behavior.  In  order  to  describe 
behaviors  and  transitions  between  behaviors,  we  introduce  state  diagrams.  A  state 
diagram  is  a  directed  graph  G  —  {V,E)  whose  nodes  V  represent  the  actual  motions 
of  objects  and  whose  directed  edges  E  represent  transitions  between  states.  Every 
edge  in  the  graph  has  associated  with  it  the  values  of  the  motion  parameters  for 
which  the  change  of  brhavior  occurs. 
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As  for  regions  in  region  diagrams,  we  require  states  in  state  diagrams  to  reflect 
qualitatively  different  behaviors.  Thus,  we  require  cdl  states  in  the  state  diagraini 
to  be  qualitatively  different.  Two  states  Si  and  Sj  are  qualitatively  different  with 
respect  to  axi  input  motion  sequence  a  iff  one  of  the  following  holds: 

1.  The  motion  type  of  an  object  is  different  in  Si  and  Sj. 

2.  The  intervals  of  the  motion  parameters  in  Si  and  Sj  cannot  be  merged  into 
continuous  intervals  to  form  a  new  state  Sk  such  that  Sk  =  Si  U  Sj. 

3.  The  relations  between  motion  parameters  in  Si  and  Sj  are  not  identical. 

4.  The  relations  between  motion  parameters  in  Si  and  Sj  are  identical  but  at  least 
one  of  these  relations  is  monotonically  increasing  in  the  intervals  defined  in  Si 
and  monotonically  decreasing  in  the  intervals  defined  in  Sj  (or  vice  versa). 

5.  The  direction  of  motion  of  an  object  is  different  in  Si  and  Sj. 

6.  State  Sj  does  not  follow  immediately  Si  for  the  given  sequence  of  input  motions 
a. 

The  first  four  requirements  are  entirely  analogous  to  the  requirements  for  regions 
in  region  diagrams.  The  fifth  requirement  states  that  the  direction  of  motion  intro- 
duces a  qualitative  difference  between  motions  (e.g.,  clockwise,  counterclockwise). 
The  last  requirement  is  present  to  ensure  that  the  sequence  of  states  resulting  from 
a  sequence  of  input  motions  is  preserved  in  the  right  order. 

Figure  2.8  shows  the  state  diagram  of  the  half  gear  pair  for  the  input  motion 
sequence: 

a  -  [rotation{B,OB,0B)]*,  Ob  €  [0,27r]„,od2ir,  direction{6B)  =  + 

presented  in  the  previous  section.    Transitions  Ti,   Tj  and  T3  correspond  to  the 
motion  parameter  values  Oa  =  tt,  27r  and  Stt,  respectively. 

Properties  of  State  Diagrams 
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Figure  2.8:  A  State  Diagram  for  the  Half  Gear  Pair 

State  diagrams,  as  defined  in  this  section,  have  three  important  properties:  they 
are  complete,  deterministic,  and  unique.  Because  of  the  fixed  axes  mechanism  re- 
striction, all  the  possible  resulting  motions  of  the  parts  are  simple  motions,  and 
the  relations  between  motions  can  be  uniquely  characterized  by  functions  relating 
motion  parameters  defined  along  fixed  axes.  Thus,  kinematic  behaviors  can  be  com- 
pletely described  using  actual  motion  labels  and  causal  relations,  and  the  transitions 
between  behaviors  correspond  to  changes  in  the  values  of  motion  parameters.  State 
diagrams  are  deterministic  because  they  specify  unambiguously  the  states  through 
which  the  mechanism  goes.  As  we  will  show  in  Section  4.3,  there  is  only  one  possible 
transition  from  every  state.  Finally,  and  unlike  region  diagrams,  state  diagrams  are 
unique,  i.e.,  for  a  given  input  motion  sequence  there  exist  only  one  state  diagram 
that  captures  the  resulting  kinematic  behavior.  In  region  diagrams,  the  inequalities 
between  motion  parameters  can  give  rise  to  several  possible  equivalent  descriptions, 
as  illustrated  by  the  two  possible  descriptions  of  the  rod  and  block  pair  (Figure  2.7). 
This  does  not  happen  when  relations  between  motion  parameters  are  restricted  to 
functions.  We  will  elaborate  further  on  this  issue  in  section  4.3 

Our  notion  of  causal  descriptions  and  state  diagrams  correspond  to  the  general 
notion  of  state  diagram  for  a  device  (electrical,  hydraulic,  etc.)  originally  proposed 
by  DeKlecr  [DeKlcor,  76]  and  extensively  used  in  Qualitative  Physics  [DcKlccr  and 
Brown,  84],  [Forbus,  84],  [Kuipers,  84].  For  the  domain  of  Kinematics,  wc  intro- 
duced, in  addition  to  relations  between  parameters,  motion  labels  that  symbohcally 
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describe  the  type  of  motion  of  parts  in  the  mechanism. 

2.6      Region  Diagrams  and  State  Diagrams 

The  main  difference  between  a  region  diagram  and  state  diagram  is  that  the  region 
diagram  describes  all  the  possible  motions  of  the  objects  and  their  relationships, 
while  the  state  diagrams  describes  the  actual  motions  of  the  objects  as  a  result 
of  a  specific  sequence  of  input  motions.  Thus,  the  region  diagram  constitutes  the 
envisioning  of  the  mechanism,  describing  all  potential  behaviors  and  the  transitions 
between  them.  A  state  diagram,  on  the  other  hand,  describes  the  result  of  applying 
a  sequence  of  input  motions  to  objects  in  the  mechanism.  The  state  diagram  corre- 
sponds to  the  description  of  one  of  the  behaviors  of  the  mechanism  and  constitutes 
a  prediction  of  the  mechanism's  behavior  for  a  certain  input.  A  state  diagram  is 
the  description  of  one  of  the  behaviors  of  the  mechanism.  Several  state  diagrams 
might  be  necessary  to  fully  describe  all  the  qualitatively  different  behaviors  of  a 
mechanism. 

Despite  these  differences,  region  diagram  and  state  diagrams  are  closely  related. 
As  we  will  see  in  section  4.3,  given  the  region  diagram  of  a  mechanism,  it  is  possible 
to  directly  construct  the  state  diagram  of  a  mechanism  for  a  given  input  motion 
sequence.  The  algorithm  for  constructing  the  state  diagram  proceeds  by  "propa- 
gating" input  motions  within  regions  and  determining  the  motions  that  arise.  For 
example,  given  the  region  diagram  of  the  half  gear  pair  (Figure  2.5)  we  can  de- 
termine the  effect  of  the  rotation  of  B  by  examining  the  possible  behaviors  in  the 
region  corresponding  to  the  initial  position.  If  the  rotation  of  A  is  possible  in  this 
region,  and  there  is  a  function  relation  between  the  motion  parameters  of  A  and  B, 
then  a  rotation  of  B  will  cause  a  rotation  of  A. 

Constructing  the  region  diagram  of  a  mechanism  from  a  series  of  state  diagrams 
presents  more  difficulties.  Since  state  diagrams  describe  one  of  the  behaviors  of 
the  mechanism,  several  state  diagrams  might  be  necessary  to  account  for  cill  the 
qualitatively  different  behaviors  of  a  mechanism.  The  information  contained  in  one 
state  diagram  is,  in  general,  insufficient  to  determine  the  behavior  of  the  mechanism 
for  a  different  sequence  of  input  motions.  Consider  again  the  the  half  gear  pair  and 
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the  state  diagram  in  Figure  2.8.  This  state  diagram  describes  the  result  of  the 
rotation  of  A,  that  causes  the  intermittent  rotation  of  B.  From  this  description,  we 
cannot  deduce  what  happens  if  instead  of  rotating  A,  we  rotate  B. 

A  causal  description  of  a  mechanism's  behavior,  represented  by  a  collection 
of  state  diagrams,  can  be  interpreted  as  being  either  partial  or  complete.  Both 
descriptions  require  the  described  behaviors  to  take  place,  but  the  partial  description 
allows  additional  qualitatively  different  behaviors.  A  complete  description  requires 
that  no  other  qualitatively  different  behaviors  take  place. 

Deducing  the  region  diagram  of  a  mechanism  from  a  collection  of  causal  de- 
scriptions is  useful  in  the  design  of  new  mechanisms.  In  many  occasions  the  desired 
behavior  of  a  mechanism  is  better  described  in  causal  terms,  rather  than  in  terms 
of  all  its  possible  behaviors.  As  we  will  see  in  section  5.6,  it  is  possible  to  translate 
partial  causal  descriptions  into  region  diagrams  for  mechanisms  consisting  of  two 
parts  (kinematic  pairs). 

In  the  next  chapter,  we  provide  a  configuration  space  interpretation  of  these 
two  languages  for  describing  kinematic  behavior.  This  interpretation  is  based  on 
the  correspondence  between  regions  of  the  mechanism's  configuration  space  and 
possible  motions  region  descriptions. 


Chapter  3 

Configuration  Spaces  and 
Mechanisms 


In  this  chapter,  we  develop  the  basic  concepts  relating  configuration  spaces  and 
mechanisms.  These  concepts  provide  the  basis  of  our  approach  to  linking  object 
geometry  and  kinematic  behavior  through  configuration  spaces: 

Kinematic  Behavior 

^  Regions   of  the    configuration 

space 

Configuration  Space 

^  Contacts  between  objects 

Object  Geometry 

The  link  between  configuration  spaces  and  kinematic  behavior  also  provides  an 
interpretation  of  the  two  functional  languages  for  describing  kinematic  behavior 
described  in  Chapter  2. 

Configuration  spaces  were  initially  introduced  by  Lozano-Perez  and  Wesley  in 
the  context  of  motion  planning  and  have  been  extensively  studied  by  a  number  of 
researchers  [Lozano-Perez  and  Wesley,  79],  [Lozano-Perez,  83],  [Brooks  and  Lozano- 
Perez,  83],  [Schwartz  and  Sharir,  83].    The  problem  of  planning  the  motion  of  a 
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(a)  Initial  Problem 


(b)  Equivalcnl  Problem 


Figure  3.1:  An  Example  of  a  Two-Dimensional  Configuration  Space 

moving  object  amidst  fixed  obstacles  consists  in  finding  a  collision-free  path  for  the 
moving  object  from  an  initial  to  a  final  position.  Whether  such  a  path  exists  or  not 
depends  on  the  geometry  of  the  objects  and  their  positions  in  space. 

The  problem  of  planning  the  motion  of  a  moving  object  amidst  fixed  obstacles 
can  be  reduced  to  planning  the  motion  of  the  moving  body's  reference  point  in  a 
higher  dimensional  space  consisting  of  configuration  space  obstacles  derived  from 
the  real  obstacles.  Planning  the  motion  of  a  single  point  is  simpler  than  planning 
the  motion  of  an  object  since  it  is  simpler  to  test  for  collisions  between  a  point 
and  an  obstacle  than  to  test  for  collisions  between  two  objects  in  a  particvdar  path. 
The  reduction  entails  "shrinking"  the  moving  object  to  a  point  and  correspondingly 
"growing"  the  obstacles.  The  dimension  of  the  obstacles  depends  on  the  number  of 
degrees  of  freedom  of  the  moving  object. 

As  an  example,  consider  the  motion  planning  problem  in  Figure  3.1(a).  Assume 
that  the  objects  are  two-dimensional,  and  than  A  is  the  moving  body  with  two 
degrees  of  translational  freedom  (no  rotations  are  allowed).  Figure  3.1(b)  shows 
the  corresponding  two-dimensional  configuration  space.  The  new  obstacles  were 
obtained  by  taking  A  and  along  the  boundaries  of  the  original  obstacles  an  recording 
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the  position  of  A^s  reference  point.  From  the  configuration  space,  we  can  deduce 
that  a  path  from  the  initicd  to  the  final  position  cannot  pass  between  Bi  and  B3  since 
there  is  no  gap  between  them.  If  A  is  allowed  to  rotate,  then  a  third  dimension  must 
be  added,  and  Figure  3.1(b)  represents  a  slice  of  the  3-dimensional  configuration 
space  for  the  initiaJ  orientation  of  A. 

Planning  the  motion  of  an  object  requires  the  computation  of  the  set  of  free 
{  r '"nts  of  the  moving  object  in  order  to  determine  which  paths  arc  safe  paths. 

A  placement  of  an  object  is  free  if  the  positioned  object  does  not  overlap  with  any 
of  the  obstacles  (two  objects  overlap  when  their  interiors  overlap  and  two  objects 
are  in  contact  when  their  boundaries  overlap).  Since  every  three-dimensional  ob- 
ject has  six  degrees  of  freedom  in  space,  its  position  and  orientation  in  space  can 
be  uniquely  characterized  with  respect  to  its  reference  point  in  a  six-dimensional 
space.  The  configuration  of  an  object  is  a  vector  of  six  parameters  representing 
its  combined  translation  and  orientation  relative  to  a  specified  coordinate  system. 
For  a  mechanism  of  n  objects,  we  consider  the  6n-dimensionaI  space  formed  by  6n 
parameters.  The  configuration  space  of  a  mechanism  is  the  set  of  all  free  placements. 

Configuration  spaces  have  two  important  properties  with  respect  to  mechanisms. 
First,  two  mechanisms  have  the  same  configuration  space  if  and  only  if  they  are 
kinematically  equivalent  (two  mechanisms  are  kinematically  equivalent  iff"  the  kine- 
matic behavior  of  their  parts  is  identical  for  all  input  motions).  Second,  there  is  a 
one-to-one  correspondence  between  possible  motions  of  objects  and  regions  of  the 
configuration  space.  For  example,  consider  each  of  the  pairs  in  Figure  3.2.  Assum- 
ing that  the  base  is  fixed,  all  possible  placements  of  the  slider's  reference  point  P 
indicate  that  the  orientation  of  the  slider  stays  constant,  and  that  the  positions  of 
the  reference  point  lie  on  a  line.  This  description  is  identical  for  the  three  p2iirs; 
therefore  they  are  all  kinematically  equivalent.  In  addition,  since  the  orientation 
of  the  slider  is  constant  and  the  positions  of  the  reference  point  lie  on  a  line,  the 
only  possible  motion  of  the  slider  is  a  translation  along  the  ajtis  defined  by  the 
line.  Therefore,  a  line  in  a  three-dimensional  projection  of  a  six-dimensional  con- 
figuration space  corresponds  to  a  possible  translation  along  the  axis  defined  by  the 
line. 

In  general,  the  kinematic  behavior  of  a  mechanism  is  uniquely  determined  by 
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(a) 


(b) 


(c) 


Figure  3.2:  Three  Prismatic  Joints 


regions  of  the  configuration  space.  Regions  are  disjoint  subsets  of  a  configuration 
space;  their  union  defines  the  whole  space,  and  in  each  region  qualitatively  different 
motions  can  take  place.  For  example,  the  configuration  space  of  the  double  slider  in 
Figure  3.3  consists  of  two  regions  Ri  and  J?2  that  indicate  the  two  possible  kinematic 
behaviors  of  the  slider.  Note  that  the  two  behaviors  are  qualitatively  different  since 
the  directions  of  the  possible  translations  are  different. 

To  establish  the  relation  between  the  kinematic  behavior  of  a  mechanism  M 
and  its  configuration  space,  we  partition  the  configuration  space  into  the  smallest 
set  of  disjoint  regions  so  that  no  two  regions  reflect  the  same  qualitative  behavior. 
Regions  define  equivalence  classes  inside  which  all  possible  motions  are  qualitatively 
identical.  If  the  mechanism  is  a  fixed  axes  mechanism,  then  the  regions  can  be 
described  using  possible  motion  labels.  The  decomposition  of  the  configuration 
space  into  regions  and  their  description  in  terms  of  possible  motion  labels  provides 
us  with  a  functional  description  of  the  kinematic  behavior  of  the  mechanism. 
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Figure  3.3:  Double  Slider  Mechanism  and  Its  Configuration  Space 


The  major  problem  with  the  approach  we  just  outlined  is  that  it  presupposes  the 
computation  of  the  configuration  space  of  the  entire  mechanism.  Existing  methods 
for  computing  and  partitioning  the  configuration  space  of  a  mechanism  consisting 
of  several  moving  objects  are  complex  and  inefficient.  Schwartz  and  Sharir  showed 
that  the  configuration  space  can  be  characterized  by  a  set  of  algebraic  constraints 
describing  the  restrictions  on  free  placements  [Schwartz  and  Sharir,  83].  In  general, 
this  set  of  free  placements  is  a  high  dimensioned  space  with  edgebrcLic  boundaries,  and 
is  thus  hard  to  calculate  efficiently.  In  addition,  Schwartz  and  Sharir's  partitioning 
method  uses  a  variant  of  Collins'  algebraic  cell  decomposition  technique  which  is 
doubly  exponential  in  the  number  of  potential  degrees  of  freedom  of  the  objects 
in  the  mechanism  [Collins,  75].  Because  of  its  complexity,  their  algorithm  is  of 
theoretical  interest  only.  More  efficient  techniques  are  restricted  to  the  case  of  one 
moving  object  and  thus  are  of  limited  use  for  our  problem. 

Computing  the  complete  configuration  space  of  a  mechanism  in  a  single  step  is 
equivalent  to  anedyzing  the  whole  mechanism  at  once.  This  is  dearly  not  the  way  in 
which  engineers  design  and  analyze  mechanisms.  They  rather  consider  mechanisms 
as  consisting  of  several  smaller  functional  units  that  achieve  specific  behaviors.  The 
behavior  of  the  overall  mechanism  depends  on  the  interactions  between  functional 
units.  The  smallest  functional  units  are  called  kinematic  pairs  and  consist  of  only 
two  objects.  Based  on  this  distinction,  Franz  Rrulcaux  proposed  more  than  a 
century  ago  a  methodology  that  is  widely  used  for  the  design  and  analysis  of  mcch- 
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anisms.  His  method  consists  in  considering  mechanisms  as  consisting  of  kinematic 
pairs  with  specific  connections  between  them: 

...  We  have  now  before  us  a  general  view  of  the  method  of  construction  of 
Mechanisms:  The  mechanism  is  a  closed  kinematic  chain;  the  kinematic 
chain  is  compound  or  simple,  and  consists  of  kinematic  pciirs  of  elements; 
these  carry  the  envelopes  required  for  the  motion  which  the  bodies  in 
contact  must  have,  and  by  these  all  motions  other  than  those  desired  in 
the  mechanism  are  prevented...  [Reuleaux,  1876;  p  50]. 

In  terms  of  configuration  spaces,  this  corresponds  to  describe  the  overall  configura- 
tion space  as  a  composition  of  pairwise  configuration  spaces.  Using  our  formalization 
of  configuration  spaces,  we  formally  prove  that  this  description  is  complete. 

The  computation  of  the  configuration  space  can  be  further  simplified  for  fixed 
axes  mechanisms.  For  these  mechanisms,  the  composition  of  pairwise  configuration 
spaces  can  be  done  using  a  small  set  of  rules,  instead  of  algebraic  techniques. 

The  first  section  of  this  chapter  is  devoted  to  the  formal  definition  of  configura- 
tion spaces.  The  following  section  establishes  the  link  between  configuration  spaces 
and  kinematic  behavior.  Section  3.3  shows  that  Reuleaux's  decomposition  proce- 
dure is  complete.  Section  3.4  establishes  the  results  for  fixed  axes  mechanisms  and 
presents  a  simplified  composition  operation.  Section  3.5  discusses  how  to  actually 
compute  configuration  spaces. 

3.1      Definition  of  Configuration  Space 

In  this  section,  we  introduce  the  necessary  formalism  to  mathematically  characterize 
configuration  spaces.  The  purpose  of  this  formalism  is  to  define  configuration  spaces 
cind  their  properties  in  terms  of  sets  of  points  in  higher  dimensioned  spaces.  The 
formalism  is  not  meant  to  provide  a  procedural  account  of  configuration  spaces  and 
their  actual  computation,  nor  to  provide  a  representation  method  for  objects.  The 
actual  computation  of  configuration  spaces  will  be  discussed  in  section  3.3. 
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3.1.1  Objects 

For  the  purposes  of  this  chapter,  objects  will  be  considered  to  be  infinite  sets  of 
points  in  three  dimensional  space,  TV.  The  only  requirement  is  that  sets  repre- 
senting objects  must  be  both  connected  and  describable  by  a  finite  set  of  algebraic 
relations.  Every  object  has  a  distinguished  point  p  e  Ai,  called  the  reference  point 
of  Ai. 

An  object  consists  of  two  parts:  its  interior  and  its  boundary.  The  interior  of 
an  object  At,  is  defined  by  a  function  which  maps  the  set  of  points  Ai  into  another 
set,  inierior{At),  so  that  a  point  p  G  inierior{Ai)  if  the  neighborhood  of  p  in  Ai 
is  homeomorphic  to  7^*,  0  <  A;  <  3.  The  boundary  of  A,  is  then  defined  as  the  set 
difference  between  Ai  and  its  interior:  boundary{Ai)    =    Ai  —  interior  {Ai). 

A  mechanism  M  =  {Ai,A2  . . . ,  A^}  is  simply  a  collection  of  n  >  2  three  di- 
mensional objects,  where  at  least  one  of  this  objects,  called  the  frame,  is  fixed  in 
space. 

3.1.2  Configuration  Spaces 

Let  .F  be  a  fixed  reference  frame  of  the  Euclidean  space  Ti^.  Since  every  object 
has  six  degrees  of  freedom  in  space,  its  position  and  orientation  can  be  uniquely 
characterized  with  respect  to  its  reference  point  in  a  six-dimensionad  space.  The 
configuration  of  an  object  is  a  vector  of  six  parameters  representing  its  combined 
position  and  orientation  relative  to  the  origin  of  the  reference  frame.  For  a  mecha- 
nism of  n  objects,  we  consider  a  6n-dimensional  space  defined  by  n  six-dimensionaJ 
parameter  vectors,  one  for  each  object. 

Formally,  let  A,  be  an  object.  The  parameter  vector  r,  =  <  i^i,  i,j, . . .  ,i,6  > 
defines  the  six-dimensional  parameter  space  Cspace{At).  The  first  three  parameters 
of  X,  define  the  position  of  the  objects'  reference  point  with  respect  to  J^,  and  the 
last  three  parameters  (also  denoted  0,,4>,  and  4'i)  define  the  orientation  of  .4,.  A 
point  pin  C3pace{Ai)  specifics  the  placement  (position  and  orientation)  of  an  object 
with  respect  to  F.  Figure  3.4  shows  an  example  of  a  placement  p^i  for  object  A. 
The  parameter  space  Cspace(M)  of  a  mechanism  with  rj  parts  is  the  6n-dimensional 
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>   ^1 


p  =  <2,  3,  1.5,0.0.0> 
A 


Figure  3.4:  Object  Placement  in  Euclidean  Space 

parameter  space  defined  by  the  cross  product  of  the  parameter  spaces  of  each  object. 

Let  p  be  a  point  in  Cspace[Ai).  We  define  placeTneni{Ai,p)  to  be  a  function 

placemeni{Ai,p)  :   'R    x  Cspace{Ai)   > — ►   72.^ 

where  TZ^  is  the  Euclidean  space.  For  a  given  placement  p  =  <  x^, . . .  ,Xie  > 
6  Cspace{Ai),  the  function  placement{Ai,p)  takes  a  set  of  points  Ai  and  returns 
the  set  of  points  occupied  by  Ai  when  placed  such  that  A^'s  reference  point  is 
in  position  <  Xii,Xi2,Xi3  >  and  its  orientation  is  <  i,4,2;,5,Xi6  >•  The  function 
placeTnent(M,p)  is  similarly  defined  for  placements  p  in  Cspace{M). 

We  define  the  projection  of  a  point  p  in  Cspace{M)  onto  the  space  Cspace[Ai) 
as  follows:  let  projection{A,,p)  be  a  function: 

projection{Ai,p)  :   Object  x  Cspace(M)    i — >    Cspace{Ai) 

such  that  if  p  G  Cspace[M)  and  q  6  Cspace{^Ai), 

q  =  projeciion{Ai,p)    iff  P   =  <  ^n,- ■  ■  ,^ii,  ■  ■  ■  ,^i6,-  ■  ■  ,Xn6  >    and 
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The  function  projection{Ai,p)  takes  a  point  in  Cspace{M)  and  projects  it  into 
CspaceiAi).  To  simplify  the  notation,  we  will  write  placeTnent{Ai,p)  to  mean,  for 
p  e  Cspace{M),  placement{Ai,projecUon{Ai,p)). 

Two  objects  are  said  to  overlap  in  placement  p  iff  their  interiors  overlap: 


overlap{Ai,Aj,p) 
[placeTnent{interior{Ai),p)   fl  pIaceTn€ni{interior{Aj),p)]    +   0 

Two  objects  Ai  and  A^  are  said  to  be  in  contact  in  placement  p  iff  their  interiors 
do  not  overiap,  but  their  boundaries  do: 

ccmtact^Ai^Aj^p^    '^==> 
\placfmtnt{houndaTy{Ai\p)   fl  plactmtni{h(mndaTy{A,),p)\    +   0 

A  not{oveTlap{Ai^  A-i^p)) 

Placements  of  objects  in  space  can  be  either  /ree  or  forbidden.  Free  placements 
correspond  to  placements  where  objects  do  not  overalp,  whereas  forbidden  place- 
ments correspond  to  placements  where  at  least  two  objects  overiap.  Figure  3.5 
shows  a  free  and  a  forbidden  placement  for  the  mechanism  consisting  of  two  ob- 
jects, A  and  B  for  the  point  p  =  <  Pa,Pb  >■  Since  we  assumed  that  objects  are 
rigid,  forbidden  placements  are  physically  impossible.  Thus,  all  kinematic  behavior 
takes  place  inside  the  set  of  free  placements.  We  divide  the  space  Cspace{M)  into 
two  sets:  the  set  of  forbidden  placements,  and  the  set  of  free  placements,  called  the 
configuration  space  of  M. 

Formally,  the  configuration  space  CS{M)  of  M  with  respect  to  a  fixed  reference 
frame  JF  is  defined  as  the  set  of  all  free  placements  p  €  Cspace{M): 

CS{M)  =  {p  e  Cspace{M)  \  ^Ai^Aj  e  M,  not{averlap{Ai,Aj,p))} 

We  define  the  configuration  space  CSm{M')  of  a  subassembly  M'  of  M  as  the 
set  of  possible  placements  of  M'  such  that: 

CSm{M')  =  {projection{M\p)  \  p  G  C5(A/)} 

Note  that  CSm{M')  and  CS{M')  are  different.   The  first  set  represents  the  set  of 
free  placements  of  M'  wl>rn  all  the  objects  of  M  are  considered.   The  second  set 
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>    ^ii 


p  =  <2.3, 1.5,0.0.0> 

p  =  <i.9,3,    7t/4  ,o,-m> 

B 


Free  Placement 


I  I  I  I  I  I 


p  =  <2.  3, 1.5,0,0,0> 

A 
p  =  <1.5.  5.5,  1.0.0,  0> 

B 


Forbidden  Placement 
Figure  3.5:  Two  Object  Placements 


->    X; 


il 


represents  the  set  of  free  placements  of  M'  taken  as  an  independent  mechanism. 
Therefore,  CSm{M')  C  CS{M'). 

Note  that  since  we  require  the  mechanism  to  have  a  fixed  supporting  frame,  (say 
Ak),  the  set  of  free  placements  of  Ak  is  described  by  a  single  point  in  its  configuration 
space,  i.e.,  CSM{Ak)  —  {p}  where  p  is  a  point  of  Cspac€{Ak).  The  requirement  of  a 
fixed  supporting  frame  is  necessary,  for  otherwise  it  is  always  possible  to  move  any 
object  to  any  placement  in  space  by  moving  the  whole  mechanism.  In  this  case, 
CSfiiiAi)  is  always  equal  to  Cspac€{Ai).  ^ 

The  set  CS{M)  representing  the  free  placements  of  M  is  a  smooth  6n-dimensional 
manifold  that  can  be  characterized  by  a  finite  set  of  algebraic  relations,  provided 
that  the  objects  are  also  described  by  a  set  of  algebraic  relations.     Section  3.5 
will  discuss  in  detail  the  issues  involved  in  the  actual  computation  of  configuration 
spaces. 


*  Strictly  speaking,  the  placement  of  the  fixed  frame  in  space  must  also  be  given  in  the  original 
description  of  the  mechanism. 
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3.2      Configuration  Spaces  and  Kinematic  Behav- 
ior 

Given  the  previous  definition  of  configuration  spaces,  we  now  proceed  to  define  ob- 
ject motions  in  a  mechanism  in  terms  of  subsets  of  the  mechanism's  configuration 
space.  The  motion  of  a  mechanism  is  defined  as  a  continuous  function  that  takes 
objects  from  an  initial  placement  to  a  final  placement.  All  the  intermediate  place- 
ments must  be  free,  for  otherwise  the  motion  is  not  physically  feasible.  This  set  of 
intermediate  placements  defines  the  path  of  the  objects  in  configuration  space. 

There  is  a  direct  correspondence  between  types  of  motions  and  their  correspond- 
ing paths  in  configuration  space.  For  example,  if  the  motion  is  a  simple  translation, 
the  points  in  the  corresponding  set  of  placements  will  satisfy  particular  conditions: 
the  positions  of  the  object  lie  on  a  line,  and  the  orientations  remain  constant.  Con- 
versely, for  given  a  subset  of  the  configuration  space,  only  certain  types  of  motions 
can  take  place  in  it.  For  example,  if  CSMiA)  is  equal  to  a  single  point,  no  motions 
of  object  .4,  are  possible.  It  is  this  direct  relation  between  the  nature  of  the  motion 
and  the  nature  of  a  region  of  the  configuration  space  that  estabhshes  the  link  be- 
tween kinematic  behavior  and  configuration  spaces  in  the  scheme  presented  at  the 
beginning  of  this  chapter. 

In  this  section,  we  define  the  concept  of  motion  in  terms  of  configuration  spaces 
and  then  characterize  the  types  of  configuration  space  subsets  that  correspond  to 
simple  motions  (no  motion,  translation,  rotation  and  helical  motion).  This  char- 
acterization provides  a  direct  interpretation  of  the  concepts  of  possible  motions, 
possible  motions  regions,  and  region  diagrams  introduced  in  Chapter  2  to  descnbe 
kinematic  behaviors. 

3.2.1      Motions  and  Paths 

Let  CS{M)  be  the  configuration  space  of  a  mechanism  M,  and  let  po  and  p/  be  the 
initial  and  final  placements  of  M.  A  motwn  II  ..f  M  in  CS{M)  is  a  real->'alued, 
continuous  function: 

n^,„(0:  [0,1]  ^  cs{M) 
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that  defines  the  trajectory  from  an  initial  placement  po  to  a  final  placement  pf  in 
CS{M);  in  addition,  we  require  that: 

K.P,i^)    =    Po     and     n;;,^/l)    =    Pf 

The  function  is  required  to  be  continuous  in  order  to  avoid  motion  "jumps"  that 
correspond  to  physically  infeasible  motions. 

The  path  of  a  mechanism  M  resulting  from  a  motion  11^  (<)  is  the  set  of  all 
points  in  CS{M)  that  correspond  to  placements  reached  by  M  during  the  motion. 
Formally,  we  denote  by  pat/i(n^p  {t))  the  image  of  the  function  II^p  (<).  This  set 
is  ccdled  the  path  of  M  with  respect  to  the  motion  IIp^     (i). 

Given  the  path  of  a  mechanism  that  results  from  a  motion  II^p  (<),  we  can 
describe  the  path  of  an  individual  part  Ai  as  the  set  of  points  in  Cspace{Ai)  reached 
during  the  motion: 

pa</i(n^J,p/0)    =  {projection{A,,p)  \  p  G  pa//i(n^,p^(0)} 
A  motion  H^p  (/)  is  said  to  be  a  legal  motion  in  the  region  R  C  CS{M)  iff 

pa</i(nJf,p/0)  ^  R 
3.2.2      Simple  Motions  and  Kinematic  Behavior 

There  is  a  direct  correspondence  between  the  nature  of  the  motion  of  and  object 
Ai  and  the  path  that  this  object  describes  in  CSM{A.i).  Simple  motions,  such  as 
rotations  and  translations,  correspond  to  subsets  of  CSM{Ai)  that  satisfy  certain 
relations.  Given  a  motion  11,  we  can  determine  the  nature  of  set  the  placements 
attained  by  the  object  during  the  motion.  Following  is  the  characterization  of  the 
paths  resulting  from  simple  motions. 

No  motion  paths  and  fixed  objects 

The  path  of  Ai,  path{Ti^^^  (/)),  is  a  no-motion  path  for  Ai  iff  A,  does  not  change 
placement  throughout  the  motion,  i.e., 

path{Jl^l^^{t))    =    {projection{A,,po)}    =    {projection{Ai,pf)} 
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An  object  is  said  to  be  fixed  with  respect  to  a  motion  iff  the  path  described  by 
the  motion  IIpjp  (<)  is  a  no  motions  path. 

Rectilinear  paths  and  translations 

A  path  of  i4i,  pa</j(n^'p  (<)),  is  a  rectilinear  path  iff  the  orientation  of  A,  remains 
constant  throughout  the  motion  and  the  positions  of  the  object  lie  on  a  line  in  a 
three  dimensional  projection  of  Cspace{Ai): 

Vp  e  pa</i(n^^'p^(<)),  p  =  <  XiuXi2,Xi3,e,,<f>„ipi> 

Pi  :     aXii  +  bxi2  +  cx^s  =  d 
P2  :     a'xii  +  b'xi2  +  c'xi^  =  d' 

Oi  =  Ci,    <pi  -  C2,    Tpi  =  C3 

where  all  a,a' ,b,b' ,c,c',d,d' ,Ci, €2,03  are  con- 
stants. 

that  is,  the  three  positional  coordinates  of  the  points  in  the  path  that  correspond 
to  the  position  of  the  object  lie  on  a  line  (the  intersection  of  two  non-paredlel  planes 
Pi  and  P2)  and  three  coordinates  that  correspond  to  the  orientation  of  the  object 
are  constant.  The  line  defined  by  Pi  and  P2  constitutes  the  ajcis  of  translation. 
A  motion  Hp^'  (<)  is  said  to  be  a  translationaJ  motion  for  A,  (or  a  translation  for 
short)  from  po  to  p/  iff  the  path  path{Up^ ^  (/))  is  a  rectilinear  path. 

Circular  paths  and  rotations 


A  path  of  >!,,  Ilpd'p.lO?  is  a  circular  path  iff  all  the  points  p  in  path{U^p  (t))  he 
the  surface  described  by  the  following  algebraic  relations: 

Vp   €   pa//i(n^;p^(0),  p   =  <Xii,Xi2,Xi3,ei,<f>i,rlfi> 


Si  :     (x.i  -  a)'  +  (1.2  -  by  +  (1,3  -  cy  =  R' 
Pi  :     dxii  +  ex,2  +  /xi3  =  9 

and  appropriate  relations  for  ^,,  ^,  and  V'i- 
All  a,b,c,d,( \  f,g,  and  7?  are  constants. 

that  is,  all  the  tliree  coordinates  of  the  points  in  thf  path  that  correspond  to  the 
position  of  the  object  lie  on  a  portion  of  a  circle  (the  intersection  of  a  sphere  Si 
of  rarlius   li  and  of  center   (a,b,c)   and   n   iilane   A  ).     A    motion    II'*'        is  said  to 
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be  a  rotational  motion  for  Ai  (or  a  rotation  for  short)  from  po  to  p/  iff  the  path 
pa</i(IIpjp  (/))  is  a  circular  path. 

Helical  paths  and  helical  motions 

Helical  paths  have  a  somewhat  more  complex  algebraic  characterization  that 
will  be  omitted  here.  This  characterization  is  fully  analogous  to  the  previous  ones. 
A  motion  H^j  is  said  to  be  a  helical  motion  for  Ai  from  po  to  p/  iff  the  path 
path{Ilp' j^  (t))  is  a  helical  path. 

3.2.3      Symbolic  Descriptions  of  Paths 

The  standard  way  of  characterizing  configuration  space  subsets  is  by  describing 
them  with  a  set  of  algebraic  inequalities.  This  is  also  how  we  characterized  simple 
paths  and  motions  of  objects  in  the  previous  description.  However,  these  alge- 
braic descriptions  are  unnecessarily  complex  and  require  further  interpretation  to 
determine  what  motions  are  possible. 

In  order  to  simplify  these  algebraic  descriptions,  we  proceed  in  two  steps:  first, 
we  apply  a  rigid  transformation  to  the  subset  of  points  in  the  path,  so  that  the  axis 
of  motion  coincides  with  the  x.i  axis.  Then,  we  associate  with  the  resulting  set  a 
parameterized  set  descriptor  consisting  of  a  symbolic  motion  label  and  new  motion 
parameter.  The  symbolic  motion  label  is  one  of  the  motion  labels  introduced  in 
section  2.4. 

The  rigid  transformation  fi  consists  of  a  change  of  coordinate  frames  in  Cspace{Ai) 
so  that  the  x,i  axis  is  aligned  with  the  axis  of  motion.  Thus,  for  a  rectiHnear  path 
path{Ilp^  p  (/)),  the  mapping  ^(pathClI^^  ^  (t)))  produces  a  set  of  points  such  that: 

Vp   e  fi{path{U^;^^^{t))),  p   =<x\,,x\^,x'-^,e'-,4>'i,^[> 

P\   '■       Xmin   ^   ^ii    S  ^max 

X'i2   =  <^1)    2;  "3   =  C2,    6[   =   C3,    (f>'-   =  C4,    1p'-   =  Cs 

where    all    XminiXmax,Ci,C2.,C3,C4^C5     are    con- 
stants. 

This      new      set      can      be      further      parameterized      by      the      set      descriptor 
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tTanslati(m{A,,0,X},  where  O  is  the  axis  of  translation  and  X  is  a  new  parameter 
equcJ  to  x'ii: 

fi{path{Tlp^p^{t))  =  translation{Ai,0,X),  X  G  [Xmin,Xmax\ 

We  define  in  a  similar  fashion  the  set  descriptors  no^Tnotion{Ai,X), 
rofati<m{Ai,0,e)  and  helical{A„0,X,e)  for  no  motions,  rotations  and  hehcal  mo- 
tions. This  mapping  provides  us  with  a  configuration  space  interpretation  of  the 
actual  motion  labels  introduced  in  section  2.4.  Clearly,  dealing  with  symbolic  rep- 
resentations is  conceptually  simpler  than  dealing  with  algebraic  descriptions. 

3.2.4      Region  Diagrams  and  Configuration  Spaces 

Just  as  we  did  for  actual  motions,  we  can  provide  a  configuration  space  interpreta- 
tion for  the  possible  motions  description  of  kinematic  behavior  introduced  in  section 
2.2.  In  this  case,  regions  of  the  configuration  space  CSM{Ai)  can  be  described  by 
symbolic  labels. 

Let  CS{M)  be  the  configuration  space  of  a  mechanism  M.  Let  CSm{A,)  be 
the  projection  of  the  configuration  for  object  Ai,  and  let  S  be  a  connected  subset 
of  CSM{A^).  We  say  that  the  only  possible  motions  of  A.  in  S  are  translations  iff 
for  every  two  points  po  and  p/  in  5,  and  any  legal  motions  n^'^^  in  5,  the  paths 
vaihlW^  (t))  are  all  rectihnear  paths.  Furthermore,  there  exists  a  translational 
motion  $;J;p,  and  two  points  po  and  p/  in  S  such  that  the  set  of  placements  attained 
in  the  path  of  motion  is  equal  to  5: 


5    =    path(^^U)) 


By  applying  a  rigid  transformation  to  the  set  5,  we  can  normalize  S  and  then 
describe  it  using  a  set  descriptor  similar  to  the  one  used  for  actual  motions: 

^{paih{^*'     (<)))  -  p-tran3lati(m{A,,0,X),  X  6  [A^.n,  A'mo«) 

Not.-  tl,r  diffrrenrr  bctwcrn  iranalatiori   and  p  iraiuolatiou.     In  the  first  ca.sr  thr 
set  is  dcfinrd  with  r.-sprct  to  a  given  motion  II^',,,  wherea.s  in  the  second  case  it 
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is  defined  with  respect  to  a  set  of  motions  {11}  which  is  representative  of  all  the 
physically  feasible  motions  of  Ai  that  can  take  place  in  the  given  set  of  placements. 

Just  as  we  defined  a  set  descriptor  for  possible  translations,  we  can  define  possible 
rotations  and  helical  motions  by  requiring  that  the  only  possible  motions  of  Ai  in  S 
be  rotations  and  helical  motions,  respectively.  There  is  an  additional  set  descriptor 
that  corresponds  subsets  of  CSMi-^i)  where  either  translations  or  rotations  can  take 
place.  This  subset  S  is  described  by  the  union  of  two  sets: 


5    =   path{^^;^^^{t))    U   pa//i(*,^',,) 


where  ^^'p  (t)  is  a  rotation  and  ^p'"  i  (0  i^  a  translation.  The  set  descriptor  that 
characterizes  this  type  of  subsets  is  denoted  by  p. cylindrical. 

By  applying  the  mapping  just  described,  we  can  provide  a  configuration  space 
interpretation  for  possible  motion  labels  introduced  in  section  2.2. 

Possible  Motion  Regions  and  CS 

We  can  extend  the  symbolic  set  description  of  possible  motions  of  single  objects 
to  descriptions  of  possible  motions  of  the  whole  mechanism  as  follows.  Let  S{M)  be 
a  subset  of  CS{M).  Let  S{Ai)  be  the  projection  of  the  points  S{M)  in  Cspace(Ai): 

S{Ai)    =    {projection{Ai,p)  \  p  e  S{M)} 

Assume  that  every  S{Ai)  can  be  described  by  one  of  the  possible  motion  labels, 
p.Tnotion(Ai,Oi,Xi),  where  Xi  is  the  vector  of  one  or  two  motion  parameters  along 
an  axis  O;.  The  set  S{M)  can  be  described  as  the  cross  product  of  the  motion 
labels,  constrained  by  intervals  for  each  of  the  parameters  in  x,,  Xi  G  [Mini,MaXi], 
and  a  set  of  algebraic  relations  {rij{xi,Xj)}  between  these  parameters: 

S{M)    =   {p-motion(Ai,Oi,xi)    x    . . .  x  p_Tnoiion{An,On,Xn)  \ 
Vi,  Xi  G  [Mirii^MaXi]    A  Vt,ji,  rij{xi,Xj)} 

This  description  of  S{M)  is  a  configuration  space  interpretation  of  the  possible 
motions  regions  introduced  in  section  2.3. 

Topology  of  CS 
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The  configuration  space  of  a  mechani&m  CS(AI)  can  be  described  as  the  union 
of  several  connected  subsets,  Sk{M).  The  initial  placement  of  a  mechanism,  po  Ues 
in  one  of  these  subsets.  Since  the  subsets  are  connected,  any  placement  p,  can  be 
reached  from  any  other  placement  pj  in  the  set  Sk,  i.e.,  there  exist  a  motion  H*^  (<) 
such  that  pa</i(n^p^(0)  Q  Sk 

Two  subsets  5,  and  Sj  are  contiguous  iff  there  exists  a  motion  between  them  do 
not  not  pass  through  any  other  subset,  i.e., 

3  n^,.//)    such  that  [p,  €  S.  A  p,  e  Sj]   A    {paih{U'J^^^{t))  C  (5.-  U  S>)] 

Two  subsets  5,  and  Sj  are  unreachable  from  one  another  iff  there  does  not  exist 
a  motion  between  them  whose  path  is  in  CS{M): 

^  n^p^(0  such  that  [p,  G  5.  Ap,  e  5,1  A  [pa/Mn;f,p,(0)  c  CS(M)] 

We  can  now  give  a  configuration  space  interpretation  of  reachable,  unreach- 
able, and  impossible  behaviors  introduced  in  Chapter  2.  Given  an  initial  place- 
ment Po,  reachable  behaviors  correspond  to  the  set  of  all  motions  from  po  to  points 
in  reachable  subsets  of  CS{M).  Unreachable  behaviors  correspond  to  the  set  of 
all  motions  between  po  and  unreachable  subsets  of  CS{M).  We  will  denote  by 
reachable{CS{M),po)  the  subset  of  CS(M)  that  can  be  reached  from  po: 


TeachableiCS{M),po)  =  {p  €  CS{M)  \  3  n^_^{t),  paihiU-^Ji))    C  CS(M)} 

There  arc  two  types  of  impossible  behaviors:  the  first  type  consists  of  impossible 
placements,  where  objects  overlap.  This  corresponds  to  the  set  of  all  illegal  mo- 
tions, i.e.,  motions  whose  paths  include  points  outside  CS{M).  The  second  type  of 
impossible  behaviors  is  the  set  of  all  motions  for  which,  given  the  path  P  C  CS(M) 
of  the  desired  motion,  there  dors  not  exist  a  point  pf  and  a  motion  0  such  that 

An  example  of  this  type  of  impossible  behavior  is  the  behavior  shown  m   higure 
2.2(d). 
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Region  Diagrams 

Let  CS{M)  be  the  configuration  space  of  a  mechanism  M,  and  let  Si,...Sk 
be  a  decomposition  of  CS{M)  into  k  disjoint,  connected  subsets  called  regions.  A 
region  diagram  G  —  {V,  E)  of  CS{M)  is  an  undirected  graph  whose  nodes  represent 
regions.  An  edge  exists  between  two  regions  iff  the  two  regions  are  contiguous: 

•  V   =   {5.} 

%  E   =    {<  Si^Sj  >    I  conUguous{Si, Sj)} 

In  addition  to  this,  we  can  require  the  regions  to  have  certain  properties,  such 
as  the  ones  defining  qualitative  difference  (section  3.3).  Section  3.4  will  define  these 
requirements  on  the  regions  of  CS{M)  for  fixed  axes  mechanisms. 

3.3      Decomposition  of  Mechanisms 

The  analysis  and  design  of  mechanisms  consisting  of  several  moving  parts  is  a  com- 
plex task  when  considered  as  a  whole.  To  cope  with  this  complexity,  engineers 
generally  consider  a  mechanism  as  consisting  of  several  smcdler  functional  units 
that  achieve  specific  behaviors.  The  overall  mechanism  is  described  as  a  collection 
of  functional  units,  together  with  the  interrelations  between  them. 

Consider  for  example  the  clutch  system  introduced  in  Chapter  1  (Figure  1.2). 
The  function  of  the  screw  E  consists  in  moving  back  and  forth  the  plate  D  that 
engages  and  disengages  the  clutch.  This  kinematic  function  is  achieved  by  the 
particular  shape  of  the  screw  (a  thread)  and  its  matching  complement  in  the  frame 
F,  and  by  the  contact  with  the  plate  D.  The  function  of  the  screw  E  can  thus  be 
locally  determined  by  analyzing  independently  the  subassembly  consisting  of  the 
screw,  the  frame,  and  the  plate. 

The  fact  that  small  subsets  of  objects  in  a  mechanism  have  a  specific  kine- 
matic role  that  is  independent  of  the  rest  of  the  mechanism  is  what  differentiates  a 
mechanism  from  a  collection  of  randomly  assembled  objects.  This  observation  was 
made  more  than  a  century  ago  by  Reuleaux  (1876).    Based  on  this  property  that 


62 

we  Ccdl  the  locality  of  function  property,  Reuleaux  proposed  to  view  mechanisms 
as  consisting  of  a  collection  of  chains  of  kinematic  pairs.  Kinematic  pairs  are  the 
smallest  subassemblies  of  a  mechanism  ^  and  thus  constitute  the  smallest  functional 
kinematic  units. 

Reuleaux  distinguished  between  two  types  of  kinematic  pairs:  lower  pairs  and 
higher  pairs.  Lower  pairs  are  pairs  in  which  the  contact  between  the  two  objects 
takes  place  along  a  surface.  Higher  pairs  are  pairs  in  which  the  contact  takes  place 
along  a  line  or  a  point.  As  it  turns  out,  there  are  only  six  types  of  lower  pairs  (see 
Figure  3.6)  corresponding  to  revolute,  prismatic,  helical,  cylindriccJ,  spherical  and 
planar  joints,  respectively.  There  are  infinitely  many  higher  pairs,  the  most  common 
being  meshed  gears  and  cams  (see  Figure  3.7).  Regardless  of  the  actual  geometry 
of  the  objects,  a  mechanism  can  be  described  functionally  by  the  kinematic  pairs 
that  form  it,  together  with  the  connections  between  them.  Each  kinematic  pair 
defines  the  set  of  possible  relative  motions  that  the  objects  in  the  pair  can  have. 
Note  that  the  first  four  lower  pairs  can  be  described  with  the  possible  motion  labels 
introduced  in  section  2.2.  Two  objects  can  form  a  complex  pair,  in  which  case  they 
are  described  by  several  simple  pairs.  For  example,  the  double  slider  mechanism  in 
Figure  3.3  consists  of  two  prismatic  joints,  one  along  axis  Oj  and  one  aJong  axis  O2. 

A  given  mechanism  can  be  analyzed  following  a  two-step  procedure  consisting  of 
first  identifying  the  kinematic  pciirs  that  form  the  mechanism,  and  then  determining 
the  ways  in  which  these  pairs  interact  to  form  kinematic  chains: 

1.  Local  Interactions  Analysis:  Determine  the  type  of  kinematic  pair  formed  by 
every  pair  of  objects  in  the  mechanism.  The  type  of  kinematic  pair  determines 
the  possible  relative  motions  of  the  objects,  and  their  relationship. 

2.  Global  Interactions  Analysis:  Determine  the  possible  absolute  motions  of  each 
object  by  composing  their  relative  motions. 

The  design  of  a  mechanism  can  also  be  divided  into  two  steps,  analogous  to  the 
analysis  steps.  The  first  step  consists  in  determining  the  type  of  kinematic  pairs  that 
will  be  used  and  the  connections  between  tlH-ni.  (liven  this  description,  the  second 


One  object  subassemblies  can  hardly  he  considered  as  mechanisms. 
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Figure  3.6:  The  Six  Lower  Pairs 

step  consists  of  determining  the  actual  geometry  of  the  objects  that  will  comply 
with  the  kinematic  description  of  the  pair  and  the  requirements  on  the  connections: 


1.  GlobaJ  Mechanism  Design:  From  the  functional  description  of  the  desired 
kinematic  behavior,  determine  the  kinematic  pairs  and  the  connections  be- 
tween them. 

2.  Kinematic  Pair  Design:  For  every  kinematic  pair,  determine  (or  modify)  the 
geometry  of  the  objects  so  as  to  comply  with  the  kinematic  requirements  and 
the  connection  requirements. 

Although  these  two-step  procedures  have  been  known  and  used  or  more  than  a 
century,  no  formal  proof  of  their  soundness  and  completeness  has  been  provided. 
Using  configuration  spaces,  we  were  able  prove  that  the  two-step  procedures  for 
analysis  and  design  are  complete.    For  analysis,  this  means  that  the  procedure  is 
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Figure  3.7:  Two  Examples  of  Higher  Order  Pairs 

guaranteed  to  zJways  find  all  the  possible  behaviors  of  a  mechanism,  and  their 
relationships,  and  only  those.  For  design,  this  means  that  the  desired  behavior  can 
always  be  designed  by  interacting  pairwise  behaviors  of  functional  kinematic  units. 
The  results  hold  for  any  type  of  mechanisms,  not  just  fixed  axes  mechanisms. 

In  the  remaining  of  this  section,  we  will  prove  that  the  kinematic  behavior  of  a 
mechanism  (represented  by  its  configuration  space)  can  be  uniquely  described  by 
composing  the  kinematic  behaviors  of  its  kinematic  pairs.  Moreover,  we  will  show 
that  it  is  sufficient  to  consider  only  those  pairs  in  which  objects  come  in  contact. 

3.3.1      The  Composition  Operator 

We  define  the  composition  operation,  denoted  by  ®,  as  follows.  Let  M  be  a  mech- 
anism and  A/i  and  A/2  be  two  non-empty  subassemblies  (subsets  of  objects)  of  A/, 
not  necessarily  disjoint.  Let  Cspac€{M),  Cspacc{Mi)  and  CspacciMj)  be  the  cor- 
responding spaces  defined  by  the  parameters  of  A/,  A/i  and  A/;.  The  space  of  the 
composition,  Cspace{Mi  ®  M2),  is  a  Gm-dimensional  space,  where  m  is  the  number 
of  different  objects  in  (A/i  U  Afj)  and  is  defined  by  the  parameters  of  the  subassem- 
bly (A/,  U  A/2).  The  composition  of  two  subsets  of  Cspacc{Mi)  and  Cspace{Mj), 
5,  r  Cspacc{Mi)  and  Sj  (_  Cspacc[Mi),  is  a  subset  of  Cspac€{M^,  0  A/j)  defined 
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as: 


Si<S>S2  =  {p  £  Cspace{Mi(S>M2)  |  projection{Mi,p)  G  Si  A  projection{M2,p)  E  S2} 

where  projeciion{Mi,p)  is  the  projection  of  a  point  p  in  C space{Mi  ®  M2)  to  a 
point  in  Cspace{Mi).  Note  that  this  composition  operator  is  very  similar  to  the 
natural  join  operator  used  in  relational  cdgebra,  although  our  composition  operation 
is  defined  over  infinite  sets. 

3.3.2      Properties  of  the  Composition  Operator 

The  composition  operator  has  a  number  of  interesting  properties  that  are  necessary 
to  prove  the  main  composition  theorem.  Let  M  be  a  mechanism  and  Mi,  M2,  and 
Mz  be  three  subassemblies  of  it.  Let  S{Mi)  and  S'{M\)  be  two  distinct  subsets  of 
Cspace[Mi),  and  S{M2)  and  S'{M2)  be  two  distint  subsets  of  Cspace{M2).  The 
following  properties  hold: 

1.  If  Ml  and  M2  are  two  disjoint  subsets  of  M  (i.e.  they  have  no  parts  in 
common),  the  composition  of  two  subsets  of  C space{Mi)  and  C space{M2)  is 
their  cross  product: 

Ml   n  M2  =  0   =^   5(Mi)   ®  S{M2)   =   S{Mi)    x    5(M2) 

2.  The  composition  of  a  subset  of  C space{Mi)  with  itself  is  the  subset  itself: 
5(Mi)   ®   S{Mi)   =   S{Mi) 

3.  The  composition  of  two  subsets  of  C space{Mi)  is  equal  to  their  intersection: 

S{Mi)  ®  5'(Mi)   =   5(Mi)  n  S'{Mi) 

4.  The  composition  operator  is  symmetrical: 

S{Mi)  ®  S{M2)  =   S{M2)  ®  5(Mi) 

5.  The  composition  operator  is  associative: 

[5(Mi)  ®  5(M2)]   ®   SiMz)   =    5(Mi)  ®   [^(Mj)  ®  ^(Ma)] 
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6.  The  composition  operator  is  distributive  with  respect  to  union  and  intersec- 
tion: 

(5(Mi)  U  5'(Mi))  ®  S(M2)   =   {S{M,)  ®  5(M2))  U{S'{M,)  ®  S{M2)) 
{S{Mr)  n  5'(Mi))  ®  S{M2)   =   (5(Mi)  ®  5(M2))  n(5'(Mi)  ®  ^(Mz)) 

7.  The  intersection  of  a  subset  of  Cspac€{Mi)  with  Cspace{Mi)  is  the  subset 
itself: 

5(Mi)   ®   C5pace(Mi)    =    5(Mi) 

8.  The  composition  operator  is  monotonic: 

[S{M,)   C   5'(Mi)]   =^    [(■?(M0  ®  5(M2))   C   (5'(Mi)  ®  ^(Ma))] 

These  properties  can  be  easily  proved  by  using  the  definition  of  the  composition 
operator  and  elementary  set  theory. 

3.3.3      Computing  CS  from  Subassemblies 

We  now  turn  to  the  main  theorem  that  relates  the  configuration  spaces  of  subassem- 
blies of  a  mechanism.  The  following  theorems  hold  for  any  mechanism,  not  just  for 
fixed  axes  mechanisms.  Let  M  =  {Ai,. . .  ,>!„}  be  a  mechanism  consisting  of  n  >  2 
objects  Ai.  We  denote  by  CS{Ai,Aj)  the  independent  configuration  space  of  the 
mechanism  consisting  of  two  objects,  Ai  and  Aj.  Then, 

Theorem  3.1  The  configuration  space  of  a  mechanism  can  be  computed  by  the 
composition  of  the  independent  configuration  spaces  of  all  its  n{n  —  l)/2  object 
pairs: 

CS{M)=   CS{AuA2)  0  CSiAuAi)  ®  ...  ®  CS{A„.uAn) 

Theorem  3.2  The  configuration  space  of  a  mechanism  can  be  computed  by  the 
composition  of  the  independent  configuration  spaces  of  all  Us  n  subassemblies  of 
size  Ti  -  1; 

CS(M)=    CS(Mi)  ®  C5(A/,)  ®  ...  ®  CS(M„) 
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Proof  of  Theorem  3.1: 

By  the  definition  of  configuration  space: 

CS{M)    =     {p   G    Cspace{M)  \      not{overlap{Ai,Aj,p)),ViJ,i^j} 

=     {p    e    Cspace{M)  \      not{overlap{Ai,A2,p))  and 

not{overlap{Ai,A3,p))  and 

not{overlap{A„-i ,  A„,  p))} 

On  the  other  hand,  also  by  definition: 

CS{Ai,A2)         =     {p   £    Cspace{Ai,A2)  |  not{overlap{Ai, A2,p))} 

CS(Ai,A3)         =     {p   e    Cspace{Ai,A3)  \  not{overlap{Ai,A3,p))} 

CS{Ar,-uAn)     =     {p   e    Cspace{A,,_i,An)  |      not{overlap{A„-i ,  An,p))} 

Let  Xi    =  <  Xii, . . .  ,Xi6  >    be  the  parameter  vector  corresponding  to  object  Ai.  By 
the  definition  of  the  composition  operator: 

CS{AuA2)  0  CS{A,,A3)  ®  ...  ®  CS{A^^uAn)     = 

{p   =  <  Xi,...,Xn  >  G    Cspace{M)  |     nol{overlap{Ai,A2,  <  Xi,X2  >))    and 

not{overlap{Ai,A3,<  Zi,i3  >))    and 

not{overlap{Ar,-i ,  An,  <  x„_i,x„  >))} 

Note  that  by  substituting  <  Xi,Xj  >  by    <  Xi,...,Xn  >,   the  set  remains  unchanged 
(property  of  the  projection  function).  ■ 

Proof  of  Theorem  3.2: 

We  will  prove  that  this  theorem  is  equivalent  to  Theorem  3.1.  Let  (j4,-,  Aj)  be  all 
the 

n{n  —  l)/2  possible  pairs  of  distinct  parts  of  M  and  let  CS{Ai,Aj)  be  their  corre- 
sponding independent  configuration  spaces. 

We  first  prove  that  Theorem  3.2  implies  Theorem  3.1.  The  proof  is  by  recursion 
on  the  number  of  parts  of  M.    Assume  Theorem  3.2  is  true  for  a  mechanism  of  n 
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objects.  Then  it  is  also  true  for  mechanisms  with  n  —  1  ,  n  —  2  and  down  to  two 
objects.  Apply  the  formula  in  Theorem  3.2: 

CS{M)   =  CS{Mi)  ®  C5(M2)  ®  ...  ®  C5(M„) 

to  Ml, . . . ,  Mn  recursively  n  —  2  times  until  the  number  of  parts  in  each  subassembly 
Mi  is  2.  We  get  n!  terms  of  the  form  CS{Ai,Aj)  where  1  <  i,j  <  n.  Since  there 
are  only  n[n  —  l)/2  different  pairs,  each  term  is  repeated  2(n  —  2)!  times.  By 
using  properties  4  and  5  of  the  composition  operator,  we  can  group  together  all  the 
terms  that  are  equal  and  simplify  all  the  compositions  of  the  form  [C S[Ai,Aj)  ® 
C S{Ai^  Aj)]  to  C S{Ai^Aj)  using  property  2.  We  are  left  with  n{n  —  l)/2  terms  of 
the  form  CS{Ai^  Aj)  for  all  i^j  such  that  1  <  i  <  j  <  n  : 

CS{M)  =  CS{AuA2)  ®  CS{AuA^)  ®  ...  ®  C5(A„_i,>l„) 

Now  we  prove  that  Theorem  3.1  implies  Theorem  3.2.  We  prove  it  by  induction 
on  the  number  of  parts  of  M:  for  a  mechanism  of  2  parts  the  implication  is  trivially 
true.  Now  assume  that  Theorem  3.1  implies  Theorem  3.2  for  a  mechanism  of  n 
parts,  i.e.: 

CS{M)    =    CS(Mi)  ®  CS{M2)  ®  ...  ®  CS{Mr,) 

=    CS{Ai,A2)  ®  CS{AuAz)  ®  ...  ®  C5(A„_i,^„) 

Let  M  be  a  mechanism  of  n  +  1  parts.  By  Theorem  3.1, 

CS{M)  =  CS{A,,A2)  ®  CS{AuAi)  ®  ...  ®  C5(>l„,A„+i) 

By  rewriting  n!  times  each  C5'(>li,j4j)  using  property  2,  and  grouping  the  pairwise 
configuration  spaces  into  groups  of  n  parts  using  properties  4  and  5  we  get: 

CS{M)    =     [C5(>l2,>l3)  ®   ...   ®  C5(>i„,A„+i)j     (exclude^;) 
® 

[CSiA,,A3)   ®   ...   ®  C5(>1„,>1„+,)1     (exclude  >l2) 
® 

® 
[CSiAuAi)  ®   ...  ®  CS{A„.uAn)]    (exclude  .4„+,) 

By   the  induction  hypothesi.s,   for   mechanisms   ,\f,      =      M  -  {A,}  of  n   objects. 
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1  <  i  <  n  +  1: 

CS{M,)        =    CS{A2,A3)  ®  ...  ®  CS{A„,Ar,^r) 
C5(M2)        =    CSiAuAz)  ®  ...  ®  C5(A„,A„+i) 

C5(M„+a)    =    CS{A,,A2)  ®  ...  ®  C5(A„_i,A„) 

Substituting  each  CS{Mi)  in  the  previous  expression  leads  to  Theorem  3.2.  ■ 

We  now  turn  our  attention  to  mechanisms  in  which  certain  objects  never  come 
in  contact.  The  configuration  space  of  such  mechanisms  depends  solely  on  the 
configuration  space  of  objects  that  do  come  in  contact.  Let  us  begin  by  examining 
mechanisms  with  three  objects. 

Theorem  3.3  Let  M  be  a  mechanism  consisting  of  three  objects,  A,  B  and  C  such 
that  A  and  C  never  come  into  contact.  Then,  the  configuration  space  of  M  is  the 
composition  of  the  independent  configuration  spaces  of  the  pairs  {A,B)  and  {B,C): 

[ypeCS{M),  not{contact{A,B,p))    =^    CS{M)    =    CS{A,B)   (g)   CS{B,C) 

Proof  of  Theorem  3,3: 

Clearly,  Vp  G  CS{M),  not{contact{A,B,p))  implies  th.a.t  noi{overlap{A,B,p). 
By  the  definition  of  configuration  spaces, 

CS{M)    =     {p   G    Cspace{M)\     not{overlap{A,B,p))      and 

not{overlap{B,C,p))       and 
not{overlap{A,  C,p))} 

By  the  definition  of  the  composition  operator, 

CS{A,B)    (8)     CS{B,C)     =      {p     e      Cspace{M)   |  not{overlap{A,B,p))     A 
not{ov€rlap{B ,  C  ^  p))} 
Thus, 

{p|p  e   [CS{A,B)®CS{B,C)]Ayp  e   CS{M),  not{overlap{A,C,p))}   =  CS{M) 
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Figure  3.8:  A  Motor  Attached  to  a  Clutch 

Theorem  3.3  can  be  generalized  to  mechanisms  with  any  number  of  parts,  for 
the  predicate  not{ov€rlap{A,,A,,p))  is  always  true  in  CS{M)  if  Ai  and  Aj  never 
come  in  contact.  In  addition,  subassemWies  do  not  necessarily  have  to  be  pairs  of 
objects.  The  most  general  form  of  the  composition  theorem  is  then: 

Theorem  3.4  Let  Mi,  ...  Mk  he  subassemblies  of  M  such  that  M  =  (Mi  U  . . .  U 

Mk)   and  for  every   two  objects   that  can  come   in  contact  there  is   a  subassembly 

containing  them.   Then  the  configuration  space  of  the  mechanism  M  can  be  computed 

by  the  composition  of  the  configuration  spaces  of  the  subassemblies: 

IfM  =  (A/iU    ...    UMk)      and     (Vp    £    CS{M)) 
[  contact{Ai,Aj,p)    =>    3M,  such  that  A,,Aj  €  M,  ], 

Then     CS{M)=    CS(Mi)    ®    ...    ®   CS{Mk) 


This  theorem  is  of  vital  importance  for  simplifying  the  analysis  and  design  of 
mechanical  devices.  Consider  for  example  the  system  in  Figure  3.8.  It  consists  of  a 
motor  attached  to  a  clutch  system  by  a  coupling,  connecting  the  output  shaft  of  the 
motor  to  the  input  shaft  of  the  clutch.  The  behavior  of  the  system  can  be  obtained 
by  finding  the  behavior  of  the  coupling  and  composing  it  with  the  behaviors  of  the 
clutch  and  the  motor.  Suppose  we  already  have  a  description  of  the  motor  and  the 
clutch  behaviors.  Since  the  parts  in  the  clutch  never  come  in  contact  with  the  parts 
in  the  motor,  only  two  new  interactions  need  to  be  analyzed:  the  output  shaft  of 
the  motor  with  llu-  input  shaft  of  the  coupling,  and  the  output  shaft  of  the  coupling 
with  the  input  shaft  of  the  clutch.    This  is  significantly  simpler  than  considering 
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the  clutch,  motor,  and  coupling  as  a  new  mechanism  to  be  analyzed.  Theorem  3.4 
embodies  the  locality  of  function  property. 

3.4      Fixed  Axes  Mechanisms 

So  far  we  have  shown  that  the  kinematic  behavior  of  a  mechanism  can  be  found  in 
two  steps:  the  computation  of  pairwise  configuration  spaces  and  the  composition  of 
these  spaces.  However,  there  are  several  problems  associated  with  this  method.  In 
this  section,  we  examine  these  problems  and  show  that  the  fixed  axes  assumption 
introduced  in  Chapter  2  simpHfies  the  composition  procedure. 

There  are  four  problems  with  the  two-step  method  presented  in  the  previous 
section: 

1.  The  computation  of  pairwise  12-dimensional  configuration  spaces  is  complex. 

2.  The  definition  of  the  composition  operation  for  configuration  spaces  is  not 
procedural, 

3.  Once  the  configuration  space  is  obtained,  we  still  need  to  find  a  decomposition 
that  reflects  the  qualitatively  different  possible  motions  of  each  object,  and 

4.  The  complete  configuration  space  might  contain  many  unreachable  behavior; 
we  are  only  interested  in  reachable  behaviors. 

In  a  fixed  ajces  mechanism,  objects  have  at  most  two  degrees  of  freedom  along 
each  axis.  One  degree  of  freedom  is  a  rotation  around  the  axis  and  the  other  is  a 
translation  parallel  to  the  axis.  Two  parameters  are  sufficient  to  characterize  these 
two  possible  motions.  Thus,  for  a  pair  of  objects  and  their  respective  a:xes,  a  four- 
dimensional  configuration  space  is  sufficient  to  determine  the  behavior  of  the  pair 
along  each  specified  pair  of  ajces  (instead  of  the  full  12-dimensional  space).  This 
substitutes  the  computation  of  a  high  dimensionad  configuration  space  for  the  com- 
putation of  several  lower  dimensional  spaces  (one  for  each  pair  of  axes).  Additional 
information  on  the  possible  motions  of  the  objects  also  reduces  the  dimensionality 
of  the  configuration  space.   For  example,  if  one  of  the  parts  in  a  pair  is  fixed,  the 
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anaJysis  of  a  two-dimensional  space  is  sufficient  to  deduce  the  kinematic  behavior 
of  the  pair.  Using  this  approach,  more  configuration  spaces  need  to  be  computed. 
Nevertheless,  the  computation  of  a  lower-dimensional  space  is  much  simpler  than 
the  computation  of  a  higher-dimensional  space.  This  reduction  alleviates  the  first 
problem. 

To  solve  the  remaining  three  problems,  we  observe  that  fixed  cixes  mechanisms 
have,  by  definition,  two  important  properties.  First,  objects  in  a  fixed  axes  mecha- 
nism can  only  have  three  types  of  motions:  rotation,  translation  or  helical  motion 
aJong  fixed  axes.  This  implies  that  only  a  few  types  of  regions  can  constitute  the 
configuration  space  of  a  fixed  axes  mechanism.  These  are  precisely  the  types  of 
regions  we  characterized  in  section  3.2.3.  The  second  property  of  fixed  axes  mech- 
anisms is  that  all  reachable  motions  can  be  described  with  respect  to  a  set  of  fixed 
axes.  Thus,  only  placements  along  these  eixes  need  to  be  considered,  instead  of  all 
placements  in  space. 

The  above  remarks  lead  to  two  simplifications  for  computing  the  configuration 
space  of  a  fixed  axes  mechanism: 

1.  Only  placements  with  respect  to  a  potential  set  of  fixed  axes  need  to  be 
considered. 

2.  The  configuration  space  of  a  fixed  axes  mechanism  consists  of  possible  motions 
regions.  This  regions  have  certain  properties  that  eJlow  us  to  define  a  simple 
composition  operator  based  on  possible  motion  labels. 

In  the  remciining  of  this  section,  we  formalize  these  two  remarks  and  provide  a 
new  version  of  the  composition  theorem  for  fixed  axes  mechanisms.  We  also  give  a 
procedural  definition  for  the  simplified  composition  operator  over  possible  motion 
labels. 

3.4.1      Complete  Set  of  Axes 

In  a  fixed  axes  mechanism,  all  the  possible  reachable  motions  of  objects  can  be 
described  with  respect  to  a  set  of  axes.  Thus,  if  we  arc  given  in  advance  a  complete 
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set  of  axes,  it  is  sufficient  to  consider  the  placements  of  objects  along  these  axes, 
instead  of  aU  the  possible  placements. 

Let  M  be  a  fixed  ajces  mechanism  and  let  O  be  a  complete  set  of  axes  for  M. 
Let  Cspace'^{M)  be  the  set  of  cdl  possible  placements  of  M  along  the  axes  O.  We 
define  the  configuration  space  of  M  with  respect  to  O  as  the  set  C S^{M)  such  that: 

CS°{M)  =  {pe  Cspace°{M)  \  VA,  A^  e  M,    not{overlap{Ai,  Aj,p))} 

By  the  definition  of  fixed  aJces  mechanisms,  we  have: 

Theorem  3.5  Let  po  be  the  initial  placement  of  mechanism  M.  Then,  the  set 
reachable  points  in  the  configuration  space  of  a  fixed  axes  mechanism  is  identical  to 
the  set  of  reachable  points  of  the  configuration  space  of  the  mechanism,  with  respect 
to  a  complete  set  of  axes:  ^ 

reachable{CS°{M),po)    =    reachable{CS{M),po) 

Moreover,  the  configuration  space  of  a  mechanism  can  be  described  as  the  com- 
position of  pairwise  configuration  spaces  with  respect  to  a  complete  set  of  ajces: 

Theorem  3.6  The  configuration  space  of  a  fixed  axes  mechanism  can  be  computed 
by  the  composition  of  the  independent  configuration  spaces  of  all  its  n{n  —  l)/2  object 
pairs  with  respect  to  a  complete  set  of  axes: 

CS{M)=   CS'^iAuA2)  ®  CS'^(Ai,^3)  0   •••  ®  C5°(yl„_i, A„) 

Proof  of  Theorem  3.6: 

Note  that  because  O  is  a  complete  set  of  axes,  CSM{Ai,  Aj)  C  CS  (j4,,  Aj)  C 
CS{Ai,  Aj),  where  (75^ (^i,  >lj)  is  the  projection  of  CS{M)  in  the  space  of  {Ai,Aj). 
In  addition, 

CS{M)=   CSm{Ai,A2)  ®  CSm{AuA3)  ®  ...  ®  CSmCX-i, A„) 

Therefore,  by  the  monotonicity  property  of  the  composition  operator  (section  3.3.2) 
and  Theorem  3.1  (section  3.3.3)  the  result  follows.  ■ 


^To  simplify  the  following  discussion,  we  will  refer  to  the  reachable  subset  of  the  configuration 
space  of  a  fixed  axes  mechanism  from  an  initial  point  po,  as  the  configuration  space  of  the  mechanism. 
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3.4.2      Simple  Regions 

Let  M  be  a  mechanism,  and  let  CS{M)  be  its  configuration  space.  We  say  that 
a  region  R  of  CS{M)  is  a  simple  region  iff  it  is  a  connected  subset  that  can  be 
described  by  the  possible  motion  labels  introduced  in  Chapter  2.  Since  all  the 
possible  behaviors  of  a  fixed  axes  mechanism  can  be  described  by  possible  motion 
regions,  its  configuration  space  can  be  described  as  the  union  of  simple  regions: 

Theorem  3.7  The  configuraiion  space  of  a  fixed  axes  mechanism  M  can  he  de- 
scribed as  the  union  of  simple  regions: 


k 

CS{M)    =    (J  lU,         simple. region{IU) 

i  =  \ 


Describing  configuration  spaces  as  unions  of  simple  regions  is  advantageous  since 
the  possible  motions  description  of  regions  provides  us  with  a  functional  description 
of  the  mechanism's  possible  behaviors.  In  addition,  simple  regions  can  be  further 
subdivided  to  reflect  qualitative  differences  as  defined  in  section  2.3.  Thus,  the 
regions  do  not  require  further  interpretation. 

3,4.3      A  Simplified  Composition  Operator 

The  problem  that  remains  to  be  solved  is  to  provide  a  procedured  definition  for 
the  composition  operator.  The  properties  of  simple  regions  allow  us  to  define  a 
composition  operator  in  terms  of  possible  motion  labels. 

The  main  property  of  simple  regions  is  that  they  are  closed  under  composition, 
i.e.,  the  composition  of  two  simple  regions  is  a  set  of  simple  regions: 

Theorem  3.8  Let  Ri  €  C5'^(Mi)  and  R2  G  CS°(M2)  be  two  simple  regions  of 
the  configuration  spaces  of  two  subassemblies  M]  and  A/j  with  respect  to  a  complete 
set  of  axes  O.  Then,  the  composition  of  Z?,  and  R2  is  a  set  of  simple  regions  in 
CS°(M^)®CS°(M2): 
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[simple jregion{R-[)   A   siTnpl€-r€gion{R2)]    — > 
yRi  e  {Ri  ®  R2),     connecied{Ri)    A   simplejregion{Ri) 


Therefore,  we  can  define  a  simplified  composition  operator  that  composes  possible 
motion  labels,  instead  of  algebraic  sets: 

Theorem  3.9    The  composition  of  two  simple  regions  can  he  com,puted  using  a  sim- 
plified composition  operator,  ®',  that  specifies  how  to  compose  possible  motion  labels: 
194^  [simple jregion(Ri)   A   simple -region[R2)]    ^=> 
{Ri   ®  R2)   =   {Ri   &  R2) 

In  order  to  prove  this  theorem,  we  have  first  to  define  the  composition  of  two 
simple  regions  in  terms  of  possible  motion  labels. 

Let  Ml  and  M2  be  two  subassemblies  of  M.  Let  Ri  C  CS{Mi)  and  R2  C 
CS{M2)  be  two  simple  regions.  Let  pjm,otionj[Ai)  be  the  possible  motion  label  of 
object  Ai  in  region  Rj,  j  =  1,2.  The  simplified  composition  of  two  simple  regions, 
Ri  ®'  ^^2?  is  conaputed  in  two  steps.  First,  the  possible  motion  labels  of  objects 
common  to  Mi  and  M2  are  pairwise  intersected.  Then,  the  cross  product  of  the 
resulting  possible  motion  labels,  together  with  the  possible  motion  labels  of  objects 
not  in  Ml  0  M2  is  taken.  The  result  is  a  new  set  of  simple  regions: 

1.  Intersection: 

•  For  all  Ai  in  Mi  D  M2 

{new-motions{Ai)}    =   p-motioni{Ai)   H  p.motion2{Ai) 

•  For  all  other  .4,: 
new.motions{Ai)    =   p^motionj{Ai) 

2.  Cross  Product:  Ri    ®'  R2    =   newjmotions{Ai)    x    ...    x    new.m,otions{An) 

We  illustrate  this  procedure  with  the  following  example.  Consider  the  the  three 
gears  in  Figure  3.9.     Let  Ri  be  the  region  of  CS{A,B)  describing  the  pairwise 
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Figure  3.9:  Three  Gear  Mechanism 

behavior  of  A  and  B.  Assuming  A  has  twice  as  many  teeth  as  B,  the  functional 
description  of  their  behavior  in  terms  of  possible  motion  labels  is: 

p^roiaiion{A,OA,^A)    x   p^Totation{B,OB,^B) 

Similarly,  let  R^  be  the  region  of  CS{A,C)  describing  the  pairwise  behavior  of  A 
and  C.  Assuming  that  A  has  5/3  as  many  teeth  as  C,  the  description  of  their 
behavior  is: 


p.roiaiion{A,OA,GA)    x    P-rotaiion{C^Oc,0c) 

\mod2iii       ">«    ~         3 


^>*,^c€[0,27rU^,„    eA  =  -\Oc 


The  composition  R^  ®' R2  is  computed  by  first  intersecting  the  possible  motion  labels 
of  A  from  R^  with  the  possible  motion  label  of  A  in  /?2-  Labels  are  intersected  using 
rules  like  the  following:  let  /ij  and  ^2  be  two  labels  with  their  corresponding  motion 
parameters  and  intervals: 

^x  'P^oiaiion{A,0xy6\),     inicrval(Bi),     ri{$i,X) 
^l2       P-rotationiAyOiyOi),    intcrval{62),    ri(^j,A') 

The  sets  of  relations  rf  and  f^  are  sets  of  functions  relating  ^,  and  <?:  to  other  motion 
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Figiir*'  3.10:  Two  DifTcrcnt  Axes  of  Rotation  for  One  Object 

panuiu'tcrs,  <l<ii(i(<<l  \>y  tin-  v«'ctor  of  paraiiirtfrs  X .    The  intersection  of  the  two 

Iiil)i-ls,  // 1  fl//;>  ynl<ls  a  new  lalx-l  as  follows: 


/i  j(  </(  .'1, /)),       if  Oi  /  O2,  otherwise 

]>  ri>liitioTi{A,()i  ,0j) 

nitt  ri'(il(0_i)     -    interval{02)    fl   intcrvol{Oi), 


where 


No(<-  that  if  llic  axes  were  not  equal,  (he  possible  motion  of  A  would  be  fixed{A,p). 
Tliis  is  illiistiatcd  in  l'i|Mirc  .'I.IO,  where  A  has  two  different  axes  of  rotation. 

Ill  our  I  ase,  (he  (wo  axes  are  equal  so  the  intersection  of  the  two  motion  labels 
for    -t  is: 

p.ruti,^lon{A,O.^,0^),     0^  L  [0,27r],_,3,,     9^  =  -2  Ob    A    ^^  =  -  -  ^c 

The  (iii.il  eoniiiosition  is  the  cross  product  of  the  possible  motion  labels  of  5,  C, 

Jiiui  ( \\c  IH'W  l.iliel  of    t : 

p  rotiitiou{A,O4,0ji)  X  p.ro/a/io;i(fi,Ofl,^ij)  X 

p  rol(itiou(CyOcyOc) 


^4  =*-'-'<',,.  0. 


The  int«-rsrction  of  possible  motion  labels  can  be  defined  with  seven  rules.  These 
Miles,  sliKWii  ill  Table  IM ,  are  very  similar  to  the  previous  rule  and  are  intuitive. 


Note  that  when  the  intersection  of  parameter  relation  intervals  is  empty  (or  the 
motion  relations  are  incompatible),  there  are  two  cases: 

1.  If  the  two  intersected  labels  define  a  placement  p  that  is  included  in  both 
labels,  then  the  intersection  is  fixed{A,p).  This  was  the  case  in  the  example 
of  Figure  3.10.  where  there  is  a  common  placement  for  both  labels. 

2.  Otherwise,  since  there  is  no  possible  placement  in  common,  the  intersection 
is  empty  (no  physiccJly  feasible  placement  is  possible). 

When  the  relations  between  motion  parameters  is  simple  (i.e  linear  or  quadratic 
equalities  and  inequalities),  computing  their  intersection  is  straightforward. 

Note  that  the  intersection  of  two  possible  motion  labels  can  create  sever2J  pos- 
sible motion  labels  that  correspond  to  disconnected  regions.  There  are  two  main 
causes  for  this.  First,  the  intersection  of  two  continuous  intervals  in  not  a  single 
continuous  interval  when  rotation  is  involved.  Second,  the  intersection  of  two  mo- 
tion parameter  relations  can  produce  disconnected  regions.  Consider  for  example 
the  following  two  motion  labels  on  the  same  interval: 

/ii    =   p.cylinder{A,0,OA,XA),  ri(A'x,^^) 
fi2    =   p.cylinder{A,0,OA,XA),  r2(A'A,^^) 

where  the  relations  rj  and  rj  are  as  shown  in  Figure  3.11.  The  intersection  of  these 
two  labels  yields  to  disconnected  regions. 

From  Theorems  3.5  and  3.8  we  can  directly  derive  a  general  theorem  for  fixed 
axes  mechanisms: 

Theorem  3.10  The  configuration  space  of  a  fired  axes  mechanism  can  be  com- 
puted using  a  simplified  version  of  the  composition  operator  on  restricted  pairwise 
configuration  spaces  over  a  complete  set  of  axes  O: 

CS{M)^   CS°{A,,A-,)  ®'  C5<^(>1,,^3)  ®'  •••  ®'  C5^( /!„-,, /in) 

WV  can  also  deduce  similar  versions  of  Theorems  3.3  and  3.4  for  objects  not  in 
contact. 
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1.  p_rotation(A,  0,^j)   n   pjrotation(A,  O,  ^2)    =    P-rotation(A,  O,  ^3) 
whtie  interval{6s)  =  interval{6i)  n  interval(6j) 

e3  =  M^i,x)  A  es  =  ri{e2,x) 

2.  p_translation(A,  Oj,  Xj)   D   p_treinslation(A,  021X2)    = 

fixed(A,p)     if  Oi  and  Oj  are  not  pai&llel,  otherwise, 

P-trtinslation(A,  Oj,  X3) 

whtie  inierval{X3)  =  interval(Xi)   n  interval(X2) 
Xi  =  n(Xi,X)   A  Xs  =  r^{Xi,X) 

3.  p-cylinder(A,  0,Xi,6i)   n   p_rotation(A,  0,^2)    =    p-rotation(A,  0,^3) 
where  interval{63)  —  interval{6i)   H   interval{92) 

4.  p-cylinder(A,  O,  Xj,  5j)   n   p_translation(A,  O,  X2)  = 

fixed(A,p)     if  Oi  and  Oj  are  not  parallel,  otherwise 

p.translation(A,  Oj,  X3) 

wheie  interval{X3)  =  int€rval{Xi)  n  interval(X2) 
Xz  =  ri{Xi,X)  A  Xi=fi(X2,X) 

5.  p_cyllnder(A,  Oj,  Xj,  ^j)     n     p_cylinder(A,  O2,  X2,  ^2)    ~ 

p_cylinder(A,Oi,X3,%),  if  Oi  =  Oj, 

■wheit  interval{63)  =  inteTval{di)   n   interval{d2) 

ini€rval{X3)  =  inierval{Xi)   n  interval{X2) 
63  =  rTl^i ,  X)_  A  ^3  =  ri-(«2 ,  Y)  _and 
X3  =  rl{Xx,X)   A  Xs  =  f^(X2,  A") 

P-traiislatlon(A,  Oj,  X3)    ,  if  Oi  and  Oj  are  parallel 
■whttt  interval[Xz)  =  inierval[X\)   O  »n<ertia/(A'3) 
A'3  =  r7(Xi,A)   A  Xz  =  ri{X-i,X) 

fixed(A,p),  otherwise. 

6.  p_heUcal(A,0,Xi,^i)   n   p_helical(A,  O,  X2,^2)    = 

fixed(A,p),       if  <7i  ^  g^  in  ^1  =  g\{Xx)    A  O^  =  g^iX^),  otherwise, 

p_helical(A,  O,  X3,  ^3) 

where  iTi<erva/(A^3)  =  interval(Xi)   Pi  »n<erro/(Xj) 

X3  =  r^{Xi,X)  A  Xs  =  f^(X2,X) 

93(^^3)  =  <7i(A'i)  =  giiXi) 

7.  In  all  other  cases,  when  the  intersection  of  intervals  is  empty  or  the  parameter 
relations  are  incompatible,  and  there  is  no  common  placement,  the  intersection  is 
empty.  If  there  is  a  common  placement  p,  the  intersection  is  fixed{A,p). 

Table  3.1:  Seven  Intersection  Rules  For  Motion  Composition. 
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Figure  3.11:  The  Intersection  of  Two  Regions 

3.5      Computing  Configuration  Spaces 

In  this  section,  we  briefly  survey  existing  methods  for  computing  configuration 
spaces.  We  begin  by  presenting  the  most  general  method  introduced  in  [Schwartz 
and  Sharir,  83],  and  then  discuss  in  some  detail  the  computation  of  the  configuration 
space  of  a  pair  of  objects. 

Because  of  its  relation  to  the  motion  planning  problem,  the  computation  of  con- 
figuration spaces  of  low  dimensionality  (e.g.,  two  or  three  dimensions)  has  received 
much  attention  in  recent  years.  Some  techniques,  such  as  the  ones  described  by 
[Lozano-Perez  and  Wesley,  79],  [Lozano-Perez,  83],  and  [Brooks  and  Lozano-Perez, 
83]  base  the  motion  planning  algorithm  on  the  explicit  computation  of  the  configu- 
ration space.  These  techniques  are  thus  directly  relevant  for  the  analysis  of  mecha- 
nisms. Other  techniques,  such  as  the  use  of  Voronoi  Diagrams  (retraction  method) 
[O'Dunlaing  and  Yap,  82],  [O'Dunlaing  et  al,  84],  and  [Yap,  84]  do  not  compute 
explicitly  the  configuration  space  and  are  thus  of  lesser  interest  here.  Still  other 
techniques  analyze  the  problem  of  moving  simple  objects  such  as  one-dimensional 
ladders  [Sifroni  and  Sharir,  88].  Many  interesting  complexity  results  concerning  the 
movement  of  objects  in  space  have  emerged  from  the  study  of  motion  planning  [Rcif, 
79],  [Hopcroft   and  Wilfong,  84],  [Hopcroft   rt  «/,,  84].    For  an  extensive  review  of 
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the  algorithmic  approaches  to  motion  planning,  see  [Yap,  87].  The  techniques  that 
explicitly  compute  the  configuration  space  are  all  variants  of  the  general  method 
that  we  present  next. 

3.5.1      A  General  Method  for  Computing  Configuration  Spaces 

The  most  general  algebraic  method  for  computing  configuration  spaces  was  provided 
in  [Schwartz  and  Sharir,  83].  This  method  is  based  on  characterizing  the  boundaries 
between  free  and  forbidden  placements. 

A  feature  of  an  object  is  face,  edge,  or  vertex  on  its  boundary.  The  boundaries 
between  free  placements  and  forbidden  placements  in  Cspace{M)  correspond  to 
contacts  between  object  features.  Each  potential  contact  defines  a  configuration 
space  constraint  in  the  configuration  space  of  the  mechanism.  Configuration  space 
constraints  are  defined  by  algebraic  curves  containing  all  the  configurations  where 
the  conditions  for  contact  hold.  The  dimensionahty  of  the  constraints  is  one  less 
than  the  dimension  of  the  configuration  space.  Constraints  divide  the  configuration 
space  into  two  regions:  the  region  of  forbidden  placements  and  the  region  of  free 
placements.  The  latter  region  can  be  characterized  by  the  closed  haJf-space  where 
the  algebraic  function  defining  the  constrain  is  negative  or  zero: 

K    =    {P  e  Cspace  I  fi{p)  <  0} 

where  /,  is  a  smooth,  real-valued  function  of  Cspace.  The  configuration  space 
CS{M)  is  defined  by  the  intersection  of  of  the  haJf-spaces  defined  by  configuration 
space  constraints. 

The  configuration  space  constraints  have  the  property  that  their  conjunction 
enforces  the  non-overlapping  criteria  among  objects.  Each  constraint  is  generated 
by  contacts  between  object  features.  The  nature  of  the  constraint  /,  depends  on  the 
type  of  features  (vertex,  edge,  or  face)  in  contact.  The  precise  form  of  /,  depends 
on  the  length  and  relative  positions  of  the  surfaces  in  contact.  Schwartz  and  Sharir 
showed  that,  as  long  as  the  object  features  can  be  characterized  algebrjucally,  the 
function  /,  will  also  be  an  algebraic  function. 

Therefore,  in  order  to  find  the  configuration  space  of  a  mechanism  M,  it  suffices 
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to  find  all  the  functions  fi  that  correspond  to  all  the  possible  contacts  between  object 
features,  and  then  intersect  the  half  planes  defined  by  the  functions  to  obtain  the 
sets  of  free  placements.  This  method  requires  the  use  of  algebraic  techniques  to 
determine  zeros  of  polynomials.  Because  of  the  potentially  large  number  of  possible 
combinations  of  feature  contacts  among  objects,  and  the  complexity  of  the  algebraic 
methods,  this  approach  is  of  theoretical  interest  only. 

An  interesting  restricted  problem  that  requires  the  computation  of  high-dimension 
configuration  spaces  is  the  problem  of  planning  the  motion  of  a  polyhedral  three  di- 
mensional object  in  space  amidst  fixed  obstacles.  This  problem  requires  the  analysis 
of  six-dimensional  spaces,  which  have  been  fully  characterized  in  [Donald,  84]  and 
[Donald,  87].  The  basic  technique  is  similar  to  the  one  described  above,  although 
additional  improvements  are  also  introduced.  The  intersection  of  constraints  is 
handled  by  MACSYMA  in  the  program  implementation. 

3.5.2      Computing  Pairwise  Configuration  Spaces 

The  previous  section  (3.4)  showed  that  the  configuration  space  of  a  mechanism  can 
be  found  by  first  computing  the  configuration  space  of  pairs  of  objects,  and  then 
composing  them.  In  general,  the  composition  of  pairwise  configuration  spaces  re- 
quires also  complex  algebraic  techniques.  However,  we  showed  that  if  the  mechanism 
is  a  fixed  axes  mechanism,  then  the  composition  can  partly  be  done  symbolically 
via  a  small  set  of  rules.  Therefore,  it  is  sufficient  to  find  an  effective  procedure  to 
compute  pairwise  configuration  spaces. 

In  general,  the  configuration  space  of  two  objects  is  12-dimensional.  In  a 
fixed  axes  mechanism,  however,  objects  can  have  at  most  two  degrees  of  free- 
dom along  each  axis.  Therefore,  for  a  pair  of  object  and  their  respective  axes, 
a  four-dimensional  configuration  space  is  sufficient  to  characterize  the  set  of  free 
and  forbidden  placements.  Thus,  the  computation  of  the  12-dimensional  configura- 
tion space  can  be  substituted  by  the  computation  of  several  four-dimensional  spaces 
(one  for  each  pair  of  axes). 

The  computation  of  ll.<-  four-dimensional  spaces  along  pairs  of  axes  can  he  fur- 
ther simplified  if  additional  information  on  the  motion  constraints  of  objects  js 
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Figure  3.12:  Block  and  Rod  Pair 


known.  For  example,  if  one  of  the  objects  is  known  to  be  fixed,  a  two-dimensionaJ 
space  is  sufficient  to  determine  the  free  placements  of  the  other  moving  object.  In 
most  practical  cases,  two-dimensional  configuration  spaces  are  sufficient  to  deter- 
mine the  behavior  of  a  kinematic  pair. 

The  most  direct  technique  to  compute  pairwise  configuration  spaces  is  derived 
from  the  general  technique  described  previously.  All  possible  peiirwise  contacts 
between  object  features  are  analyzed.  Each  produces  a  one-dimensional  curve  /,• 
that  separates  free  and  forbidden  placements.  There  are  nm  such  functions,  where  n 
and  m  are  the  number  of  features  in  each  object.  Once  the  functions  are  determined, 
we  intersect  them  to  find  the  different  regions  of  the  configuration  space.  The 
intersection  of  one-dimensional  polynomial  curves  can  be  done  using  well-known 
techniques  for  finding  cells  in  arrangements  [Bentley  and  Ottman,  79]. 

The  type  of  the  function  fi  depends  on  the  nature  of  the  configuration  space 
and  the  type  of  features  in  contact.  There  are  four  types  of  two-dimensional  con- 
figuration spaces,  depending  on  the  degree  of  freedom  of  each  object:  translation- 
translation,  rotation-translation,  translation-rotation,  and  rotation-rotation.  There 
are  nine  pairwise  contact  types  corresponding  to  all  possible  combinations  of  feature 
contacts:  (vertex,  vertex),  (vertex,  edge),  ...  (face,  face).  There  are  thus  36  different 
types  of  functions,  which  can  be  parameterized  by  examining  each  case  separately. 
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Figure  3.13:  Configuration  Space  of  the  Block  and  Rod  Pair 

Once  the  two-dimensional  configuration  space  is  computed,  the  next  step  con- 
sists in  dividing  it  into  regions,  describing  each  region  with  a  possible  motion  label, 
and  then  constructing  the  region  diagram  for  the  pair.  The  type  of  possible  motions 
is  determined  by  the  nature  of  the  configuration  space.  If  the  configuration  space 
is  a  rotation-translation  space,  then  the  possible  labels  for  objects  A  and  B  wiU 
be  p.rotation{A,OA.eA)  and  p.iranslation{B,OB,XB)  respectively.  The  relations 
between  motion  parameters  will  be  determined  by  the  functions  /,,  and  the  parti- 
tion in  intervals  can  be  done  according  to  the  qualitative  variations  of  the  functions. 
If,  for  a  certain  region,  the  value  of  a  motion  parameter  is  constant,  the  possible 
motion  is  fixed. 

As  an  example,  consider  again  the  block  and  rod  pair  introduced  in  Chapter 
2  (section  2.3)  and  shown  again  in  Figure  3.12.  The  corresponding  configuration 
space  is  rotation-translation,  and  its  shape  is  shown  in  Figure  3.13  (only  reachable 
placements  are  shown;  the  hatched  area  corresponds  to  the  set  of  free  placements). 
The  pairs  close  to  each  curve  segment  correspond  to  the  features  that  created  them. 
This  configuration  space  has  two  possible  decompositions  onto  regions:  one  along 
the  Ba  parameter,  and  one  along  the  Xb  parameter.  These  decompositions  cor- 
respond to  the  two  region  diagrams  for  this  pair  presented  in  section  2.3.  The 
decomposition  shown  in  the  figure  corresponds  to  the  first  region  diagram. 
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Once  the  description  of  the  kinematic  pairs  in  terms  of  possible  motions  regions 
is  found,  the  remaining  task  is  to  compose  these  descriptions.  The  composition 
operation  described  in  section  3.4.3  can  be  used  to  obtain  the  overall  configuration 
space  of  the  mechanism,  described  by  possible  motions  regions. 

The  computation  of  pairwise,  two-dimensional  configuration  spaces  and  their 
partition  into  qualitatively  different  regions  was  extensively  studied  and  imple- 
mented by  Boi  Faltings  in  his  doctoral  dissertation  [Faltings,  87].  Faltings  constructs 
a  place  vocabulary  from  the  configuration  space  of  the  mechanism  that  resembles 
(despite  some  technical  differences)  our  region  diagram.  The  interested  reader  is 
referred  to  his  work  for  a  detailed  description  of  the  pairwise  constraints,  and  the 
algorithms  to  find  and  decompose  two-dimensional  configuration  spaces.  We  wrill 
discuss  in  more  detail  two-dimensional  configuration  spaces  in  Chapter  5,  in  the 
context  of  the  design  of  kinematic  pairs. 


Chapter  4 

Analysis  of  Mechanisms 


The  analysis  of  a  mechanism  consists  of  deducing  its  behavior  from  a  description 
of  its  structure.  The  structure  of  the  mechanism  is  defined  by  a  representation  of 
the  object's  geometry  (either  a  CSG  representation  or  a  boundary  representation, 
[Requicha,  80])  and  the  positions  of  each  object  in  the  initial  placement.  Two 
reasoning  tasks  are  essentizJ  for  mechanism  analysis:  envisioning  and  prediction  of 
behavior.  Envisioning  consists  of  finding  all  the  potential  behaviors  of  a  mechanism. 
Prediction  of  behavior  consists  of  determining  the  behavior  of  a  mechanism  that 
arises  from  a  sequence  of  motions  applied  to  parts  in  the  mechanism.  Envisionments 
and  predictions  can  be  used  to  detect  unwanted  behaviors  in  an  existing  mechanism, 
determine  the  role  of  an  object  in  achieving  a  specific  behavior,  find  the  possible 
transitions  from  one  behavior  to  another,  etc.  They  are  aJso  necessary  to  validate 
new  designs. 

The  envisionment  of  a  mechanism  describes  all  the  possible  qualitatively  dif- 
ferent behaviors  of  the  mechanism,  together  with  the  transitions  between  these 
behaviors.  In  Chapter  2,  we  introduced  region  diagrams  to  describe  these  behaviors 
and  their  relationships,  and  showed  that  regions  of  the  mechcinism's  configuration 
space  correspond  to  qualitatively  different  behaviors.  The  predicted  behavior  of  a 
mechanism  resulting  from  a  sequence  of  motions  applied  to  its  parts  can  be  de- 
scribed with  a  state  diagram.  State  diagrams  are  constructed  from  sequences  of 
input  motions  by  finding  till  the  states  produced  by  the  sequence  and  the  (directed) 
transitions  between  states.    The  main  difference  between  the  region  diagram  and 
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the  state  diagram  is  that  the  region  diagram  describes  all  potential  motions  of  the 
parts,  while  the  state  diagram  describes  the  actual  motions  of  the  parts  caused  by 
a  given  sequence  of  input  motions. 

In  this  chapter,  we  present  two  algorithms  to  compute  the  region  diagram  and 
state  diagrams  of  a  fixed  axes  mechanism.  The  region  diagram  algorithm  is  based  on 
the  configuration  space  theorems  presented  in  the  previous  chapter.  The  algorithm 
proceeds  by  computing  pairwise  configuration  spaces  and  composing  them.  It  makes 
use  of  partial  motion  information  in  order  to  determine  which  pairwise  configuration 
spaces  to  compute  first,  and  how  to  simpUfy  their  computation.  The  information 
obtained  from  the  computation  of  a  pairwise  configuration  space  is  propagated  in 
a  constraint  network  to  determine  how  the  newly  found  motion  constraints  affect 
other  objects.  The  result  is  an  effective  method  for  computing  the  region  diagram 
of  a  mechanism.  The  resulting  region  diagram,  although  complete,  might  be  too 
detailed.  We  introduce  a  number  of  criteria  for  simplifying  the  region  diagram  and 
obtain  a  higher  level,  (i.e.,  more  abstract)  description  of  the  mechanisms'  behavior. 

The  state  diagram  algorithm  takes  as  input  the  region  diagram  of  the  mech- 
anism and  a  sequence  of  input  motions.  It  "propagates"  each  motion  inside  the 
corresponding  region  and  deduces  the  motions  that  take  place.  The  propagation  is 
done  using  label  intersection  rules  very  similar  to  the  rules  for  intersecting  possi- 
ble motion  labels  presented  in  section  3.4.4.  Because  all  the  interactions  between 
objects  have  been  precomputed  in  the  region  diagram,  the  propagation  does  not 
require  backtracking.  The  result  is  a  unique  state  diagram  that  describes  the  caused 
relations  between  input  motions  and  the  resulting  motions. 

The  extension  of  both  algorithms  to  movable  axes  mechanisms  presents  a  number 
of  problems  that  will  be  discussed  in  the  last  section  of  this  chapter. 

4.1      Analysis  of  Kinematic  Pairs 

The  analysis  of  kinematic  pairs  is  the  basis  of  the  analysis  algorithm.  Given  a 
geometric  description  of  each  one  of  the  objects  together  with  a  set  of  restrictions 
on  their  possible  motions,  the  kinematic  pair  analysis  produces  a  possible  motions 
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label  description  of  the  pair,  represented  in  a  local  region  diagram.  There  are  two 
types  of  restrictions  on  possible  motions  for  an  object  A: 

1.  Restrictions  on  the  degrees  of  freedom  of  objects  (i.e.,  A  has  only  translational 
freedom,  is  fixed,  etc.). 

2.  Restrictions  on  the  extension  of  the  range  each  possible  motion,  characterized 
by  intervals  of  motion  parameters  defining  where  feasible  motions  can  take 
place. 

These  restrictions  come  from  the  analysis  of  the  interaction  of  A  with  other  objects. 
This  information  is  obtained  from  the  previous  analysis  of  pairwise  configuration 
spaces  that  include  A. 

Because  we  are  dealing  with  fixed  axes  mechanisms,  the  dimensionality  of  pair- 
wise  configuration  spaces  is  at  most  four.  In  many  cases,  it  is  sufficient  to  consider 
two  or  even  one  dimensional  projections  of  this  space,  depending  on  previously 
found  restrictions  on  their  possible  motions.  In  the  next  section,  we  will  show  how 
these  restrictions  are  found  and  used. 

The  actual  computation  and  interpretation  of  two-dimensional  configuration 
spaces  has  been  extensively  studied  by  Boi  Faltings  [Faltings,  87]  for  two-dimensional 
objects  whose  contours  are  line  segments  and  arcs.  These  algorithms  can  be  ex- 
tended to  three-dimensional  objects  as  well.  The  techniques  used  for  computing 
and  partitioning  these  spaces  were  surveyed  in  section  3.5.2.,  and  will  be  considered 
again  in  the  context  of  design  in  Chapter  5. 

The  computation  of  three  and  four-dimensional  configuration  spaces  presents 
more  difficulties.  In  most  cases,  however,  it  is  sufficient  to  analyze  selected  two- 
dimensionaJ  projections  of  these  spaces  in  order  to  find  the  kinematic  behavior  of 
the  pair.  Three  simplifications  are  possible: 

1.  Examine  two-dimensionaJ  cross-sections  of  the  objects  at  selected  placements. 
The  configuration  space  of  two  two-dimensional  objects  for  a  fixed  axes  pair 
is  cilways  two-dimensional. 
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2.  Examine  two-dimensional  cross-sections  of  the  pairwise  four-dimensional  con- 
figuration space.  The  cross  sections  correspond  to  fix  two  motion  parameters 
while  examining  the  configuration  space  of  the  remaining  two. 

3.  Consider  two  parameter  differences,  i.e.,  {6a  —  9b)  and  {Xa  —  Xb),  instead  of 
the  four  parameters  XaiXbi^Ai^b- 

The  first  technique  is  useful  when  objects  can  be  described  in  2|  dimensions  rather 
than  three  dimensions.  The  second  technique  is  effective  when  objects  move  or 
translate  together.  The  third  technique  reduces  the  dimensionality  of  the  config- 
uration space  from  four  to  two.  In  the  next  section  (Figure  4.3)  we  will  present 
an  example  of  the  use  of  this  reduction.  None  of  these  techniques  is  complete,  i.e., 
they  are  not  guaranteed  to  produce  a  complete  description  of  the  pairs'  behavior 
(see  section  7.1.1,  Figure  7.1,  for  an  example  of  a  pair  in  which  a  3D  configuration 
space  is  necessary). 

4.2      Envisioning:   Construction  of  the  Region  Di- 
agram 

In  this  section,  we  show  that  the  region  diagram  can  be  efficiently  computed  by 
using  a  version  of  a  constraint  propagation  algorithm  (for  a  survey  on  constrciint 
propagation  algorithms,  see  [Davis,  86]).  The  algorithm  determines  the  order  in 
which  kinematic  pairs  are  analyzed  and  incorporates  partial  motion  information 
about  each  object.  The  ordering  reduces  the  number  of  configuration  spaces  to  be 
analyzed  and  the  partial  motion  information  simplifies  the  computation  of  some 
pairwise  configuration  spaces. 

Theorems  3.4  and  3.9  suggest  a  brute  force  method  for  constructing  the  region 
diagram  of  a  fixed  axes  mechanism.  The  first  task  in  this  method  is  to  find  a 
potential  set  of  axes  that  includes  a  complete  set  of  axes.  Next,  for  every  pair  of 
objects,  we  compute  their  local  region  diagram  (along  the  set  of  potential  axes). 
Regions  of  the  global  region  diagram  are  then  computed  by  composing  all  the  sets 
of  local  regions.  This  composition  produces  a  set  of  potential  global  regions  that 
have  to  be  analyzed  to  determine  their  feasibility.   A  global  region  is  feasible  when 
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the  composition  of  possible  motions  is  not  empty.  Edges  between  regions  are  found 
by  examining  the  transitions  in  the  local  region  diagrams  and  then  determining  if 
a  transition  from  one  global  region  to  another  is  possible. 

This  approach,  although  complete,  is  not  efficient;  it  does  not  use  the  partial  in- 
formation about  possible  motions  of  objects  that  is  found  when  computing  pairwise 
region  diagrams.  When  present,  this  information  can  be  used  to: 

1.  Determine  that  the  computation  of  a  pairwise  configuration  space  is  not  nec- 
essary because  the  objects  in  the  pair  never  come  in  contact. 

2.  Rule  out  the  computation  of  configuration  spaces  along  certain  pairs  of  axes. 

3.  Reduce  the  dimensionality  of  the  pairwise  configuration  spaces,  from  four  to 
two  or  one. 

4.  Reduce  the  number  of  local  regions  in  each  pair's  local  region  diagram,  and 
thus  reduce  the  number  of  potential  global  regions. 

We  illustrate  these  four  cases  of  simplifications  with  an  example.  Consider  the 
clutch  system  in  Figure  4.1.  It  consists  of  a  fixed  frame  F,  an  input  shaft  A,  an 
output  shaft  C,  an  engagement  cylinder  B,  a  follower  D  and  a  screw  E.  Suppose 
that  we  analyzed  the  pairs  input-shaft /frame,  {A,F),  and  screw/frame,  {E,F),  in 
a  previous  stage.  From  this  analysis,  we  found  that  the  only  possible  motions  of  the 
input  shaft  are  rotations  around  axis  Oi.  The  only  possible  motions  of  the  screw  are 
helical  motions  aJong  ajcis  02-  According  to  the  composition  theorem,  all  pairs  of 
objects  must  be  aneilyzed.  Therefore,  the  pair  screw/input-shaft,  {E,A),  must  also 
be  analyzed.  The  analysis  of  this  pair  is  unnecessary  since  the  screw  and  the  input 
shaft  never  come  in  contact.  This  is  easily  determined  using  the  information  about 
the  possible  motions  of  the  screw  and  the  input  shaft.  Their  motion  envelopes  do 
not  intersect,  even  when  approximating  the  shapes  of  the  objects  to  cylinders,  and 
thus  the  computation  of  their  pairwise  analysis  is  not  necessary. 

To  illustrate  the  second  case,  suppose  we  are  analyzing  the  pair  follower/screw, 
(D,  E).  The  follower  has  two  potential  axes  of  motion,  O2  and  O3,  and  the  screw  has 
only  one,  02-  Therefore,  two  configuration  spaces  must,  in  principle,  be  analyzed: 
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Figure  4.1:  The  Clutch  System 
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one  along  (6)2,02)  and  one  along  (03,02).  However,  we  can  avoid  the  computation 
of  the  configuration  space  along  (03,02)  when  we  have  previous  partial  information 
on  the  possible  motions  of  D.  Suppose  that  the  pairs  output-shaft /follower,  (C,  D), 
and  frame/output-shaft,  (F,  O),  have  already  been  ancdyzed;  since  C  can  only  rotate 
around  Oi,  it  prevents  the  translation  of  D  along  axis  O3.  Thus,  no  motion  of  D 
along  O3  is  possible  and  therefore  there  is  no  need  to  compute  the  configuration 
space  of  {D,E)  along  the  pair  (03,02)  (the  configuration  space  is  a  single  point). 

To  illustrate  the  third  simpUfication,  consider  the  following  two  examples:  sup- 
pose we  are  analyzing  the  pair  input-shaft/frame,  {A,  F);  since  we  know  in  advance 
that  the  frame  is  fixed,  a  two  dimensional  configuration  space  is  sufficient  to  deter- 
mine the  possible  motions  of  A,  instead  of  a  four-dimensional  space.  Now,  suppose 
we  are  analyzing  the  pair  (O,  D)  along  ajcis  O2;  in  principle,  C  and  D  can  have  both 
two  degrees  of  freedom  and  thus  a  four  dimensional  configuration  space  is  necessary 
to  analyze  the  pair.  However,  a  two-dimensional  configuration  space  is  sufficient 
to  determine  their  behavior  using  previous  partial  information  on  the  possible  mo- 
tions of  C  and  D.  Suppose  that  we  have  already  analyzed  the  pairs  follower/frame, 
{D,F),  and  output-shaft /frame,  {C,F).  From  this  analysis,  we  know  that  C  can 
only  rotate  (one  degree  of  freedom)  and  D  can  only  translate  (another  degree  of 
freedom)  along  O2.  Thus,  a  two-dimensional  configuration  space  is  sufficient  to 
determine  their  behavior. 

For  the  fourth  case,  suppose  we  are  analyzing  the  pair  input-shaft/engagement- 
cylinder  {A,B).  When  taken  independently,  B  can  translate  zJong  Oi  to  the  right 
indefinitely.  However,  if  the  subassembly  of  the  follower,  frame  and  engagement 
cylinder  was  ancdyzed  previously,  the  possible  translations  of  B  to  the  right  are 
already  bounded.  Thus,  when  analyzing  the  pair  {A,B)  along  zixis  Oi,  the  whole 
range  of  translations  of  B  need  not  be  analyzed.  This  reduces  the  potential  number 
of  local  regions,  and  the  extent  of  their  motion  parameter  intervals. 

In  all  four  cases,  the  simplifications  are  possible  because  we  assumed  that  some 
pciirs  are  analyzed  before  others.  In  fact,  the  order  in  which  kinematic  pairs  ase 
analyzed  greatly  influences  the  presence  and  usefulness  of  the  partial  information 
produced  at  each  step.  Finding  the  optimal  ordering  is  out  of  the  question  since 
this  is  not  possible  a  priori  without  ancJyzing  all  the  kinematic  pairs  and  their 
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interactions  first.   Therefore,  a  heuristic  method  is  necessary  to  guide  the  process 
of  choosing  which  pairs  are  anedyzed  before  others. 

The  basic  observation  for  this  heuristic  method  is  that  the  more  restrictive  a 
possible  motions  label  is,  the  more  it  is  likely  to  convey  useful  information  and 
simplify  the  analysis  procedure.  A  possible  motion  label  /ii  is  said  to  be  more 
restrictive  than  another,  ^2  iff  /^i  specifies  fewer  degrees  of  freedom  than  /X2)  or 
the  intervals  of  motions  are  smaller  in  fXi  than  in  //2,  or  there  is  an  extra  relation 
between  motion  parameters  in  /Xi  not  present  in  ^2-  The  most  restrictive  label  for 
an  object  A  is  fixed{A,p).  In  addition  to  possible  motion  labels,  existing  contacts 
between  objects  in  their  initial  placement  indicate  which  contacts  must  be  analyzed. 
Objects  that  are  not  in  contact  may  or  may  not  interact,  but  objects  that  are  in 
contact  certainly  do  interact. 

The  following  two  heuristic  rules  are  intended  to  make  the  partial  information 
on  object  motions  as  restrictive  as  possible. 

Contact  Rule:  Analyze  first  the  kinematic  pairs  in  which  objects  are  in  contact. 

The  Contact  Rule  is  intended  to  restrict  the  analysis  to  pairs  which  we  know 
must  interact,  because  they  are  already  in  contact  in  the  initial  placement.  Parts 
that  are  not  in  contact  in  the  initial  placement  are  likely  not  to  be  in  contact  in 
other  placements.  In  the  clutch  example,  this  is  the  case  of  many  pairs,  such  as 
{E,A),  {E,B),  {A,C),  etc.  This  rule  has  the  highest  priority  since  it  can  save 
the  computation  of  the  configuration  spaces  of  a  pair.  This  rule  captures  the  first 
simplification. 

Restricted  Motions  Rule:  Analyze  first  kinematic  pairs  in  which  objects 
have  the  most  restrictive  possible  motion  labels. 

The  Restricted  Motions  Rule  is  intended  to  simplify  as  much  as  possible  the 
computation  of  the  pairwise  configuration  spaces.  As  mentioned  above,  restrictive 
partial  information  reduces  the  number  of  potential  axes,  the  dimensionality  of  the 
configuration  spaces,  and  the  intervals  of  possible  motions.  This  rule  has  lower 
priority  than  the  Contact  Rule  since  it  simplifies  the  computation  of  configuration 
spaces,  but  does  not  eliminate  it. 
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Figure  4.2:  Initial  Constraint  Network  for  the  Clutch  System 

According  to  these  two  rules,  the  first  pairs  to  be  analyzed  are  objects  in  contact 
with  the  fijced  frame.  The  configuration  space  of  these  pairs  is  always  at  most  two- 
dimensional,  and  does  not  require  the  specification  of  potential  axes.  These  pairs 
are  hkely  to  produce  the  most  constrained  possible  motion  labels  for  the  objects  in 
contact  with  the  frame.  The  next  good  candidates  are  pairs  in  which  objects  are  in 
contact  with  already-labeled  objects,  and  so  on. 

4.2.1      Region  Diagram  Algorithm 

Partial  information  about  the  possible  motions  of  parts  can  be  used  in  the  compu- 
tation of  pairwise  configuration  spaces  by  using  a  constreiint  propagation  algorithm. 
For  this  purpose,  we  build  a  constraint  network.  In  this  network,  each  node  rep- 
resents an  object  in  the  mechanism.  Labels  assigned  to  nodes  are  possible  motion 
labels,  together  with  intervals  for  the  possible  motion  parameters.  Constraints  axe 
the  functions  that  relate  motion  parameters.  All  nodes  are  initially  labeled  all- 
moiions,  indicating  no  constrciints  on  the  motion  of  the  objects,  except  for  the 
node  corresponding  to  the  fijccd  frame  (every  mechanism  is  assumed  to  have  a  fixed 
frame).  An  edge  connects  two  nodes  whose  objects  are  in  contact  in  the  given  initial 
configuration  of  the  mechanism.  Figure  4.2  shows  the  constraint  network  for  the 
clutch  system  in  its  initial  position,  as  shown  in  Figure  4.1. 

Possible  motion  labels  attached  to  nodes  can  be  updated  in  two  ways:  directly 
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or  indirectly.  A  direct  update  is  a  consequence  of  the  computation  of  a  pairwise 
configuration  space,  CS{A,B).  This  computation  produces  two  possible  motion 
labels,  one  for  A  and  one  for  5,  together  with  a  relation  between  motion  parameters. 
The  labels  attached  to  the  nodes  of  A  and  B  must  then  be  updated.  A  label  is 
updated  by  intersecting  the  old  label  attached  to  object's  node  with  the  new  label 
produced  by  the  configuration  space  analysis.  The  intersection  is  done  using  the 
intersection  rules  presented  in  section  3.4.  The  edge  connecting  the  nodes  of  A  and 
B  in  the  network  is  set  to  the  motion  parameter  relation  found  in  the  computation 
of  CS{A,B).  An  indirect  update  is  a  consequence  of  the  update  of  a  neighboring 
node:  when  a  node  (say  A)  is  updated,  the  update  also  influences  its  neighbors. 
The  neighboring  nodes  of  A  have  motion  parameter  relations  with  A,  and  thus  need 
to  be  updated  too.  The  update  influences  both  motion  parameters  intervaJs  and 
relations. 

If  the  intersection  of  two  possible  motions  labels  produces  more  than  one  possible 
motion  label,  i.e.,  more  than  one  region,  (as  discussed  in  section  3.4.3,  Figure  3.11), 
or  the  configuration  space  contains  more  than  one  region,  then  each  region  must  be 
examined  independently.  If  the  region  specifies  unreachable  placements,  then  it  is 
discarded.  Otherwise,  a  copy  of  the  constraint  network  is  made  for  every  feasible 
region.  The  analysis  is  then  carried  on  in  each  network  separately.  This  corresponds 
to  taking  the  cross-product  of  the  local  regions.  The  results  of  the  computation  of 
every  pairwise  configuration  space  are  stored  in  a  table  so  that  they  are  computed 
only  once. 

Let  us  first  analyze  the  case  in  which  every  kinematic  pair  is  described  by  a 
single  local  region.  The  propagation  algorithm  proceeds  as  follows:  we  begin  by 
analyzing  all  the  objects  in  contact  with  the  fixed  frame;  this  is  likely  to  produce 
the  most  restrictive  possible  motion  labels  for  these  parts.  The  computation  of  their 
pairwise  configuration  spaces  wiU  determine  the  labels  assigned  to  parts  in  contact 
with  the  frame.  Next,  we  analyze  pairs  of  parts  in  contact  with  already-labeled 
parts.  For  each  such  pair,  we  compute  its  configuration  space  (taking  into  account 
the  possible  motion  labels  already  assigned  to  objects),  determine  which  motions 
are  possible  and  intersect  them  with  the  existing  labels.  If  the  intersection  leads 
to  a  label  different  than  the  existing  one,  we  propagate  the  change  throughout  the 
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network.  The  process  of  analysis  and  propagation  continues  until  no  more  changes 
are  possible.  According  to  the  Restricted  Motions  Rule,  preference  is  given  to 
pairs  which  have  more  restrictive  labels.  The  final  state  of  each  constraint  network 
corresponds  to  a  global  region:  the  region  is  defined  by  the  labels  attached  to  each 
node  and  the  motion  parameter  relations  of  the  edges  in  the  network. 

When  the  kinematic  pairs  consist  of  several  regions,  or  the  intersection  of  two 
motion  labels  produces  more  than  one  region,  we  apply  the  above  procedure  to 
every  one  of  the  feasible  local  regions.  We  copy  the  constraint  network  for  each  one 
of  the  regions,  and  examine  them  independently.  Unreachable  regions  are  discarded 
as  soon  as  they  are  discovered. 

Once  all  the  local  regions  have  been  examined  for  the  pairs  in  which  objects 
are  in  contact,  and  the  corresponding  global  regions  have  been  created,  the  next 
step  consists  in  finding  which  new  contacts  can  appear,  and  which  existing  contacts 
can  disappear.  Both  potential  new  contacts  and  disappearing  existing  contacts  can 
be  found  by  examining  the  possible  motion  labels  of  objects  in  each  global  region. 
New  contacts  are  possible  when  possible  motion  envelopes  intersect.  Every  change 
of  contact  defines  a  new  topology  of  the  mechanism.  For  every  possible  topology,  we 
modify  the  corresponding  constraint  network  accordingly,  propagate  the  modifica- 
tion, and  find  the  corresponding  new  global  regions.  When  all  the  possible  reachable 
topologies  have  been  explored,  we  merge  as  many  regions  as  possible.  Two  regions 
can  be  merged  if  and  only  if  their  labels  are  the  same,  the  intersection  of  their 
motion  parameter  intervals  is  not  empty  and  all  the  motion  parameter  relations  are 
identical.  Finally,  we  establish  the  transitions  between  regions  based  on  the  limit 
values  of  the  intervals  of  the  motion  parameters.  The  sketch  of  the  complete  algo- 
rithm is  presented  in  Tables  4.1  and  4.2.  The  procedure  ONE-REGION  propagates 
and  updates  a  given  constrcunt  network.  The  procedure  REGION-DIAGRAM  uses 
ONE- REGION  as  a  subroutine  and  keeps  track  of  the  different  configurations  of  the 
mechanism.  The  final  resulting  region  diagram  provides  a  qualitative  description  of 
all  the  possible  kinematic  behaviors  of  the  mechanism  that  are  reachable  from  the 
initial  configuration. 

Claim: 
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Procedure  ONE-REGION(G'(F,  E),  A,  R,  O) 

I*  This  procedure  does  the  propagation  and  update  of  the  constraint  network 
(?(V,  jB),  starting  at  node  A  in  region  R.  It  retiirns  the  constraint  network  after 
the  updating  is  done.  /* 

1.  A'.=  F  I*  Begin  by  examining  the  fixed  frame  */ 

5  :=  neighhoTs{A)         /*  S  contains  all  the  objects  in  contact  with  A  */ 
UPDATE  :=  S  /*  UPDATE  is  the  set  of  nodes  left  to  be  updated  */ 

2.  Do  until   UPDATE   is  empty: 

2.1  For  each  node  J3  Ln  5  do  (prefer  nodes  with  most  restrictive  labels) 

2.1.1  Find  a  set  of  possible  fixed  ajces  for  the  pair  {A,  B)  from  O. 

2.1.2  Compute  the  configuration  space  05*^(^4,  J3)  (or  find  it  in  the  table  if 
it  was  eilready  computed),  taking  into  accoimt  the  actual  possible  motion 
labels  of  A  and  B  and  their  possible  fixed  eixes  in  O.  Produce  a  possible 
motions  description  of  their  pairwise  behavior. 

2.1.3  If  there  is  more  than  one  local  region  J?,-,  call  ONE-REGION  for  each 
region. 

2.1.4  Update  the  labels  of  A  and  B  in  (?(V,  E)  according  to  the  new  description 
by  using  the  intersection  rules  in  Table  3.2. 

If  either  label  changed, 
Add  the  object,  together  with  its  neighbors,  to  the  set  of  nodes 
to  be  updated:    UPDATE  :=  UPDATE    U    neighhoTs{A)    U 
neighors{B) 

UPDATE  :=  UPDATE  -  B 

2.2  A  :=  next{U P D AT E)     /*  Pick  a  new  object  to  examine  its  neighbors 
5  :=  neighbors{A) 

I*  Update  the  neighbor  list  */ 

3.  Return  the  updated  network  G{V^E). 


Table  4.1:  Algorithm  for  Computing  one  Region. 
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Procedure  REGION-DIAGRAM(M,po,  C?) 

/*  This  procedure  constructs  the  region  diagram  of  a  mechanism  M  in 
initial  position  po  with  respect  to  a  potential  set  of  axes  O.  /* 

1.  Build  the  contact  graph  G{V,E)  for  the  mechanism  in  its  initicJ  posi- 
tion. In  the  graph,  there  is  a  node  for  each  object  in  the  mechanism 
and  an  edge  between  two  nodes  whose  objects  are  in  contact. 

Let  F  be  the  frame  of  the  mechanism.    Label  it  as  fixed{F,po).    All 
other  nodes  are  labeled  all.motions. 

2.  A  :=  F        I*  Node  A  represents  the  object  under  consideration  */ 

3.  Do  until  all  reachable  topologies  have  been  explored: 

3.1  Call  ONE-REGION(G(F,E),A,po,C:?) 

3.2  For  every  region  produced  by  ONE-REGION,  construct  a  global 
region  that  corresponds  to  the  labeling  in  the  constraint  network 
and  determine  the  transitions  between  regions. 

3.3  For  every  pair  (>l,,yl_,)  not  connected  by  an  edge  in  the  contact 
graph  (and  thus  not  in  contact)  check  whether  the  objects  Ai  and 
Aj  can  come  in  contact,  given  the  actual  labeling  of  Ai  and  Aj 
in  each  global  region.  If  they  can  come  in  contact,  modify  the 
contact  graph  G{\\E)  appropriately,  set  A  to  Ai  and  go  to  3. 

3.4  For  every  pair  (>!,,  Aj)  connected  by  an  edge  in  the  contact  graph, 
check  whether  the  objects  Ai  and  Aj  can  stop  being  in  contact.  If 
so,  modify  the  contact  graph  G{V,E)  appropriately,  set  A  to  Ai 
and  go  to  3. 

4.  Return  the  final  region  diagram. 


Table  4.2:  Algorithm  for  Constructing  Region  Diagrams. 
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The  algorithm  in  Table  4.2  is  complete,  i.e.,  it  will  compute  a  qualitative  parti- 
tion of  a  fixed  axes  mechanism's  configuration  space,  provided  it  is  given  a  complete 
set  of  axes. 

Argument: 

The  aJgorithm  is  based  on  Theorems  3.4  and  3.9,  which  show  that  the  config- 
uration space  of  a  fixed  axes  mechanism  can  be  computed  by  composing  pairwise 
configuration  spaces  with  respect  to  a  complete  set  of  axes.  Moreover,  every  simpU- 
fication  of  either  the  composition  or  the  dimensionality  of  the  configuration  space 
is  justified  by  the  four  simplifications  presented  at  the  beginning  of  this  section.  All 
four  simplifications  are  sound  and  complete: 

1.  The  configuration  space  of  two  objects  that  do  not  come  in  contact  does  not 
need  to  be  computed.  This  is  the  statement  of  Theorem  3.3. 

2.  Computations  of  pairwise  configuration  spaces  along  axes  where  motions  do 
not  take  place  are  not  necessary.  This  follows  from  the  definition  of  the  set  of 
complete  axes. 

3.  The  dimensionality  of  pairwise  configuration  spaces  can  be  reduced  from  four 
to  two  or  one  when  there  are  only  two  or  one  degrees  of  freedom.  This  is 
trivial. 

4.  The  number  of  potential  global  regions  is  reduced.  Instead  of  taking  the  cross- 
product  of  all  local  regions  and  then  examine  the  feasibility  of  the  resulting 
regions,  the  feasibility  of  the  local  regions  and  their  composition  is  examined 
stepwise.  Thus,  regions  that  are  not  feasible  will  be  pruned  sooner,  but  no 
feasible  region  will  be  lost. 

The  algorithm  eventually  examines  all  the  pairs  that  need  to  be  examined,  and 
attains  all  reachable  regions  in  C S{M).  Therefore,  it  is  complete. 

The  complexity  of  the  algorithm  is  determined  by  the  total  number  of  reachable 
regions  from  the  initial  placement  po-  In  the  worst  case,  there  might  be  exponen- 
tially many  such  regions.    The  number  of  regions  is  exponentially  proportional  to 
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the  dimension  of  the  configuration  space,  i.e.,  to  the  number  of  objects  in  the  mech- 
anism. Therefore,  in  the  worst  case  the  algorithm  has  to  visit  exponentially  many 
regions.  However,  we  do  not  expect  this  to  happen  for  real  mechanisms. 

The  algorithm  can  accept  hybrid  input  consisting  of  functional  descriptions  of 
some  pairs  (or  subassemblies)  together  with  geometric  descriptions  of  the  remaining 
objects.  In  this  case,  there  is  no  need  to  compute  the  configuration  spaces  of 
pairs  described  functionally,  because  their  description  in  terms  of  possible  motions 
regions  is  already  available.  Consider  the  clutch  example  in  Figure  4.1.  We  could 
describe  the  pair  screw/frame  functionally,  and  so  avoid  the  geometrical  description 
of  the  thread.  When  the  configuration  space  of  this  pair  wiU  be  needed,  the  given 
functional  description  will  substitute  it. 

Fincdly,  note  that  the  algorithm  has  no  way  of  distinguishing  (or  verifying)  that 
the  given  mechanism  is  indeed  a  fixed  axes  mechanism.  If  the  given  mechanism  is  a 
movable  axes  mechanism,  the  resulting  aneJysis  will  be  more  restrictive,  i.e.,  it  will 
only  identify  the  motions  that  are  possible  along  fixed  axes.  For  example,  in  the  case 
of  the  piston  mechanism  in  Figure  2.3,  the  analysis  algorithm  wiU  determine  that 
no  object  can  move,  since  the  composition  (intersection)  of  the  possible  rotations 
of  the  rod  R  along  O3  and  O4  will  yield  ^fixed{R,py  as  the  label  for  R  (according 
to  the  intersection  rules  in  Table  3.1).  In  reality,  the  mechanism  has  one  degree  of 
freedom. 

4.2.2      Finding  Potential  Axes 

The  previous  algorithm  relies  on  having  a  complete  set  of  axes  for  the  mechanism. 
In  general,  finding  the  exact  complete  set  of  axes  requires  a  complete  analysis  of  the 
mechanism  to  determine  the  axes  along  which  motions  take  place.  However,  in  order 
to  begin  the  analysis  algorithm,  it  is  sufficient  to  start  with  a  potential  set  of  ajces. 
By  Theorem  3.5,  if  this  potential  set  of  axes  includes  the  exact  set  of  complete  axes, 
then  the  region  diagram  produced  by  the  algorithm  will  be  complete.  A  potentied 
set  of  zixes  can  be  found  before  the  analysis  zdgorithm  is  applied  by  examining  the 
geometry  of  the  objects  and  their  contacts  in  the  given  initial  placement. 

In  most  mechanisms,  motions  of  objects  in  contact  take  place  along  surfaces, 
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rather  than  along  lines  or  points.  This  is  because  surface  contacts  deteriorate  less 
rapidly  than  line  or  point  contacts.  There  are  two  consequences  to  this  observation: 
first,  rotations  generally  take  place  around  cylindrical  holes,  and  the  part  of  the 
object  in  contact  with  the  cylindrical  hole  is  also  cylindrical.  Second,  translations 
involve  at  least  two  pairs  of  parallel  planar  surfaces  in  contact.  Also,  heUcal  motions 
can  only  take  place  when  there  is  a  precise  shape  relation  between  the  two  objects 
(a  screw  an  a  bolt  having  complementary  helices  of  equal  pitch).  Therefore,  based 
on  the  geometrical  properties  of  objects  and  their  contacts  in  the  initial  position, 
we  can  find  a  potential  set  of  axes. 

There  are  three  types  of  candidates  for  potential  motion  axes: 

1.  Center  axes  of  cylinders  and  holes.  They  generally  define  the  axis  of  transla- 
tion or  rotation  (or  both)  of  the  part  containing  the  hole  or  cylinder.  If  several 
objects  indicate  the  same  potential  axis,  then  the  axis  is  very  likely  to  be  in 
the  exact  complete  set. 

2.  Intersections  of  two  planes  defined  by  two  pairs  of  surfaces  in  contact.  This  is 
how  we  can  determine  the  axis  of  translation  of  the  prismatic  joints  in  Figure 
3.2(a)  and  3.2(c):  by  intersecting  the  planes  defined  by  parallel  surfaces  in 
contact,  we  obtain  a  line  parallel  to  the  ajds  of  translation. 

3.  Center  ax;es  of  objects  with  threads.  These  axes  define  the  axes  along  which 
helical  motions  take  place. 

If  all  the  motions  in  the  mechanism  occur  along  surface  to  surface  contacts,  the  set 
of  potential  axes  defined  by  these  three  types  of  axes  is  guaranteed  to  be  a  complete 
set  of  axes. 

As  an  example,  consider  the  clutch  system  in  Figure  4.1,  shown  in  its  initial 
placement.  Axis  0\  is  the  strongest  candidate  for  potential  axis  of  motion  since  it 
is  the  center  of  two  cylindrical  holes  in  F  and  of  four  cylindrical  parts,  A,  B,  C, 
and  D.  In  addition,  the  pair  {B,C)  has  four  surface- surface  contacts  along  this 
axis  (see  cross  section  in  the  bottom  of  the  figure).  Another  candidate  is  the  axis 
O2  since  it  is  the  center  of  the  upper  hole  of  D,  the  center  of  the  thread  in  F,  and 
the  center  of  the  screw  E.  Another  potential  axis  is  O3  because  of  the  two  surface 
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Figure  4.3:  The  Local  Region  Diagram  for  the  Pair  {A,B) 

contacts  between  D  and  F  (see  local  cross  section  in  the  figure).  In  addition,  the 
axes  defined  by  the  four  holes  of  A  and  the  four  cylinders  of  B  are  also  potential 
candidates.  This  potential  set  of  seven  axes  contains  the  exact  set  of  complete  axes, 
{Oi,02}-  From  the  point  of  view  of  translations,  all  parallel  axes  are  equivalent. 


4.2.3      Example 

In  this  section,  we  follow  in  detail  the  region  diagram  algorithm  for  the  clutch  system 
in  Figure  4.1.  We  begin  with  the  potential  set  of  axes  described  above.  According 
to  the  algorithm,  the  first  pairs  to  be  analyzed  are  {F,A)  and  (F,  C)  along  axis  Oi, 
{F,D)  along  axis  Oi,  O2  and  O3,  and  {F,E)  along  axis  O2  because  they  all  contain 
the  fixed  frame.  All  four  pairwise  configuration  spaces  are  two-dimensional  along 
each  SLxis  (one  degree  of  freedom  for  rotation,  one  degree  of  freedom  for  translation). 
The  first  two  pairs  form  revolute  pairs  and  the  fourth  is  a  helical  pair.  As  for  (F,  D), 
wc  find  that  D  can  translate  along  Oi  and  O2  (they  are  parallel),  and  O3.  This 
means  that  there  arc  two  local  regions  for  {F,D).  Two  constraint  networks  are 
then  produced.  Both  networks  are  identical,  except  for  the  label  of  D.  The  possible 
motion  labels  attached  to  the  nodes  at  this  stage  are: 
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Figure  4.4:  Constraint  Propagation  Networks  for  Each  Region 


p.rotation{A,0i,9A),  ^a  G  [0,27r]„«i2ir 

pjrotaiion{C,0\,6c)-,  6c  £  [0,  27r]„o<i2» 

pJranslation{D,0\,Xr)),  Xd  G  [Xo,Xi] 

pJ,ranslaUon{D,03,YD),  Yd  £  [^o?i^i] 

pMelical{E,O2,XE,0E),  Xe   G    [X^^Xmax]: 

fixed{F,po) 


A 
B 
D 

E 
F 
Relations:  None 


in  the  first  network,  <  "m 
in  the  second. 

Xe  =  pitch{E)  x  Oe 


Next,  we  consider  the  pairs  (C,  D)  and  [D,  E)  because  all  three  objects  have  aJready 
been  assigned  more  restrictive  possible  motions  labels.  In  the  first  network,  the 
pair  (C,  D)  is  analyzed  along  Oi,  and  in  the  second  along  the  pair  of  axes  (Oi,  O3). 
Both  configuration  spaces  are  two-dimensional,  since  each  object  has  one  degree  of 
freedom.  For  the  seccmd  pair  of  axes,  no  motion  of  D  is  possible,  so  the  possible 
translation  label  for  D  along  O3  is  discarded  together  with  the  second  constraint 
network.  Along  Oi,  the  motions  of  C  and  D  remain  independent  (they  form  a 
cylindrical  pair)  and  thus  the  motion  labels  previously  found  for  C  and  D  are 
not  altered.  The  pair  {D,E)  is  examined  along  axis  Oi;  the  pairwise  anaJysis 
reveals  that  the  pair  forms  a  revolute  joint,  and  that  both  objects  are  translationaJly 
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attached.  The  relation  Xe  =  Xd  is  estabUshed,  and  the  motion  parameter  intervals 
are  adjusted  appropriately.  This  update  does  not  affect  C,  although  C  and  D  are 
in  contact.  The  new  motion  labels  at  this  stage  are: 

D  :    pJranslation{D,Oi,XD),    Xd  G  [XQ^Xmax] 

E  :    pMelical{E,02,XE,eE),       Xe  G  [Xo^X^az],  Xe  =  pitch{E)  x  Oe 
Relations:  Xe  =  Xd 

Next,  the  pairs  (B,  D)  and  (B,  C)  are  examined  because  their  objects  are  in  contact 
and  C  and  D  have  restrictive  motion  labels,  cJthough  B  does  not.  The  pair  {B,D) 
is  analyzed  along  Oj.  We  find  that  the  translations  of  B  and  D  are  dependent,  and 
that  B  can  rotate  independently  around  Oi.  Thus  the  possible  motion  label  for  B 
is: 

B  :    p. cylinder {B,0-^,Xb, Ob),    Xb  G  [Xo.Xmax],  ^B  G  [0,27r]„«i2x 
Relations:  Xb  =  Xd 

The  pair  {B,C)  is  analyzed  along  axis  Oi,  and  the  pairwise  analysis  reveals  that 
they  form  a  prismatic  joint  (this  is  because  the  cross  sections  of  both  B  and  C  are 
squares;  see  their  front  projection  at  the  bottom  of  Figure  4.1)  in  the  region  defined 
by  the  interval  Xb  G  {Xo,Xmax]-  The  region  in  which  B  and  C  are  not  in  contact  is 
not  considered  since  it  is  outside  the  interval  [Xo,Xmax]-  Thus  the  relation  Ob  =  Oc- 
At  this  point,  all  existing  contacts  have  been  analyzed.  A  new  global  region,  called 
DISENGAGED,  is  created. 

The  next  step  is  to  test,  taking  into  account  the  possible  motion  labels  in  DIS- 
ENGAGED, new  possible  contacts.  From  the  motion  envelopes  of  all  objects, 
approximated  by  cylinders,  it  turns  out  that  only  A  and  B  can  come  into  contact. 
The  pjiirwise  analysis  reveals  that  the  pair  has  five  local  regions,  as  shown  in  Figure 
4.3.  In  the  first  region,  corresponding  to  Xb  G  [Xo,Xeng)i  both  objects  are  not  in 
contact.  However,  for  Xb  G  [XengyXmax],  A.  and  B  rotate  together,  according  to 
the  relation  B /^  =  Qq  -^  i7r/2,  1  <  t  <  4.  In  this  interval,  B  can  also  translate.  The 
region  DISENGAGED  is  then  split:  in  the  interval  Xb  G  [A'o,A'e„j)  the  network 
is  copied  and  the  intervals  adjusted.  In  tlie  interval  Xb  G  \Xtng^Xm<xx[^  the  network 
is  copied  four  tinirs.  onr  for  rarli  region  (see  Figure  4.4).  The  propagation  adjusts 
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DISENGAGED 

p.rotation{A,Oi,6ji),  6a  ^  [0,27r]„^2x 

p.cylinder{B,Oi,XB,0B),  Xb  E  [Xo,Xtrig),    ^b  €  [0, 27r]„i«n, 

pjrotation{C,  Oi ,  6c ),  6c  G  [0, 27r]„«j2» 

pJran5/ah'on(D,Oi, Xo),  Xp  €  [XcXenp) 

p.helical{E,02,XE,6E),  Xe  e  [Xo,Xe„c),    X^  =  pitch{E)  x  ^£ 

Relations:  ^c  =  6b,  Xb  =  Xd,  Xe  =  Xn 

ENGAGED, 

p^rotation{A,Oi,6A),  6a  G  [0,27r]„^27r, 

p .cylinder [B.Oi^Xb-, 6b),  Xb  ^[X^ng^Xmax],    6 b  ^  [^ ,2T:]mod2-„ 

pjrotaiion{C,0i,6c),  6c  €  [0,2ir]mo<i2-K 

pJranslation(D^Oi,X£)),  Xd  €  [Xeng,Xmax] 

p.h€lical{E,02,XE,6E),  Xe  G  [X^ng,Xmax],    Xe  =  pitch{E)  X  6e 

fixed{F,po) 


Relations:  dc  =  6b,  Xb  =  Xd,  Xe  =  Xd,  6a  =  ^c  +  i7r/2,  1  <  i  <  4 


TRANSITIONS:  6^  =  60+  i7r/2,  Xb  =  X 
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Figure  4.5:  The  Region  Diagram  of  the  Clutch  System 
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the  intervaJs  for  Xjj  and  Xe-  No  new  topologies  can  arise.  The  fined  residt  is  the 
region  diagram  in  Figure  4.5. 

4.2.4      Simplifying  Region  Diagrams 

For  certain  mechanisms,  the  region  diagram  obtciined  by  using  the  previous  region 
diagram  algorithm,  although  complete,  is  too  detailed.  In  such  cases,  it  is  necessary 
to  simplify  the  description  by  reducing  the  number  of  regions.  This  reduction  is 
a  consequence  of  specifying  that  certain  behaviors  are  not  likely  to  occur,  or  by 
modifying  the  criteria  to  determine  when  two  regions  are  considered  different. 

Consider  the  cyhnder  lock  in  Figure  4.6.  The  cylinder  lock  consists  of  a  main 
cylinder  C  rotationally  mounted  on  a  fixed  frame  F.  The  cylinder  has  five  cyUndrical 
holes  perpendicular  to  the  axis  of  rotation  that  are  initially  aligned  with  five  other 
holes  on  the  fixed  frame.  Inside  the  cylinder  and  frame  holes  are  mounted  pciirs  of 
pins  {Pi,Qi)  of  different  lengths  that  are  pressed  down  by  springs.  The  pins  can 
only  translate  along  the  axes  of  the  holes.  In  the  initicd  position  shown  in  Figure 
4.6(a),  the  pins  prevent  the  cylinder  from  rotating.  When  the  lower  pins  are  raised 
by  an  appropriate  amount,  their  tops  coincide  exactly  with  the  outer  surface  of  the 
cylinder.  This  position  of  the  pins  is  achieved  only  if  the  appropriate  key  is  inserted 
(Figure  4.6(b)).  Once  the  pins  coincide  with  the  outer  surface  of  the  cylinder,  no 
obstacle  is  present  for  the  rotation  of  the  cylinder.  Then,  a  rotation  of  the  key  leads 
to  a  rotation  of  the  cylinder,  which  is  connected  to  a  tumbler  (not  shown  in  the 
Figure).  The  rotation  of  the  cylinder  causes  the  tumbler  to  translate;  the  tumbler 
then  locks  the  door  by  preventing  it  from  translating. 

In  the  analysis  of  this  mechanism,  we  will  consider  three  subassemblies  sepa- 
rately: the  subassemblies  consisting  of  two  pins,  the  cylinder  and  the  fixed  frame; 
the  pair  key/cylinder;  and  the  pair  key/lower  pin.  We  will  abstract  the  action  of 
the  springs  by  specifying  that  the  pairs  of  pins  (Pi^Qi)  always  remain  in  contact 
throughout  their  translationaJ  motions  (for  a  more  complete  discussion  on  how  to 
model  the  action  of  springs,  see  section  7.1.2). 

Let  us  analyze  first  the  subassemblies  consisting  of  two  pins,  P,  and  Q,,  the 
cylinder  C  and  tlu-  fixed  frame  F  independently.  The  action  of  the  springs  can  be 
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Figure  4.6:  The  Cylinder  Lock 
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Figure  4.7:  Three  Positions  of  the  Pins  and  their  Region  Diagram 

easily  modeled  by  stating  that  its  effect  is  to  always  keep  Pi  and  Q,  in  contact  when 
no  other  obstacle  is  present.  Each  subassembly  can  be  described  by  three  regions, 
corresponding  to  the  following  three  characteristic  positions  (see  Figure  4.7): 

1.  The  upper  and  lower  pins  are  in  contact  with  the  cylinder. 

2.  The  upper  and  lower  pins  are  in  contact  with  the  fixed  frame. 

3.  The  top  of  the  lower  pin  and  the  bottom  of  the  lower  pin  coincide  with  the 
top  of  the  cylinder.  The  cylinder  is  free  to  rotate,  in  which  case  the  pins  can 
no  longer  translate. 

There  are  five  sets  of  these  types  of  regions,  one  for  each  pair  of  pins. 

Assuming  the  key  can  only  have  motions  aJong  axis  O,  the  kinematic  behavior 
of  the  pair  key/cylinder  {K,C)  can  be  described  with  two  regions: 

1.  The  key  and  the  cylinder  are  not  in  contact.  In  this  case,  the  rotation  of  the 
cylinder  is  independent  from  the  rotation  and/or  translation  of  the  key. 
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2.  The  key  is  inside  the  cylinder:  the  key  is  free  to  translate  inside  the  cylinder, 
but  the  rotations  of  the  key  and  cyhnder  are  dependent. 

The  ainalysis  of  the  pairs  key /lower-pin,  {K,  Pi),  will  produce  a  number  of  regions 
that  is  equal  to  the  number  of  segments  of  the  upper  part  of  the  key.  The  insertion 
of  the  key  causes  the  pin  P,  to  foUow  the  upper  contour  of  the  key  until  the  key  has 
reached  its  final  position.  The  segments  in  the  key  upper  contour  push  up  and  down 
the  pins.  The  first  pin  Pi  will  go  up  and  down  six  times,  the  second  pin  P2  five, 
etc.  Since  the  distance  between  the  pins  and  the  distance  between  the  dents  in  the 
key  is  equal,  many  local  regions  will  be  merged  together  when  composing  pairwise 
behaviors.  Overall,  the  composition  of  all  the  local  regions  {Pi,K)  will  lead  to  13 
regions:  the  first  region  corresponds  to  the  key  not  in  contact  with  any  pin.  The 
remaining  12  regions  correspond  to  the  contacts  created  as  the  key  is  inserted:  the 
second  region  corresponds  to  the  first  segment  of  the  key  in  contact  with  Pi,  and 
so  on.  There  in  one  region  for  each  segment  in  the  upper  contour  of  the  key. 

The  composition  of  all  the  regions  from  the  three  subassemblies  will  produce  a 
large  number  of  global  regions.  To  see  this,  consider  the  following  argument.  The 
pair  key/cylinder  is  described  by  two  regions:  one  in  which  the  key  is  inserted,  and 
one  in  which  the  key  is  not  inserted.  When  the  key  is  not  inserted,  the  key  is  not 
in  contact  with  any  of  the  pins.  Therefore,  all  the  combinations  of  pin  positions 
are  possible;  since  there  are  3  regions  for  each  pair,  the  composition  of  the  regions 
for  all  the  pairs  yields  3^  regions.  When  the  key  is  inserted,  the  number  of  possible 
regions  is  reduced,  since  the  key  is  in  contact  with  the  pins  and  the  composition 
with  the  pairs  {Pi,  K)  will  rule  out  many  position  combinations.  Of  all  the  regions 
produced,  only  in  one  region  will  all  the  pins  be  aligned  (if  K  is  the  right  key!)  and 
only  in  this  region  the  cylinder  can  be  turned  with  the  key. 

Strictly  speaking,  this  region  diagram  is  a  complete  envisionment  of  the  possible 
behaviors  of  the  mechanism.  However,  there  are  a  number  of  ways  in  which  the 
region  diagram  can  be  simplified.  To  begin  with,  although  it  is  possible  to  get  all 
the  possible  combinations  of  pin  positions  when  the  key  is  not  inserted,  this  requires 
the  input  motions  to  be  applied  to  the  pins.  This  is  not  likely  to  happen  in  reality 
because  input  motions  are  only  applied  to  the  key.  Therefore,  from  all  the  3^  regions 
corresponding  to  the  possible  positions  of  the  pins  when  the  key  is  not  inserted,  only 
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Figure  4.8:  Simplified  Region  Diagram  of  the  Cylinder  Lock 

the  region  that  includes  the  initiaJ  placement  is  reachable. 

Another  simpUfication  can  be  made  for  the  regions  in  which  the  key  is  inside 
the  cyhnder.  Because  we  are  mainly  interested  in  the  behavior  of  the  key  and  its 
effects  on  the  behavior  of  the  cylinder,  the  precise  details  on  how  the  pins  move, 
although  necessary  to  obtain  the  correct  envisionment,  are  not  directly  relevzint.  We 
would  like  to  obtain  a  description  of  the  mechanism  only  in  terms  of  the  possible 
motions  of  the  key  and  the  cylinder.  This  simphfied  description  can  be  obtained  by 
projecting  every  region  in  the  diagram  with  respect  to  the  key  and  the  cylinder,  and 
disregard  the  motions  of  the  pins  in  every  region.  The  resulting  projected  regions 
contain  only  possible  motions  label  descriptions  of  the  key  ajid  the  cylinder,  and  the 
relationship  between  these  motions.  The  consequence  of  these  projections  is  that 
many  regions  that  were  qualitatively  different  in  the  original  region  diagram  will 
now  be  similar,  and  thus  can  be  merged.  For  the  cyhnder  lock,  this  means  that  all 
the  regions  that  specify  different  placements  of  the  pins,  but  no  difference  in  terms 
of  the  angular  position  of  the  cylinder  can  be  merged.  The  resulting  projected 
region  diagram  with  respect  to  the  set  {K,C}  consists  of  three  regions  (see  Figure 
4.8): 
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OUT  In  this  region,  the  key  and  the  cyHnder  are  not  in  contact.  The 
key  can  both  rotate  and  translate  along  O,  and  the  cylinder  can- 
not rotate. 

IN  In  this  region,  the  key  is  inside  the  cylinder.  The  key  can  translate 
along  O,  but  it  cannot  rotate.  The  cylinder  cannot  rotate  either. 

UNLOCK  In  this  region,  the  key  is  at  the  end  of  the  cyhnder.  The 
key  can  rotates  together  with  the  cyhnder,  but  it  cannot  translate. 

Note  that  this  simplification  cannot  be  done  without  computing  the  complete  envi- 
sionment  first,  for  otherwise  the  algorithm  is  not  co 


4.3      Prediction:   Construction  of  State  Diagrams 

In  this  section,  we  show  how  to  use  the  region  diagram  of  a  fixed  axes  mechanism 
to  obtain  a  state  diagram  for  a  given  sequence  of  input  motions.  The  algorithm 
proceeds  by  propagating  each  input  motion  in  the  region  diagram,  and  keeping 
track  of  its  consequences.  Because  all  the  interactions  between  objects  have  been 
precomputed  in  the  region  diagram,  the  propagation  does  not  require  backtracking 
or  adjustment  of  previously  computed  motion  labels. 

Four  types  of  simple  input  motions  can  be  apphed  to  parts:  no  motion,  rotation, 
translation,  and  helical  motion  around  a  fixed  axis.  A  sequence  of  input  motions 
consists  of  a  series  of  simple  motions,  each  applied  to  one  part  in  the  mechanism 
in  sequential  order.  Because  the  mechanism  is  a  fixed  axes  mechanism,  the  actual 
motions  of  the  parts  are  all  simple  motions.  The  input  sequence  can  also  contain 
illegal  motions. 

Since  a  region  diagram  describes  all  possible  behaviors  of  a  mechanism,  it  can 
be  used  to  determine  the  actual  behavior  for  a  given  sequence  of  input  motion.  The 
algorithm  proceeds  as  follows.  Let  M  be  a  mechanism  in  the  initial  placement  po> 
and  let  cr  =  [(Ji, . . . ,  <7m]  be  the  input  sequence  consisting  of  m  simple  motions.  The 
algorithm  starts  by  finding  the  initial  region  (in  the  region  diagram)  in  which  the 
given  initicd  placement  po  lies.  Then,  the  first  input  motion  cti  is  propagated  inside 
that  region.  The  propagation  consists  of  intersecting  the  actual  motion  applied  to 
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an  object  A  with  its  possible  motion  label  in  the  region.  If  the  intersection  is  not 
empty,  the  motion  is  transmitted  to  all  parts  that  have  a  parameter  relation  with  A. 
The  intersection  rules  are  very  similar  to  the  intersection  rules  for  possible  motions 
labels.  If  either  the  interval  of  the  input  motion  or  the  interval  of  the  propagated 
motion  is  not  included  in  its  corresponding  interval  in  the  region,  a  region  transition 
(and  thus  a  state  transition)  occurs.  The  input  motion  is  split  into  two  motions. 
One  motion  is  propagated  in  the  current  region  and  the  other  in  the  new  region.  If 
no  transition  is  possible,  or  the  intersection  of  the  input  motion  with  the  possible 
motion  label  is  empty,  the  input  motion  is  illegal  (that  is,  the  input  motion  cannot 
be  fully  applied).  This  propagation  process  is  repeated  for  every  input  motion  in 
the  sequence.  Since  the  relationships  between  motion  parameters  and  their  intervals 
are  already  present  in  the  region  diagram,  the  propagation  of  motion  requires  no 
backtracking  or  revision  of  already  computed  labels. 

Note  that  in  general,  there  are  at  least  as  many  states  as  there  are  input  mo- 
tions, since  input  motions  are  qualitatively  different.  A  single  input  motion  can 
create  several  states  since  several  qualitatively  different  behaviors  can  result  from 
its  application. 

4.3.1      State  Diagram  Algorithm 

In  order  to  present  the  algorithm  in  more  detail,  we  introduce  some  notation.  Let 

0(71, E)  be  the  region  diagram  consisting  of  k  regions,  H  =  {Ro,  ■  ■  ■  ,Rk-i}-   The 

function 

locateipoiTl)  returns  the  region  which  includes  the  placement  po,  or  null  if  there 

is  no  such  region.  The  function  succ€ssor{Ri,C)  returns  the  adjacent  region  to  R^, 

Rj,  such  that  the  motion  parameter  conditions  C  are  included  in  the  edge  between 

H.  and  R,  in  G{7l,E). 

The  function  propagate{a,,  Rj)  returns  the  actual  motions  of  each  p&it  in  the 
mechanism,  and  an  updated  a,.  If  the  intervals  of  the  resulting  motions  are  con- 
tained in  the  possible  motions  intervals  for  the  region,  then  (7,  is  empty.  Otherwise, 
a,  is  updated  to  the  remciining  interval  outside  the  region.  The  propagation  takes 
place  as  follows:  let  A,  be  the  ol)ject  referred  in  a,,  and  let  /i,  =  p.motion(A,A),  A',) 
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be  the  possible  motion  label  of  Ai  in  Rk'. 

1.  Intersect  cTi  and  fi,. 

2.  If  the  intersection  leads  to  an  empty  interval  for  Xj,  then  the  motion  is  illegal: 

(a)  All  objects  are  labeled  as  nojmotion. 

(b)  The  motion  cr^  is  updated  to  "empty". 

3.  Else  (intersection  is  not  empty), 

(a)  Assign  to  Ai  the  label  ct,  fl  /x^. 

(b)  Propagate  the  motion  to  other  objects.  The  propagation  takes  place 
through  motion  parameter  relations.  For  each  relation,  the  causal  order- 
ing 

motion{Ai)  CAUSES  motion{Aj) 

is  established,  and  possible  motion  labels  are  converted  into  actual  mo- 
tion labels.  Their  intervals  are  also  updated.  When  this  process  is  fin- 
ished, all  the  objects  that  do  not  have  an  actual  motion  label  are  assigned 
a  nojmotion  label.  This  embodies  the  assumption  that  objects  do  not 
move  unless  a  motion  is  either  applied  or  transmitted  to  them. 

(c)  If  the  interval  of  Xi  in  ai  is  not  included  in  /i,,  return  cr,  updated  with 
the  difference  of  intervals.  Otherwise,  update  ai  with  "empty". 

The  complete  algorithm  for  constructing  state  diagrams  is  shown  in  Table  4.3. 
When  the  input  sequence  repeats  forever  (this  is  indicated  by  cr*),  the  algorithm 
propagates  once  every  motion  in  the  sequence  a.  Then,  it  propagates  again  <Ti, 
0-2,  etc.,  until  one  of  the  states  produced  by  the  propagation  of  (Tj  is  identical  to  an 
existing  one.  Then  the  propagation  stops  and  a  directed  edge  is  created  between  the 
identical  state  and  the  last  state  produced  by  ai-\.  The  merging  stage  is  necessary 
to  ensure  that  all  states  are  qualitatively  different.  Two  states  can  be  merged  if  and 
only  if  all  the  motions  labels  are  the  same,  the  axes  along  which  the  motions  take 
place  are  identical,  the  relationships  between  motion  parameters  are  identical,  and 
the  intervals  of  the  motion  parameters  meet  at  one  endpoint. 
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Procedure  STATE-DIAGRAM(71,po,<t) 

1.  Find  the  initial  region  R  corresponding  to  the  initial  placement  po. 
If  no  such  region  exists,  return  NULL 
R  :=  locate{po,R-) 

2.     While  a  is  not  empty,  do: 

2.1  5  :=  first-moUon{a) 
(T  :=  a  —  s 

2.2  While  s  is  not  empty  do 

2.2.1  Propagate  motion  s  in  region  R.  The  result  is  a  new  state 
and  an  update  motion. 

<  State,, news  >:=  propagate{s,R) 

2.2.2  Create  a  new  state  State,  and  estabhsh  a  directed  edge  e 
between  the  actual  state  and  the  new  state  Staici. 

2.2.3  Label  the  edge  e  with  the  final  values  of  the  motion  param- 
eters resulting  from  s.  Let  C  be  the  set  of  values  of  these 
parameters. 

2.2.4  Update  the  input  motion 
s  :=  news 

2.2.5  If  5  is  not  empty,  find  the  region  to  which  the  transition  oc- 
curs. If  no  such  region  exists,  create  a  new  state  in  which  all 
objects  are  labeled  no.motion,  and  update  5  to  "empty". 

R  :=  successor{R,C) 

3.  Merge  as  many  states  as  possible 


Table  4.3:  Algorithm  for  Constructing  State  Diagrams. 
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The  complexity  of  the  aJgorithm  depends  on  the  number  of  regions  that  are 
visited  during  each  motion  ai.  The  propagation  subroutine  takes  time  0{n),  where 
n  is  the  number  of  objects  in  M,  since  every  motion  label  intersection  can  be  done 
in  constant  time,  and  there  are  at  most  n  intersections.  Thus,  the  toted  complexity 
of  the  algorithm  is  0{nLqi),  where  qi  is  the  number  of  regions  visited  during  motion 
(Ti,\  <i  <  k. 

Note  that  unlike  region  diagrams,  the  state  diagram  produced  by  the  algorithm 
in  Table  4.3  is  unique.  The  reason  is  that  all  the  relations  between  motion  parame- 
ters are  functions  of  the  form  y  =  f{x)  where  x  and  y  are  motion  parameters.  The 
requirements  for  the  qualitative  difference  of  states  (see  section  4.5)  imply  that  all 
the  functions  of  the  above  form  must  be  partitioned  in  segments  where  the  functions 
are  either  monotonically  increasing  decreasing  or  constant.  There  is  only  one  way 
of  partitioning  these  functions  into  monotonic  segments. 

The  state  diagram  provides  a  causal  account  of  the  behavior  of  the  mechanism 
for  a  given  sequence  of  input  motions.  This  causal  account  can  be  easily  inter- 
preted qualitatively  since  states  correspond  to  qualitatively  different  behaviors  of 
the  mechanism. 

Simplified  state  diagrams  can  be  obtained  in  a  way  analogous  to  simpUfied  region 
diagrams.  Moreover,  it  is  possible  to  obtcun  correct  state  diagrams  when  simplified 
region  diagrams  are  provided  as  input.  The  only  requirement  is  that  the  set  of 
objects  specified  in  the  sequence  a  is  included  both  in  the  set  of  input  parts  and  in 
the  set  of  interesting  parts. 

4.3.2      Example 

Consider  again  the  region  diagram  of  the  clutch  system  in  Figure  4.5.  Assume  that 
the  initial  positions  of  the  objects  are:  9a  =  — 7r/4  for  A,  9b  =  0  ioi  B ,  6c  =  0  for 
C,9d  =0  and  Xd  =  -^o  for  D,  and  Xe  =  Xq  for  E.  This  is  the  placement  shown  in 
Figure  4.1.  Note  that  in  this  initial  position  A  and  B  cannot  be  engaged  since  the 
four  cylinders  in  B  are  off  by  7r/4  with  respect  to  the  holes  in  A.  The  corresponding 
initial  region  of  this  placement  is  DISENGAGED. 
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Let  the  first  input  motion  be  a-i  =  rotation{C,Oi,6c),  Oc  G  [— 7r/4,0]  and 
direction{6c)  =  —  •  The  intersection  of  this  motion  with  the  possible  motion  label 
of  C  in  the  region  is  a^  itself: 

rotation{C,O-i,0c)   n  pjrotation{C,Oi,6c)    =   rotation{C,Oi,6c) 

^c  e  [-7r/4,0]n[0,27r]w2.    =    [-7r/4,0] 

Since  9c  is  related  to  Ob,  the  rotation  is  propagated  to  B.  Its  motion  is 
rotation{B,Oi,0B),  Ob  G  [— 7r/4,0],  and  direction{6B)  =  — •  Since  there  are  no 
other  parameter  relations  associated  with  6b  or  Oc,  no  other  part  in  the  mechanism 
moves.  We  call  the  state  produced  by  this  first  input  motion  ALIGNMENT. 

Now,  let  helical{E,O2,XE,0E),  Xe  e  [Xq.Xi],  and  direction{XE)  =  +  be  the 
next  motion  {Xi  >  Xeng)-  Since  the  interval  [J^oj-X^i]  is  not  included  in  [Xo^Xeng], 
the  motion  is  split  into  two,  one  for  Xe  €  [O,^,^^)  and  one  for  Xe  G  [Xfng,Xi]. 
The  first  motion  is  inside  the  region  DISENGAGED  and  the  second  motion  is 
inside  the  region  ENGAGEDi.  Each  motion  produces  a  state,  that  will  be  merged 
into  one,  called  ENGAGEMENT.  The  merging  is  possible  since  in  both  states 
the  actual  motion  labels  and  the  parameter  relations  of  B,D  and  E  are  identiccd 
and  the  intervals  meet  at  X  =  X^ng- 

The  last  motion  0-3  =  rotation{A,Oi,0A),  0  G  [-7r/4,27r],  direction  =  +  takes 
place  entirely  inside  the  region  ENGAGEDi.  The  rotation  of  A  causes  the  rota- 
tions of  B  and  C.  The  complete  state  diagram  for  this  input  sequence  is  shown  in 
Figure  4.9. 

4.4      Extensions:  Movable  Axis  Mechanisms 

Extending  the  analysis  techniques  presented  in  this  chapter  to  movable  axes  mech- 
anisms presents  severaJ  difficulties. 

Due  to  the  properties  of  fixed  cixes  mechanisms,  we  were  able  to  identify  five 
types  of  possible  motions  which  allowed  us  to  define  a  finite  and  complete  set  of 
composition  rules.  In  iiinvable  axes  mechanisms,  objects  can  have  motions  along 
arbitrary  paths.  Hopcroft  (/  <i/.  showed  that  planar  linkage  mechanisms  (a  planar 
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Input  Motion  Sequence 

a    =    [ro<afton(C,Oi,^c),^e/ica/(£',02,XE,^£;),ro<ahan(>l,Oi,^^)] 

^C  e  [-7r/4,0],      diTtcii(m{Bc)  = - 

Xe  e  [Xo.Xi],      diTeciion{XE)  =  +,      A'^  =  pitch{E)  x  ^f; 

^x  €  [-7r/4,27r],      (iiredton(^A)  = + 

ALIGNMENT 

rotati(m{C,OuOc)    CAUSES    Totati(m{B, 0^,63) 
direction{6c)  =  —,    directi(m{OB)  =  — 
^ce[-7r/4,0],    ^Be[-7r/4,0] 

Oc  =  ^B 

ENGAGEMENT 

helical{E,O2,XE,0E)  CAUSES  translati(m{D,OuXD)     CAUSES 

iranslaiion(B ,  Oi ,  Xb  ) 

direction{XE)  =  +,    direciion{XD)  =  +,    direction{XB)  =  + 

-X'b  E  [Xo,Xi],    Xp  €  [XcXi],    Xb  G  [XojXi] 

Xe  =  Xb  =  Xp,    Xe  =  pitch{E)  X  Oe 

COUPLED 

ro<ahon(>l,Oi,^x)  CAUSES  rotation{B,  01,63)         CAUSES 

rotaticm{C,  Oi,6c) 

diTection{9A)  =  +,    direction{6B)  =  +,    direciion{6c)  =  + 
^xe[-7r/4,27r],    ^B6[-7r/4,27r],    ^^  G  [-7r/4,27r] 

^A  =  6b  =  6c 

TRANSITIONS: 

Ti  :      ^c  =  -7r/4 

T2  :      ^x  =  0,  Xe  =  Xi 


Figure  4.9:  A  State  Diagram  for  the  Clutch  System 
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Figure  4.10:  A  Planar  Mechanism 

linkage  mechanism  is  a  mechanism  consisting  of  rods  that  can  be  joined  at  their 
endpoints  by  pins  about  which  they  can  rotate;  see  Figure  4.10  for  an  example  of 
a  planar  linkage)  can  be  designed  to  move  a  link's  reference  point  along  any  given 
polynomial  curve  [Hopcroft  et  a/.,  84].  Therefore  there  are  infinitely  many  different 
types  of  possible  motions.  This  means  that  we  would  need  an  infinite  number  of 
possible  motion  labels,  or  alternatively,  ajgebrcuc  descriptions  of  motion  paths. 

Another  property  of  fixed  ajces  mechanisms  that  is  crucial  for  the  analysis  al- 
gorithms is  the  fact  that  the  composition  of  two  simple  motions  is  a  set  of  simple 
motions  (Theorem  3.8,  section  3.4.3).  This  property  is  no  longer  true  for  movable 
axes  mechajiisms:  in  the  piston  mechanism  shown  in  Figure  2.3,  the  possible  mo- 
tions of  the  rod  R  with  respect  to  the  piston  P  and  the  wheel  W  are  both  simple 
motions.  However,  the  combined  motion  of  the  rod  R  is  not  a  simple  motion.  There- 
fore, the  composition  rules  developed  for  fixed  axes  mechanisms  are  no  longer  vahd. 
For  the  general  case  of  movable  axes  mechanisms,  general  algebraic  techniques  are 
necessary  to  compose  relative  possible  motions. 

Is  it  possible  to  analyze  movable  axes  mechanisms  without  recurring  to  general 
but  inefficient  zJgebraic  techniques?  In  general,  no.  However,  most  movable  axes 
mechanisms  have  enough  "structure"  so  that  the  computation  of  their  behavior  can 
be  simplified.  To  begin  with,  it  is  generally  possible  to  isolate  the  subatssemblies  of  a 
mechanism  that  contain  movable  axes  from  those  that  are  fixed  axes  subassemblies. 
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Figure  4.11:  The  Needle-Bax  Drive 

In  addition,  most  movable  axes  subassemblies  have  at  most  one  or  two  degrees  of 
freedom.  Thus,  objects  in  the  subassembly  have  also  one  degree  of  freedom,  which 
means  that  their  possible  motions  can  only  be  along  one  dimensional  paths  in  space. 
This  is  the  case  of  the  rod  in  the  piston  mechanism,  and  of  the  needle-bcir  drive 
in  Figure  4.11  (from  [Molian,  82]).  Objects  in  linkage  mechanisms  do  not  interact 
other  than  through  the  moving  axes  of  motion.  Therefore  their  shapes  are  not 
particularly  relevant  other  than  in  the  areas  of  interactions  with  the  joints. 

Engineers  analyze  linkage  mechanisms  by  abstracting  the  objects  to  one  dimen- 
sional rods  connected  by  simple  joints  (revolute,  prismatic,  helical,  cyUndrical  or 
spherical).  This  abstraction  is  called  the  line- diagram  of  the  mechanism.  Figure 
4.12  shows  the  line  diagrams  of  the  piston  mechanism  and  the  needle-bar  drive. 

Given  this  abstraction,  a  simple  method  for  determining  the  mobility  of  a  linkage 
mechanism  (i.e.,  the  number  of  global  degrees  of  freedom),  is  the  Kutzbach  criteria 
[Shigley  and  Uicker,  80].  This  criteria  gives  a  lower  bound  on  the  number  of  degrees 
of  freedom  that  a  mechanism  has,  based  solely  on  the  number  of  hnks,  the  number 
of  higher  pairs,  and  the  number  of  lower  pairs.  For  a  planar  mechanism,  the  degree 
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of  mobilty,  denoted  by  m  is: 

m  =  3(n  ~  1)  —  Jh  —  2Ji 

where  n  is  the  number  of  links,  Jh  is  the  number  of  higher  pairs  and  Ji  is  the  number 
of  lower  pairs.  For  example,  the  needle-bar  mechanism  in  Figure  4.11  (and  4.12(a)) 
has  n  =  10  links,  A  =  0  higher  pairs,  and  Jj  =  13  (counting  the  double  hinge  twice). 
Thus,  the  mobility  of  the  mechanism  is  m  =  3(10  —  1)  —  2  x  13  =  1.  Note  that 
m  is  only  a  lower  bound  since,  depending  on  the  dimensions  of  the  objects,  some 
links  can  be  redundant  and  have  no  effect  on  constraining  the  degrees  of  freedom 
of  a  mechanism.  The  Kutzbach  criteria  is  best  seen  as  a  heuristic  to  determine  the 
degrees  of  freedom  of  a  mechanism  without  considering  object  shapes,  dimensions, 
or  actual  paths  in  space. 

A  more  accurate  analysis  technique  that  uses  the  line-diagram  description  of  the 
mechanism  consists  in  computing  the  paths  of  the  one-dimensioned  rods,  assuming 
that  no  collisions  take  place  between  them.  Once  these  paths  have  been  found,  a 
test  for  collisions  between  the  real  objects  along  the  paths  found  in  the  previous  step 
is  conducted.  All  the  placements  in  which  such  collisions  occur  are  discarded  and 
the  intervals  on  the  motion  paths  adjusted.  This  two-step  method  greatly  simpUfies 
the  analysis  of  movable  axes  mechanisms  and  is  provably  complete. 

We  can  fully  justify  the  previous  two-step  analysis  method  in  the  framework  of 
configuration  spaces:  given  a  mechanism  M,  the  first  task  is  to  analyze  pairwise 
contacts  to  determine  the  types  of  kinematic  pairs  that  objects  form.  This  analysis 
produces  a  description  of  the  mechanism  in  terms  of  kinematic  joints.  The  next  step 
consists  in  finding  the  motion  paths  of  each  object  abstracted  as  a  one-dimensional 
rod.  This  problem  has  been  extensively  studied  in  the  classical  Mechanical  En- 
gineering hterature  and  has  a  closed  solution  [Shigley  and  Uicker,  80].  There  are 
also  a  variety  of  programs  that  compute  the  motion  paths  of  every  object  in  pla- 
nar linkages.  The  final  step  consists  in  checking  whether  all  pairwise  placements 
along  the  set  of  paths  found  in  the  previous  step  are  free  placements.  This  test  is 
conducted  by  taking  into  consideration  the  actual  geometry  of  the  objects.  This  is 
considerably  simpler  than  considering  the  whole  set  of  placements. 

We  can  easily  generalize  the  composition  theorem  for  fixed  ajces  to  movable  axes 
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Figure  4.12:  Line  Diagrams  of  the  Piston  and  Linkage  Mechanisms 

mechanisms.  Fixed  axes  mechanisms  are  a  special  case  of  movable  axes  mechanisms: 
the  paths  of  possible  motions  all  take  place  along  fixed  axes.  These  paths  are  just  a 
special  case  of  the  types  of  paths  that  appear  in  movable  axes  mechanisms.  Let  M 
be  a  mechanism,  and  let  T'  be  a  complete  complete  set  of  motion  paths  for  M.  This 
set  was  computed  by  abstracting  each  object  Ai  to  its  line-diagram  equivalent,  a,- 
(m  is  the  line-diagram  equivalent  of  M).  Let  Cspace^{M)  be  the  set  of  all  possible 
placements  of  M  along  the  paths  V.  We  define  the  configuration  space  of  M  with 
respect  to  V  as  the  set  CS^{M)  such  that: 

CS'^{M)  =  {p  e  Cspace'^iM)  \  V^i,  A,  G  M,    not{ov€rlap{Ai,Aj,p))} 

Clearly,  the  configuration  space  of  a  movable  axes  mechanism  is  identical  to  the 
configuration  space  of  the  mechanism  with  respect  to  a  complete  set  of  motion 
paths: 

reachable(CS'^{M))    =   reachahle{C  S{M)) 

Moreover,  the  configuration  space  of  M  is  included  in  the  configuration  space  of  m: 


CS{M)  C  CS'^{ra) 
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Therefore,  no  legal  placements  will  be  missed  by  the  abstraction. 

Theorem  4.1  The  configuration  space  of  a  movable  axes  mechanism  can  be  com.- 
puted  by  composing  pairwise  configuration  spaces  over  a  complete  set  of  paths  V , 
where  V  was  computed  with  respect  to  a  line-diagram  version  of  M : 

CS{M)   =   CS^{AuA2)  ®  CS'^iAuAz)  ®   ...  ®  C5^(^„_i,A„) 

The  proof  of  this  theorem  is  identical  to  the  proof  of  Theorem  3.5,  section  3.4.1, 
and  the  two  previous  observations. 

Recent  work  by  Gelsey  provides  a  number  of  special  purpose  techniques  for 
the  analysis  of  movable  axes  mechanisms  [Gelsey,  87].  His  method  is  a  refined 
version  of  the  two-step  method  presented  here.  This  is  also  the  approach  taken 
by  Manoochehri  and  Seireg  [Manoochehri  and  Seireg,  87]  for  the  design  of  certciin 
classes  of  spatial  linkage  mechanisms.  Ultimately,  we  believe  that  most  mechanisms 
can  be  analyzed  without  having  to  recur  to  general  but  inefficient  algebraic  methods. 


Chapter  5 

Design  of  Kinematic  Pairs 


The  design  of  a  device  consists  in  finding  the  set  of  components  and  the  intercon- 
nections between  them  that  achieve  the  desired  behavior  and  comply  with  a  set  of 
design  constraints.  The  desired  behavior  is  generally  specified  in  functional  terms, 
and  the  constraints  refer  to  limitations  such  as  size,  price,  capacity,  etc.  The  com- 
ponents used  in  the  device  constitute  the  basic  building  blocks.  Examples  of  basic 
components  are  resistors,  capacitors,  etc.  In  the  context  of  mechanical  devices, 
design  consists  in  determining  the  objects,  their  shapes  and  the  spatial  relations 
between  them  that  satisfy  the  kinematic  and  dynamic  specifications  of  the  desired 
behavior  and  comply  with  the  design  constraints.  The  basic  components  of  a  mech- 
anism are  formed  by  pairs  of  objects,  rather  than  by  individual  objects.  Basic 
components  are  called  kinematic  pairs;  the  most  common  examples  of  kinematic 
pairs  are  screws  and  bolts,  prismatic  joints,  etc. 

The  automatic  design  of  mechanical  devices  presents  a  number  of  interesting 
issues,  not  encountered  in  other  domains  (see  [Dixon,  86]).  First,  it  is  clear  that 
geometry  plays  a  predominant  role  in  mechanical  devices.  Unlike  in  the  domain  of 
electronics,  where  the  actual  geometry  of  the  components  is  irrelevant  to  the  func- 
tionality of  the  device,  object  geometry  is  what  determines  the  kinematic  behavior 
of  a  mechaniccd  device.  The  motions  of  each  object  and  the  relations  between  these 
motions  are  directly  determined  by  the  shapes  of  the  objects  and  the  nature  of  the 
contacts  between  them.  As  argued  in  the  introduction  of  this  thesis  and  in  Chapter 
4,  it  is  necessary  to  establish  an  explicit  link  between  object  geometry  and  kinematic 
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behavior  in  order  to  analyze  a  mechanism. 

The  second  important  difference  between  the  design  of  mechanisms  and  the  de- 
sign of,  say,  digital  circuits  is  the  frequent  need  to  modify  and  introduce  new  basic 
components.  In  most  domains,  such  as  digital  circuit  design,  the  design  problem  is 
mostly  a  problem  of  structural  design:  given  a  fixed  library  of  basic  components, 
the  design  problem  consists  of  finding  the  set  of  basic  components  and  the  intercon- 
nections between  them  that  satisfy  the  design  specifications.  Basic  components  (at 
the  level  of  resistors,  capacitors,  etc.)  are  generally  simple  and  the  modification  or 
introduction  of  new  basic  components  is  very  seldomly  considered.  Their  internal 
structure  is  not  important,  and  they  are  described  functionally  in  terms  of  input 
modifications.  Other  domains,  such  as  mechanical  devices  or  beam  structure  de- 
sign, the  modification  and  introduction  of  new  basic  components  is  often  necessary 
to  meet  the  desired  requirements.  In  these  domains  component  design  (or  re-design) 
is  pervasive,  and  requires  an  adequate  first  principles  theory  to  create  and  modify 
basic  components.  In  mechanical  devices,  even  the  connection  of  two  kinematic 
pairs  requires  the  modification  of  object  shapes. 

It  is  a  common  observation  that  in  order  to  comply  with  a  set  of  design  require- 
ments, new  or  modified  shapes  of  objects  in  kinematic  pairs  need  to  be  considered. 
In  most  existing  Computer-Aided  Design  (CAD)  systems  [Encarnacao,  83],  the  de- 
cision on  the  creation  or  modification  of  an  object's  shape  is  the  task  of  the  human 
designer;  the  CAD  system  is  responsible  for  handling  and  sometimes  verifying  the 
consistency  of  the  design  decision.  In  order  to  automate  the  design  process,  we  need 
to  automate  the  shape  creation  and  modification  decisions  that  take  place  during 
the  design  process. 

As  argued  in  the  introduction,  (section  1.2)  the  two  main  categories  of  domain  in- 
dependent design  methods,  parameter-based  methods  and  component-based  meth- 
ods, do  not  support  explicit  reasoning  about  the  relationship  between  object  shape 
and  kinematic  function. 

Parameter-based  methods  start  from  a  parameterized  description  of  the  desired 
device.  The  parameterization  requires  the  identification  of  the  relevant  parameters 
and  their  relationships.  The  design  goal  is  to  find  the  set  of  values  of  the  parameters 
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for  which  the  desired  behavior  is  obtained  and  the  set  of  constraints  is  satisfied. 
The  design  problem  is  thus  posed  as  an  optimization  problem,  and  several  known 
optimization  techniques  can  be  used.  Parameter-based  design  takes  place  at  the 
functional  level,  since  the  parameters  are  not  directly  related  to  the  structure  of 
the  device.  The  scope  of  these  methods  is  always  limited  by  the  initial  choice  of 
parameters:  if  a  design  problem  requires  the  consideration  of  a  new  parameter,  or 
the  introduction  of  a  structural  change,  the  design  process  will  fail.  An  example  of 
this  inadequacy  was  presented  in  Figure  1.5. 

Component-based  design  consists  of  constructing  the  device  from  a  predefined 
set  of  basic  components.  The  goal  is  to  find  the  components  and  the  interconnections 
between  them  that  achieve  the  desired  behavior  and  satisfy  the  design  constraints. 
Elementary  components  are  described  by  predefined  models  that  specify  all  their 
potential  behaviors.  As  argued  in  the  introduction,  (section  1.2),  the  main  drawback 
of  this  method  is  that,  since  elementary  components  are  described  functionally,  it 
is  not  possible  to  reason  about  the  consequences  of  modifying  them. 

An  example  of  component-based  design  is  routine  design  [Brown  and  Chan- 
drasekaran,  86],  [Mitchell  et  a/.,  85],  [Mittal  et  ai,  85].  In  routine  design,  the  design 
process  starts  from  a  generic  specification  of  the  desired  device  and  progressively  re- 
fines this  specification  until  the  detailed  composition  of  the  device  is  found.  At  each 
refinement  step,  the  constraints  generated  by  the  new  requirements  guide  the  de- 
sign process.  The  final  step  consists  of  choosing  the  appropriate  bcisic  components, 
together  with  the  values  of  their  parameters  that  satisfy  the  set  of  requirements.  In 
this  method,  no  modification  or  introduction  of  new  basic  components  is  possible. 
Its  scope  depends  directly  on  the  modeling  of  the  basic  components.  For  mechanical 
devices,  this  design  strategy  is  effective  for  doing  structural  design,  but  requires  a 
component  design  module  to  handle  peiirwise  contacts  and  modify  or  create  shapes 
of  objects  when  necessary. 

This  chapter  addresses  the  problem  of  designing  basic  components  for  mech- 
anisms. As  argued  in  Chapter  3  (section  3.3)  the  design  of  a  mechanism  can  be 
divided  into  two  steps.  The  first  step  consists  in  determining  the  type  of  kine- 
matic pairs  that  will  be  used  and  the  connections  between  them.  Kinematic  pairs 
are  treated  as  functional  components  in  this  step.  The  second  step  consists  of  de- 
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termining  the  actual  geometry  of  the  objects  that  will  comply  with  the  kinematic 
description  of  the  pair  and  the  requirements  on  the  connections.  We  showed  in 
section  3.3  that  this  design  method  is  both  sound  and  complete: 

1.  From  the  functional  description  of  the  desired  kinematic  behavior,  determine 
which  kinematic  pairs  should  be  used  and  what  are  the  connections  between 
them. 

2.  For  every  kinematic  pair,  determine  or  modify  the  geometry  of  the  objects 
so  as  to  comply  with  the  kinematic  requirements  and  the  connection  require- 
ments. 

The  first  step  in  this  method  is  well  suited  for  component-based  techniques  such 
as  the  one  described  above;  kinematic  pairs  are  described  functionally,  and  all  the 
design  can  be  carried  at  the  functional  level.  The  second  step,  however,  requires 
innovative  design  techniques  capable  of  creating  and  modifying  the  shapes  of  objects 
in  kinematic  pairs. 

In  this  chapter,  we  present  a  new  theory  for  innovative  shape  design  of  kine- 
matic pairs  based  on  the  notion  of  configuration  spaces.  The  theory  can  handle 
descriptions  of  kinematic  behavior  both  in  terms  of  possible  motions  and  in  terms 
of  causality  (see  Chapter  2).  It  can  also  deal  with  both  qualitative  and  partial 
descriptions  of  kinematic  behavior. 

The  rest  of  chapter  is  organized  as  follows:  the  first  section  provides  a  precise 
statement  of  the  design  problem  and  defines  the  class  of  design  constraints.  Section 
5.2  presents  the  main  theory  of  shape  design  based  on  the  manipulation  of  con- 
figuration space  boundaries.  We  present  a  general  backtracking  algorithm  for  the 
design  of  kinematic  pairs.  Sections  5.3  and  5.4  discuss  special  instances  of  the  design 
problem  where  objects  are  either  assumed  to  be  convex,  or  have  only  translational 
degrees  of  freedom.  In  both  cases,  we  present  efficient  algorithms  for  designing 
shapes.  Sections  5.5  and  5.6  show  how  to  extend  the  general  design  algorithm 
for  behavior  specifications  that  are  qualitative  or  causal.  Section  5.7  concludes  by 
discussing  the  feasibility  of  a  number  of  extensions. 

A  note  to  the  reader:  sections  5.3  and  5.4  contain  somewhat  technical  material 
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5.1      Statement  of  the  Design  Problem 

Kinematic  pairs  are  of  great  importance  in  mechanical  design  since  they  constitute 
the  basic  building  blocks  of  mechanical  devices.  In  this  chapter,  we  consider  the 
design  of  simple  and  composite  kinematic  pairs.  Simple  kinematic  pairs,  such  as 
prismatic  joints  and  screw/bolt  pairs  have  a  single  kinematic  behavior  describable 
as  a  rotation  or  a  translation  (or  a  combination  of  both)  around  a  fixed  ajds  in 
space.  Composite  kinematic  pairs,  on  the  other  hand,  can  have  several  different 
kinematic  behaviors  along  a  number  of  axes. 

In  designing  kinematic  pairs,  we  distinguish  between  two  variants  of  the  design 
task:  new  design  and  redesign.  In  new  design,  for  a  given  description  of  the  desired 
kinematic  behaviors,  the  goal  is  to  determine  the  precise  shapes  of  the  two  objects 
that  achieve  these  behaviors.  In  redesign,  in  addition  to  the  desired  kinematic 
behaviors,  initial  shapes  for  the  two  objects  are  also  given.  The  goal  in  this  ca^e 
is  to  modify  the  given  shapes  of  the  objects  to  obtain  the  desired  behaviors.  The 
design  theory  presented  in  this  chapter  deals  with  both  variants  uniformly. 

As  an  example  of  a  design  task,  consider  the  following  design  scenario:  we  are 
given  a  rotating  disc  A  and  a  translating  rectangle  B  as  shown  in  Figure  5.1(a).  Our 
design  gocd  is  to  modify  the  shapes  of  the  objects  so  that  for  two  specific  orientations 
of  A,  0  and  7r/2,  B  prevents  the  rotation  of  A.  For  cdl  other  orientations,  the  motions 
of  A  and  B  must  remeiin  independent.  A  possible  solution  is  to  modify  the  shape 
of  A  by  introducing  two  slots  that  allow  B  to  create  new  contacts,  thus  preventing 
the  rotation  of  A  (see  Figure  5.1(b)). 

In  the  following,  we  assume  that  objects  are  two-dimensional,  that  their  contours 
are  formed  by  line  segments  and  circular  arcs,  and  that  each  object  hjis  at  most  one 
degree  of  freedom  (either  rotation  or  translation)  along  an  axis  fixed  in  the  plane. 
We  distinguish  between  five  design  spaces,  corresponding  to  the  degrees  of  freedom 
of  each  object  in  the  pair:  fixed-rotation,  fixed-translation,  translation-translation, 
rotation-translation  and  rotation-rotation. 
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Figure  5.1:  A  Design  Example      / 

5.1.1      Design  Constraints 

In  addition  to  kinematic  requirements,  design  specifications  contain  other  con- 
straints that  directly  influence  the  fined  shape  of  the  objects.  Examples  of  such 
constraints  are  minimum  object  thickness,  simplicity,  and  manufacturability. 

Consider  again  the  design  example  discussed  above,  and  the  three  alternative 
solutions  presented  in  Figure  5.2.  The  first  solution  introduces  a  new  part  to  J9, 
used  solely  to  fit  into  the  slots  of  A.  The  second  solution  introduces  new  edges 
to  B.  The  third  solution  is  a  drastic  solution  in  which  B  is  reduced  to  a  single 
point,  and  the  slots  of  A  are  of  width  zero.  Note  that  all  these  solutions  are 
kinematically  equivalent,  although  none  of  them  can  be  considered  a  good  design 
solution.  In  the  first  solution,  the  portion  added  to  B  is  too  thin,  making  the 
mechanism  unnecessarily  fragile.  The  second  solution  introduced  spurious  hnes  that 
do  not  play  a  kinematic  role  in  the  pair.  The  third  solution  is  not  physically  feasible 
since  a  point  is  not  an  object,  and  slots  of  width  zero  cannot  be  manufactured.  The 
solution  shown  in  Figure  5.1(b)  is  the  best  design  in  this  case  since  it  is  simple  and 
easy  to  manufacture.  Therefore,  to  guarantee  a  good  solution,  it  is  necessary  to 
take  into  account  design  constraints  in  the  shape  design  process. 


We  identify  two  types  of  design  constraints:  required  constraints  and  optional 
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3-  •  C-tz^^-^ 


(a)  (b) 


(c) 

Figure  5.2:  Three  Examples  of  Poor  Design  Solutions 

constraints.  Required  constraints  provide  a  set  of  intervals  for  some  important 
dimensions  of  objects,  such  as  thickness,  length  of  edges  and  arcs,  angle  between 
two  edges  etc.  The  most  important  of  these  constraints  is  the  physical  feasibility 
constraint.  For  two-dimensional  objects,  it  requires  objects  to  be  topologically 
equivcdent  to  a  disk  with  finitely  many  holes;  it  also  rules  out  point  objects.  Optional 
constraints  put  emphasis  on  other  design  aspects  such  cis  object  simplicity  and  other 
non-kinematic  aspects  of  the  designed  mechanism.  For  example,  if  A  is  to  slide  along 
B,  we  give  preference  to  edge-edge  contacts  over  edge-vertex  contacts  since  friction 
will  cause  the  rapid  deterioration  of  the  contact  point,  changing  the  dimensions 
of  one  object  as  well  as  its  behavior.  Other  constraints,  such  as  not  to  allow  the 
modification  of  a  specific  object,  or  part  of  it,  come  from  design  issues  concerned 
with  the  role  of  the  kinematic  pair  in  the  overall  mechanism.  Table  6.1  presents  a 
list  of  the  most  important  design  constraints. 

There  arc  two  basic  methods  of  enforcing  design  constraints:   a  generate-and- 
test  method  and  a  direct  method.   In  gcnerate-and-tcst,  a  possible  solution  is  first 
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REQUIRED  CONSTRAINTS 


1.  Physically  feasible  objects 


2.  Minimum  thickness:  d  >  /„,,„ 


3.  Minimum  and  maximum  angles:  Omin  <  "  <  oimax 

4.  Minimum  distance  between  edges:  d  >  /„,„ 

5.  Minimum  and  maximum  edge  lengths:  /„,„  ^  d  <  Imax 

6.  Minimum  and  Maximum  arc  curvature:  r„,>,  <  d  <  rj^ax 


OPTIONAL  CONSTRAINTS 


1 .   Minimize  the  number  of  edge- vertex  contacts  (prefer  edge-edge  contacts 
whenever  possible). 


2.  Maximize  the  surface  of  edge-edge  contacts 

3.  Use  the  minimum  number  of  features  (design  the  simplest  objects) 

4.  Fix  a  bound  on  the  complexity  of  one  object  (or  both) 

5.  Allow  only  one  object  to  be  modified 

6.  Fix  a  bound  on  the  complexity  of  one  object  (or  both) 

7.  Allow  modifications  only  in  certain  parts  of  the  objects. 

8.  Allow  modifications  only  of  a  certain  type. 

Table  5.1:  Design  Constraints 
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generated,  and  then  validated  against  the  design  constraints.  New  solutions  are 
produced  until  the  validation  succeeds.  The  direct  method,  on  the  other  hand,  takes 
into  account  the  design  constraints  during  the  design  so  that  the  resulting  design 
is  always  consistent  with  the  constraints.  Although  most  design  systems  use  the 
generate-and-test  approach,  this  approach  is  impractical  for  the  design  of  kinematic 
pairs.  The  reason  is  that  purely  kinematic  requirements  generally  admit  a  very 
large  number  of  solutions,  most  of  them  incompatible  with  the  design  constraints. 
The  solutions  we  present  in  the  next  sections  are  all  based  on  the  direct  approach. 

5.1.2      Functional  Specification  of  the  Desired  Behavior 

The  kinematic  behavior  of  a  mechanisn:i  can  be  described  in  terms  of  possible  mo- 
tions or  in  causal  terms.  Both  descriptions  are  functional  since  they  specify  motion 
relationships  between  objects  without  referring  to  their  actual  geometry.  For  the 
design  problem  we  use  the  functional  languages  introduced  in  Chapter  2  to  describe 
the  desired  behavior  of  the  pair.  This  behavior  can  be  described  either  with  a  region 
diagram,  or  with  several  state  diagrams.  For  example,  the  desired  behavior  of  the 
pair  {A,B)  in  the  example  of  Figure  5.1  can  be  described  in  three  regions: 

Re:     p^rotaiion{A,Oi,6),   pJranslaiion{B,02,X),  for  6  6   [0,2n]mod2-ir  and 
X  e  [XojOo) 

Ri'.     fixed{A,0),  pJranslation{B,02,X),  for  ^  =  0  and  X  G  [A'^j.A'^o) 

R2:    fixed{A,6),  pJranslaiion{B , O2 , X),  for  6  =  7r/2  and  X  G  [JfijXo) 

In  Rq,  the  rotation  of  A  and  the  translation  of  B  are  independent  of  each  other 
since  there  is  no  function  relating  6  and  X .  In  Ri  and  R2,  A  cannot  rotate,  but 
B  can  translate.  Note  that  it  is  not  possible  to  go  directly  from  behavior  Ri  to 
behavior  R2  without  going  first  through  Rq. 

An  alternative  description  of  kinematic  behavior  is  a  causal  description.  This 
description  states  the  effects  that  the  motion  of  one  object  ha^  upon  the  others  (e.g., 
if  .4  rotates  clockwise  then  B  rotates  counter-clockwise).  As  we  saw  in  Chapter  3, 
both  descriptions  have  a  direct  interpretation  in  terms  of  configuration  spaces. 

Whether  the  description  of  the  desired  behavior  is  specified  in  terms  of  possi- 
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ble  motions  or  in  causal  terms,  the  relationships  between  motions  are  sometimes 
specified  qualitatively,  rather  than  quantitatively.  For  example,  we  might  require 
the  clockwise  rotation  of  object  A  to  cause  the  translation  of  B  to  the  right,  but 
the  precise  relationship  between  the  two  motion  parameters  is  either  unknown,  or 
irrelevant.  When  the  relationships  between  motions  are  described  qualitatively,  the 
goal  is  to  find  the  exact  shapes  for  the  objects  such  that  their  actual  kinematic 
behavior  is  qualitatively  identical  to  the  specified  behavior.  This  extension  will  be 
discussed  in  section  5.5. 

5.2      Shape  Design  from  Configuration  Space 

We  use  configuration  spaces  as  the  basis  of  the  design  procedure.  In  this  section, 
we  assume  that  the  desired  pairwise  behavior  is  given  as  a  two-dimensional  con- 
figuration space  with  exact  boundaries.  If  the  desired  behavior  is  given  in  terms 
of  possible  motions  (region  diagrams),  the  mapping  from  region  diagram  to  con- 
figuration space  is  straightforward.  When  the  desired  behavior  is  given  in  causal 
terms  (state  diagrams)  an  additional  step  is  required  to  map  the  state  diagrams  to 
configuration  spaces.  This  mapping  will  be  the  subject  of  section  5.6. 

Initially,  we  are  given  two  objects.  A,  B  (possibly  empty),  and  a  desired  configu- 
ration space  R{A^B)^  corresponding  to  the  desired  kinematic  behavior.  The  actual 
kinematic  behavior  of  the  objects  corresponds  to  their  actual  configuration  space, 
CS{A,B).  Comparing  both  the  actual  and  desired  behaviors  amounts  to  compar- 
ing the  two  configuration  spaces,  CS{A,B)  and  R{^A,B).  The  differences  between 
them  indicate  where  and  how  these  behaviors  differ.  For  example,  in  the  previous 
design  problem  (Figure  5.1)  the  desired  configuration  space  R{A,B)  contains  two 
regions,  i?i  and  R2,  not  present  in  CS{A,B)  (Figure  5.3). 

The  behavior  of  a  kinematic  pair  can  be  modified  by  changing  the  boundaries 
of  CS{A,B)  so  that  they  match  with  the  boundaries  of  R(A,B).  Boundaries  of 
the  configuration  space  are  formed  by  the  contact  of  two  object  features  (a  vertex, 
an  edge,  or  an  arc).  Therefore,  configuration  space  boundaries  can  be  modified  by 
removing  contacts  or  introducing  new  ones.  This  in  turn  implies  that  the  shape 
of  the  objects  must  be  changed  by  adding  and  deleting  edges  and  arcs  to  their 
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Initial  Space,  CO(^,B). 


Space  After  Modification,  R{A,B). 


Figure  5.3:  The  Configuration  Space  Before  and  After  the  Modification 

contours.  In  the  previous  example,  there  are  six  configuration  space  boundaries, 
C2,C3,C4,C6,C7,C8,  that  Hiust  be  added  to  CS{A,B),  and  two  that  must  be  deleted 
(c]  and  C5)  to  allow  transitions  from  Rq  to  Ri  and  R2  ^ .  The  design  problem  consists 
in  finding  a  sequence  of  feature  additions  and  deletions  to  the  objects'  contours  so 
that  the  actuaJ  and  the  desired  configuration  space  boundaries  match  and  the  design 
constraints  are  satisfied. 

5.2.1      Boundaries  of  the  Configuration  Space 


A  boundary  in  the  configuration  space  corresponds  to  the  contact  between  the 
feature  of  one  object  and  the  feature  of  the  other  object.  Boundaries  separate 
regions  of  free  placements  and  regions  of  forbidden  placements.  The  form  of  the 
configuration  space  boundaries  is  determined  by  the  design  space  and  by  the  features 
that  come  in  contact  to  create  it.  For  example,  in  the  rotation-translation  space  (one 
object  rotates,  the  other  translates),  a  vertex-edge  contact  produces  a  configuration 


*  Regions  Ri  and  Rj  can  be  arbitrarily  considered  as  rectangles  of  width  tero,  and  thus  have  four 
sides,  two  of  which  of  zero  length. 
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Figure  5.4:  Edge- Vertex  Contact  in  the  Rotation-Translation  Space 


space  boundary  with  the  following  equation: 


^A  =  r[sin  6b    +  cos  6b  tan  ip]  —  d  tan  ^ 


(5.1) 


where  r  is  the  distance  from  the  rotating  vertex  to  the  rotation  point  of  B,  tp  is 
the  angle  of  the  edge  of  A  with  the  translation  axis,  d  is  the  nominal  displacement 
of  the  rotation  axis  with  respect  to  the  translation  ajcis  (see  Figure  5.4).  Arc-vertex 
or  arc-edge  contacts  produce  (when  the  center  of  the  arc  coincides  with  the  center 
of  rotation)  a  configuration  space  boundary  that  is  a  line,  such  as  the  boundary  Cq 
in  Figure  5.3(a)  produced  by  the  contact  (ao,6o)- 


-^0,     6b  ^  [^l>^2] 


(5.2) 


We  can  classify  the  different  types  of  boundaries  that  arise  from  the  nine  pos- 
sible pairwise  contacts  in  each  of  the  five  design  spaces.  The  result  is  a  table  of 
elementary  contacts  that  specifies,  for  each  type  of  contact  and  design  space,  the 
type  configuration  space  boundary  produced,  together  with  the  set  of  equations 
that  define  it.  Table  5.2  shows  the  results  of  the  classification.  In  this  table,  the 
type  of  configuration  space  boundary,  together  with  the  set  of  equations  that  define 
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n 

Types 

Type  12' 

arc-arc 

« 

Type  2 

Type  9 

Type  13 

Configuration 

Space  Bounc 

aries: 

Type  0:  Point 

Type  1:  Line 

Type  2:  Circular  Arc 


Tabic  5.2:  Tabic  of  Elcmentarv  Interactions 
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it  are  stored  the  slots  of  the  table.  The  cases  denoted  by  a  prime  (i.e.,  10')  indi- 
cate cases  that  are  completely  symmetrical  to  cases  without  a  prime  (i.e.,  10).  The 
spaces  Fixed-Translation,  Fixed-Rotation,  and  Rotation-Translation  are  symmet- 
rical to  Translation-Fixed,  Rotation-Fixed  and  Translation-Rotation  respectively. 
The  table  of  elementary  interactions  is  used  to  determine,  given  a  configuration 
space  boundary,  what  pair  of  features  will  produce  this  boundary.  Once  the  possi- 
ble types  of  contacts  have  been  determined,  the  actual  coordinates  of  the  features 
must  be  determined.  The  Appendix  at  the  end  provides  a  complete  description  of 
the  elementary  contacts  for  each  design  space  together  with  the  relations  between 
the  parameters  of  the  configuration  space  boundary  and  the  features  that  create  it. 

Given  a  desired  configuration  space  boundary,  the  design  task  consists  in  finding 
a  pair  of  object  features  that,  when  in  contact,  will  create  this  boundary.  Note 
that  not  every  contact  between  features  can  produce  a  desired  configuration  space 
boundary.  For  example,  in  the  rotation-translation  space,  a  vertex-edge  contact 
can  never  be  used  to  produce  a  line  boundary  in  C S{A^  B),  since  for  no  values  of 
r,  d  and  ^,  equation  5.1  represents  a  line.  In  this  case,  only  a  vertex-arc  or  an 
edge-arc  contact  can  produce  the  desired  boundary.  This  means  that  arc  oq  cannot 
be  substituted  by  a  vertex  and  still  produce  the  boundary  Cq  when  in  contact  with 
6o.  Thus,  the  type  of  the  configuration  space  boundary  can  be  used  to  determine 
which  pair  of  features  can,  in  principle,  produce  the  boundary.  Having  determined 
the  type  of  contact,  we  then  find  the  precise  coordinates  of  the  features  that  create 
the  boundary. 

Once  we  have  identified  the  boundaries  of  the  actual  configuration  space  CS{A,  B) 
that  have  to  be  added  or  deleted,  and  determined  what  type  of  features  can  pro- 
duce them  (using  the  elementary  interactions  table),  we  still  have  the  problem  of 
deciding  what  alterations  to  make,  and  where.  For  example,  suppose  we  need  to 
delete  a  particular  boundary  of  the  configuration  space.  What  were  the  features 
of  A  and  B  that  produced  it?  It  is  not  necessary  to  delete  both  the  feature  of 
A  and  the  feature  of  B  to  delete  the  boundary.  Which  deletion  will  not  alter  the 
rest  of  the  configuration  space?  When  adding  a  feature  to  an  object,  where  should 
we  add  it  so  as  to  keep  the  connectivity  of  the  object?  In  order  to  answer  these 
and  other  questions,  a  data  structure  relating  boundaries  of  the  configuration  space 
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to  the  object  features  that  produced  it  is  necessary.  We  call  this  data  structure  a 
configuration  space  boundary  map. 

5.2.2      The  Configuration  Space  Boundary  Map 

Before  turning  to  the  problem  of  how  to  decide  where  to  add  or  delete  object 
features,  we  introduce  a  data  structure  that  will  be  of  much  use  in  determining  the 
effects  of  the  modifications  on  the  configuration  space. 

To  every  boundary  of  the  configuration  space  we  assign  the  pair  of  features, 
one  from  A  and  one  from  B  that  produced  it  (if  several  pairs  produced  the  same 
boundary,  we  record  all  the  pairs).  We  then  keep  these  pciirs  in  a  linked  list  that 
describes  the  configuration  space  boundary  in  a  clockwise  order.  If  the  configuration 
space  has  several  disconnected  regions,  we  keep  one  such  list  per  region.  See  Figure 
5.5  for  an  example  of  a  configuration  space  map.  Using  this  map,  for  a  given 
configuration  space  boundary  we  can  determine: 

•  What  pair  of  features  produced  it. 

•  Whether  the  removal  of  one  feature  will  affect  the  other  configuration  space 
boundaries. 

•  What  features  are  on  the  vicinity  of  a  certain  configuration  space  boundary, 
so  that  additions  to  the  object  boundary  are  connected  to  this  boundary. 

•  How  is  the  configuration  space  altered  by  the  removal  or  addition  of  a  feature. 

The  first  query  can  be  answered  directly  since  every  boundary  has  associated 
with  it  the  pair  of  features  that  produced  it.  The  second  query  can  be  answered  by 
scanning  the  linked  list,  and  looking  for  a  pair  that  contains  the  desired  feature.  If 
no  such  pair  exists,  then  the  removal  of  the  feature  will  not  alter  the  configuration 
space.  For  example,  in  Figure  5.5,  the  removal  of  the  edge  a«  belonging  to  .4  will 
not  affect  the  configuration  space  C5(/l,/?)  since  this  edge  does  not  appear  in  any 
pair  of  the  list  and  thus  does  not  influence  it.  The  vicinity  query  can  be  answered 
by  looking  at  the  neighbors  in  the  list  of  the  pair  corresponding  to  the  boundary. 
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Figure  5.5:  Two  Objects,  their  Configuration  Space  and  a  Portion  of  the  Configu- 
ration Space  Map 


Finally,  when  deleting  a  feature,  all  the  boundaries  for  which  the  feature  appears 
in  the  pair  must  be  revised. 

Features  producing  boundaries  that  appear  in  the  configuration  space  map  are 
said  to  be  functional  because  their  alteration  changes  the  configuration  space.  Non- 
functional features  are  features  that  do  not  come  in  contact  with  other  features  and 
thus  play  no  role  in  the  definition  of  the  configuration  space.  They  are  important, 
however,  to  keep  the  objects'  contours  closed. 
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5.2.3      A  General  Backtracking  Algorithm  for  Shape  Design 

The  design  procedure  starts  by  comparing  the  actual  and  the  desired  configuration 
spaces.  The  goal  is  to  delete  the  configuration  space  boundaries  of  CS{A,B)  that 
do  not  match  boundaries  of  R{A,B)  and  to  add  to  CS{A,B)  the  boundaries  that 
appear  in  R{A,B)  but  not  in  CS{A,B).  Two  boundaries  match  iff  their  form  is 
identical  and  the  free  object  placements  lie  on  the  same  region. 

For  each  boundary  difference,  a  pair  of  object  features  to  either  delete  or  add 
the  required  boundary  is  selected.  For  a  deletion,  at  least  one  of  the  features  that 
contributed  to  the  boundary  creation  must  be  deleted.  For  an  addition,  one  or 
two  new  features  must  be  created  to  produce  the  boundary.  The  type  of  features 
that  produce  the  boundary  in  question  is  determined  from  the  table  of  elementary 
contacts.  In  the  example  of  Figure  5.3,  in  order  to  delete  Ci,  either  ao  or  bo  must 
be  deleted.  In  order  to  add  C2,  it  is  sufficient  to  add  the  edge  02  (but  not  an  arc) 
since  its  contact  with  edge  be  creates  C2- 

In  both  cases  of  addition  and  deletion,  there  might  be  more  than  one  candidate 
feature  pair  and  thus  a  (nondeterministic)  choice  must  be  made.  For  the  same 
example,  C3  can  be  created  with  the  existing  edge  bo  and  a  new  edge  a,  or  with  a  new 
arc  6  and  a  new  edge  a  (Figure  5.1).  In  this  case,  the  first  choice  is  preferred  since  it 
introduces  fewer  new  features.  After  every  object  contour  change,  the  configuration 
space  CS{A,B)  is  updated.  If  the  new  features  violate  a  design  constraint  (except 
closed  contour),  the  pair  is  rejected  and  a  new  candidate  pair  is  selected.  This 
guarantees  that  a  bad  choice  is  rejected  as  soon  as  a  violation  occurs,  instead  of 
waiting  until  the  whole  design  process  is  completed.  Note  that  the  final  designed 
objects  might  not  be  consistent,  i.e.,  their  contour  might  not  be  closed.  For  example, 
if  we  remove  the  edge  60  from  B  in  Figure  5.1(b),  we  still  have  that  CS{A,B)  = 
R{A,B),  although  B  does  not  have  a  closed  contour.  An  attempt  to  "fill  in"  the 
missing  contours  is  made,  without  altering  CS{A,B).  If  this  attempt  fails,  the 
algorithm  backtracks  over  its  previous  choice.  The  design  process  is  successful  when 
all  the  differences  between  CS{A^B)  and  R{A,B)  have  been  eliminated,  and  both 
objects  are  consistent  with  the  design  constraints.  Table  5.3  presents  a  design-space 
independent  backtracking  (nondeterministic)  algorithm. 


139 


Procedure  DESIGN  {A,  B ,  R{A,  B),  Design-Constraints) 

1.  Compute  CS{A,B) 

2.  DELETE  :=  boundaries  in  CS{A,B)  that  do  not  match  boundaries  in  R{A,B) 

ADD  :=  boundaries  in  R{A,B)  that  do  not  match  boundaries  in  CS{A,B). 

3.  While  CS{A,B)  ^  RiA,B)  do 

3.1  For  a  boundary  bi  in  ADD,  do 

a  Using  the  table  of  elementary  interactions,  determine  the  type  of  fea- 
tures that  can  produce  the  type  of  boundary  of  bi. 

b  Choose  (nondeterministically)  a  pair  of  features  (a,  6)  of  the  appropri- 
ate type  that  produce  bi.  Prefer  pairs  in  which  one  of  the  features  is 
already  existing,  and  is  connected  to  the  object  boundary. 

c  Check  whether  the  new  feature(s)  comply  with  the  design  constrciints. 

3.2  Update  CS{A,B),  ADD  and  DELETE. 

3.2  For  a  boundary  6,  in  DELETE,  choose  (nondeterministically)  a  feature 
from  the  pair  that  created  it  and  delete  it  from  the  corresponding  object. 
Do  not  delete  new  features. 

3.3  Update  CS{A,B),  ADD  and  DELETE. 

4.  End 

5.  Complete  the  object  contours  without  modifying  CS{A,B). 

If  this  is  not  possible,  return  "FAIL". 

Table  5.3:  General  Design  Algorithm 


The  analysis  of  feature  contacts  (section  5.4.1  and  Appendix  A)  reveals  that  the 
equations  relating  a  configuration  space  boundary  c,  to  the  features  that  created 
it  are  underconstrciined  when  only  c,  is  given.  Thus,  there  is,  in  principle,  an 
infinite  number  of  coordinate  values  for  features  to  create  a  new  configuration  space 
boundary,  leading  to  an  infinite  number  of  feature  choices.  Nevertheless,  in  many 
interesting  design  cases,  the  number  of  choices  is  finite.  When  one  of  the  objects  (B) 
is  not  allowed  to  change,  the  number  of  possible  choices  of  features  of  B  that  can 
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participate  in  the  creation  of  a  new  boundary  is  bounded  by  the  number  of  features 
in  B.  Also,  if  only  one  new  object  feature  is  introduced  at  a  time  (to  either  A  or 
B,  but  not  both),  the  number  of  choices  is  bounded  by  the  number  of  features  of  A 
and  B.  In  this  case,  we  can  impose  additional  constraints,  such  as  the  continuity 
of  the  boundaries  of  both  A  and  B,  to  completely  determine  the  choice. 

From  the  previous  considerations  we  conclude  that  the  complexity  of  the  al- 
gorithm  is  exponentied  in  the  number  of  choices  -  when  the  number  of  choices  is 
finite. 

Note  that  the  initial  choice  of  object  shapes  influences  the  actual  performance 
and  result  of  the  algorithm.  However,  if  a  bad  choice  of  initial  object  shapes  is 
given  as  input,  the  algorithm  will  eventually  discard  all  their  features  one  by  one 
and  come  up  with  a  solution  that  has  no  relation  to  the  initial  shapes.  As  an 
example,  consider  again  the  design  problem  in  Figure  5.1.  In  the  original  statement 
of  the  problem,  the  initial  shapes  (Figure  5.1(a))  are  a  good  initial  choice  since 
the  final  result  required  only  local  modifications  (the  introduction  of  two  slots  to 
A,  Figure  5.1(b)).  However,  if  the  initial  shape  of  B  was  a  rectangle  of  height 
comparable  to  the  diameter  of  A,  then  the  solution  in  Figure  5.1(b)  will  no  longer 
be  feasible:  no  slots  can  created  in  A.  The  algorithm  will  eventually  discard  B  (or 
A)  and  design  its  shape  from  scratch. 

In  order  to  improve  the  real  run  time  of  the  algorithm,  we  introduce  two  heuris- 
tics: Boundary  Ordering  and  Feature  Ordering.  Both  heuristics  are  based  on  the 
following  principle  of  local  convexity. 

Principle  of  Local  Convexity: 

Consider  again  the  configuration  space  boundary  map  in  Figure  5.5.  Note  that 
most  adjacent  boundaries  in  the  configuration  space  boundary  map  share  one  com- 
mon feature  of  either  A  or  B.  Moreover,  when  a  feature  changes,  the  change  is 
generally  to  an  adjacent  feature  in  the  objects.  This  is  because  the  change  of  con- 
tact is  always  to  an  adjacent  feature  when  two  objects  are  convex.  However,  in  the 
case  of  concave  objects,  "jumps"  occur  from  time  to  time.  Thus,  when  selecting  a 
pair  uf  candidates  to  produce  a  configuration  space  boundary,  it  is  a  good  idea  to 


141 


examine  first  the  features  that  are  immediately  adjacent  to  the  ones  that  produced 
the  previous  configuration  space  boundary.  The  next  best  choice  are  features  that 
are  at  a  distance  of  one  feature  from  it,  and  so  on. 

The  Boundary  Ordering  heuristic  determines  the  order  in  which  the  boundaries 
in  ADD  and  DELETE  are  examined.  The  ordering  that  follows  the  principle  of  local 
convexity  is  a  clockwise  (or  counter  clockwise)  ordering  of  the  boundary  differences 
between  CS{A,B)  and  R{A,B).  The  Feature  Ordering  heuristic  determines,  for  a 
given  configuration  space  boundary,  the  order  in  which  potential  candidate  features 
of  both  objects  will  be  examined.  Following  the  principle  of  local  convexity,  the  best 
candidate  features  are  the  ones  immediately  adjacent  to  the  ones  that  produced  the 
contiguous  configuration  space  boundaries.  The  next  best  choice  are  features  that 
are  at  a  distance  of  one  feature  in  the  clockwise  direction,  then  the  ones  at  a  distance 
of  two,  and  so  on.  As  we  will  see  in  the  next  section,  these  heuristics  yield  hnear 
time  algorithms  for  the  case  of  two  convex  objects. 

The  mcdn  advantage  of  this  backtracking  algorithm  is  that  it  is  design-space 
independent:  it  can  be  appUed  indistinguishably  to  the  five  design  spaces.  How- 
ever, its  complexity  is  exponential  in  the  number  of  features  of  both  objects.  By 
examining  each  of  the  design  spaces  separately,  it  is  possible  to  find  more  efficient 
design  algorithms.  The  next  two  sections  discuss  in  detail  the  design  of  two  convex 
objects,  and  design  in  general  in  the  translation-translation  space.  In  both  causes, 
efficient  design  algorithms  are  presented.  Further  research  is  necessary  to  develop 
special  purpose  algorithms  for  the  case  of  non-convex  objects  in  spaces  that  involve 
a  rotation. 

5.3      Design  of  Convex  Objects 

In  this  section,  we  present  two  theorems  for  the  case  of  convex  objects  that  yield 
efficient  design  algorithms  and  provide  further  evidence  for  the  use  of  the  Boundary 
Ordering  and  Feature  Ordering  heuristics. 

Let  A  =  {a,}  and  B  =  {bj}  be  two  simple  polyarcs  (a  simple  polygon  whose 
edges  can  be  either  lines  or  arcs)  defined  by  their  contour  features  a,  and  bj.  Let  n 
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and  m  be  the  number  of  features  of  A  and  B,  respectively.  Let 

b(mndary(CS{A,B))  =  {d  \  C,  =  {c}  =  <  aj,bj  >}} 

be  the  set  of  connected  components  d  of  the  boundary  of  CS{A,B),  and  let  {c^} 
be  the  set  of  contour  features  of  component  d.  The  boundary  feature  c*  was 
produced  by  the  contour  features  a_,  of  object  A  and  b^  of  object  B.  Let  the 
predicate  adjacent{xi,x^)  be  true  when  the  feature  Xi  is  adjacent  to  Xj. 

Theorem  5.1  (Convexity  Theorem:  General  Case)  Let  A  and  B  be  two  con- 
vex objects,  and  let  CS{A,B)  be  their  two-dimensional  configuration  space.  The 
following  two  properties  hold: 

1.  Two  adjacent  configuration  space  features  in  CS{A,B)  are  produced  by  a  fea- 
ture of  A  and  two  adjacent  features  of  B,  or  by  a  feature  of  B  and  two  adjacent 
features  of  A.  In  addition,  at  least  one  of  these  features  is  a  vertex: 

Vc*,Cj^eCfc,     c*=<ai,6i>,     c';=<a„b,> 

adj  acent{c'^ ,  c'^)     <=»     [a,  =  aj    A    adj  acent{bi ,  bj)]      V      [6,  =  bj    A 

adj  acent{ai,  Cj)] 

and  at  least  one  of  the  features  a,,  a_,,  fci,6j  is  a  vertex. 

2.  The  upper  bound  of  the  size  of  CS{A,B)  is  0{nm). 

(There  is  one  problematic  case  that  has  to  be  considered  separately,  namely, 
the  case  of  an  edge-edge  contact  in  translation-translation  space.  The  problem 
is  that  when  two  parallel  edges  are  in  contact,  vertex-edge  and  edge-vertex  also 
occur  at  the  same  time  as  the  edge-edge  contact.  We  will  adopt  the  following 
convention:  an  edge-edge  contact  takes  place  only  when  one  edge  is  fully  inside  the 
other.  Otherwise,  we  have  a  vertex-edge  contact,  or  an  edge- vertex  contact.) 

For  the  translation-translation  space,  the  previous  theorem  has  a  stronger  ver- 
sion: 

Theorem  5.2  (Convexity  Theorem:  Trnnslation-Trnnslation  Case)   In  ad- 
dilion    to   thr   conditions   of  the  prrvtous   theorem,    let  CS(A,B)   he   a   translation- 
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translation  space.  Lei  the  contours  of  A,  B,  CS{A,B)  be  ordered  in  counter- 
clockwise, clockwise,  and  counter-clockwise  order,  respectively.  Then  the  following 
two  properties  hold: 

1.  The  boundary  of  CS{A,B)  is  a  simple  convex  polyarc  of  size  0{n  +  m). 

2.  Configuration  space  boundaries  are  produced  by  the  alternation  of  a  feature  of 
A  and  a  feature  of  B,  in  increasing  order: 

y  Ci,Ci+i,Ci+2,   £    boundary (CS {A,  B)), 

{a  =  <  ai,bi  >,  c,+i  =  <  ai+i,bi  >,  c,+2  =  <  a,+i,6,+i  >),  or 

{ci  =  <  ai,bi  >,  Ci+i  =  <  ai,bi+i  >,  Ci+2  =  <  CLi+i,bi+i  >) 

indices  are  modulo  k,  where  k  is  the  number  of  features  in  CS{A,B). 

Before  we  turn  to  the  proof  of  these  theorems  (see  the  end  of  this  section),  let  us 
consider  their  consequences. 

The  first  direct  consequence  of  the  Convexity  Theorem  is  that  contact  tran- 
sitions between  object  features  have  a  specific  structure.  For  example,  it  is  not 
possible  to  go  directly  from  a  vertex-vertex  contact  to  an  edge-edge  contact  since 
this  would  violate  the  adjacency  requirement.  Figure  5.6  shows  the  possible  contact 
transitions  in  the  form  of  a  graph  structure.  In  this  graph,  each  node  represents 
a  type  of  contact  and  a  link  between  two  nodes  represents  a  possible  transition 
between  contacts.  Note  that  all  contact  transitions  involve  at  least  one  vertex. 

The  Convexity  Theorems  have  important  implications  with  respect  to  the  back- 
tracking algorithm  for  shape  design  presented  in  section  5.2.3.  Because  of  the 
additional  adjacency  constraints  imposed  by  the  theorems,  not  every  object  feature 
is  a  viable  candidate  to  produce  a  desired  configuration  space  boundary.  Also,  the 
adjacency  requirement  suggest  that  the  sequential  traversal  of  the  configuration 
space  boundary  leads  to  a  sequential  construction  of  the  object  boundaries.  These 
two  remarks  are  captured  by  the  following  two  properties.  Assume  (wlog)  that  we 
traverse  the  boundary  of  each  connected  component  of  the  configuration  space  in 
clockwise  order.  Then: 

Property  1:  The  only  viable  candidate  features  to  produce  the  next  configu- 
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Figure  5.6:  Contact  Transition  Graph  for  Convex  Objects 

ration  space  boundary  are  features  that  are  adjacent  to  the  ones  that  produced  the 
previous  configuration  space  boundary. 

Property  2:  The  contours  of  the  designed  objects  must  be  connected  as  they 
are  designed.  This  means  that  feature  additions  that  are  not  connected  to  the 
existing  contour  are  not  to  be  considered.  In  addition,  the  contours  of  the  designed 
object(s)  can  be  closed  by  adding  an  edge  between  the  two  endpoints  of  the  open 
boundary. 

The  consequence  of  the  first  property  is  that  at  every  choice  point  in  the  back- 
tracking algorithm,  only  four  candidate  feature  pairs  are  possible.  Let  c,  =  <  a,, 6,  > 
be  the  boundary  of  CS{A,B)  just  examined.  Then,  to  produce  the  next  boundary 
Ci+i  there  are  only  four  possible  pciirs  of  features: 

1.  c,  +  i  =  <  0,-1,6,  >,  where  a^_i  is  the  feature  proceeding  o,  in  the  contour  of 
A,  and  already  present.  In  this  case  no  new  feature  is  added;  two  existing 
features  arc  re-used. 

2.  Cj+i  =  <  a,,  6,_i  >,  where  fc,.]  is  the  feature  that  proceeds  6,  in  the  contour 
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of  B,  and  already  present.  In  this  case  no  new  feature  is  added;  two  existing 
features  are  re-used. 

3.  Ci+i  =  <  a,+i,6i  >,  where  a^+i  is  the  feature  following  a,.  This  is  a  new  feature 
whose  endpoint  coincides  with  the  endpoint  of  a,. 

4.  c,+i   =  <  ai,bi+i    >,  where  bi+i  is  the  feature  following  a^.    This  is  a  new 
feature,  whose  endpoint  coincides  with  the  endpoint  of  6,. 

Therefore,  even  when  the  contours  of  both  objects  are  not  specified,  the  number  of 
choices  to  produce  the  next  configuration  space  boundary  is  reduced  from  infinity 
to  four  (see  the  discussion  in  section  5.2.3).  The  extra  constraint  on  the  adja- 
cency of  the  new  feature  determines  completely  the  system  of  equations  defining 
the  endpoints  of  the  new  feature  (see  section  5.4.1  and  the  Appendix). 

In  addition,  the  close  consideration  of  the  four  possible  feature  choices  reveals 
that  the  choice  between  the  four  alternatives  can  be  made  by  a  local  computation  in 
constant  time.  Consider  the  three  spaces  that  include  a  rotational  degree  of  freedom: 
Rotation-Translation,  Translation-Rotation  and  Rotation- Rotation.  By  the  table  of 
elementary  interactions  (Table  5.2),  we  see  that  each  contact  produces  a  different 
type  of  configuration  space  boundary.  From  the  contact  transition  graph,  we  can 
conclude  that  contact  transitions  necessarily  imply  a  change  in  the  type  of  contact. 
Therefore,  the  configuration  space  boundary  uniquely  determines  the  next  type  of 
contact.  For  example,  suppose  that  we  are  designing  two  objects  in  the  Translation- 
Rotation  space.  Suppose  that  the  boundary  Ci  =  <  aa,6i  >  was  produced  by  a 
vertex-vertex  contact,  and  that  the  next  boundary  C2  =  <  03,62  >  is  of  Type  3. 
Then,  the  only  possible  contact  that  can  produce  it  is  a  vertex-edge  contact.  This 
implies  that  the  vertex  Ci  that  was  used  to  produce  Ci  is  used  again  (oi  =  cj), 
and  that  63  is  an  edge  whose  endpoint  is  fej.  From  this  adjacency  requirement, 
we  can  determine  exactly  the  precise  form  of  the  edge  62-  Thus,  assuming  that 
no  special  cases  occur,  the  choices  are  reduced  to  a  local  computation  carried  in 
constant  time.  Special  cases  occur  when,  for  example,  for  specific  parameter  values 
a  boundary  of  one  type  becomes  a  boundary  of  another  type  -  as  in  the  case  of  an 
arc  having  infinite  radius  and  that  becomes  a  line  segment.  These  cases  must  be 
handled  separately. 
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For  the  Translation-Translation  space,  the  only  case  in  which  there  are  two  pos- 
sible choices  with  the  same  type  of  boundary  are  the  edge-edge  contact  (treinsition 
to  edge- vertex  and  vertex-edge,  both  of  type  1)  and  the  arc-arc  contact  (transition 
to  arc-vertex  and  vertex-arc,  both  of  type  2).  However,  the  Convexity  Theorem  for 
the  Translation-Translation  space  rules  out  one  of  the  possibihties  since  it  requires 
the  alternation  of  vertex  contacts  between  A  and  B. 

From  the  previous  discussion  we  conclude  that  it  is  possible  to  design  either  one 
or  both  object  contours  in  time  linearly  proportional  to  the  size  of  the  boundary 
of  the  desired  configuration  space.  This  presupposes  that  we  can  find  the  correct 
starting  features  of  A  and  B  such  that  Ci  =  <  ai,  6i  >,  where  Cj  is  the  first  boundary 
feature  in  the  clockwise  ordering  of  6otin<fary(C5(>l,5)).  If  we  assume  that  c\  is  a 
boundary  of  type  0  (a  point)  produced  by  a  vertex-vertex  contact,  then  the  precise 
coordinates  of  the  two  starting  vertices  a\  and  6i  can  be  found.  These  observations 
are  conteiined  in  the  following  two  theorems: 

Theorem  5.3  Lei  R{A,B)  be  a  two-dimensional  configuration  of  size  k  that  can  be 
produced  by  two  convex  objects.  Then  it  is  possible  to  design  two  objects,  A  and  B, 
such  that  CS{A,B)  =  R{A,B)  in  time  proportional  to  k.  In  addition,  k  =  0{nm), 
where  n  and  m  arc  the  number  of  features  of  A  and  B,  respectively. 

Algorithm  5.1: 

The  design  procedure  starts  by  determining  the  starting  vertices  of  A  and  B 
from  starting  point  in  boundary{C S{A,  B)).  The  design  proceeds  by  following  in 
clockwise  order  the  boundary  of  CS{A,B)  and  producing  the  boundaries  of  A  and 
B  in  clockwise  and  counterclockwise  order,  respectively.  The  last  step  consists  of 
closing  the  contours  of  A  and  B,  if  this  is  necessary.  There  are  three  cases  when  a 
final  boiindary  modification  is  necessary  (see  Figure  5.7): 

1.  The  contour  consists  of  more  than  two  features  that  arc  not  vertices.  The 
contour  is  continuous,  and  an  edge  between  its  starting  and  ending  endpoints 
closes  the  object  without  altering  the  configuration  space. 

2.  The  contour  is  a  single  edge.  Thickness  is  addrd  to  mnko  this  edge  a  real 
ol)jrrt . 
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(a) 


(b) 


(c) 


Figure  5.7:  Three  Cases  of  Object  Completion 

3.  The  contour  is  a  single  vertex.  In  this  case,  the  object  can  be  constructed  by 
adding  two  edges  that  meet  at  the  vertex. 

If  CS{A,B)  ^  R{A,B),  then  the  desired  configuration  space  cannot  be  produced 
by  two  convex  objects. 

Proof  of  Theorem  5.3:  By  the  Convexity  Theorem,  Properties  1  and  2,  amd 
the  previous  considerations,  it  follows  that  the  only  choices  that  can  produce  the 
configuration  space  boundaries  will  be  appropriately  examined.  Furthermore,  a 
local  computation  can  determine  the  correct  choice.  ■ 

Theorem  5.4  Let  R{A,B)  be  a  two-dimensional,  Translation- Translation  configu- 
ration space  of  size  k.  Then  it  is  possible  to  design  two  objects,  A  and  B,  such  that 
CS{A,B)  =  R{A,B)  in  time  proportional  to  k.  In  addition,  k  =  0{n  +  m). 

The  proof  makes  use  of  the  Convexity  Theorem  for  the  Translation-Translation 
space  and  is  symmetrical  to  the  proof  of  Theorem  5.3. 


Proof  of  the  Convexity  Theorem  (Theorem  5.1) 
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(a)  Canonical  Object  Contact. 


(b)  Violation  of  Convexity. 


Figure  5.8:  Canonical  Contact  of  Two  Convex  Objects 


The  theorem  is  proven  by  exanuning,  for  each  of  the  design  spaces,  every  contact 
and  the  contacts  that  immediately  follow  it.  Each  case  is  proven  by  arguing  that 
any  contact  different  than  the  one  specified  by  the  adjacency  requirement  in  the 
Theorem  violates  the  convexity  assumption. 

In  proving  each  case,  we  use  the  following  construction.  Let  A  and  B  be  two 
convex  objects  in  contact,  and  let  a  and  h  be  the  two  features  in  contact.  Let  Oo 
and  a\  be  the  features  immediately  adjacent  to  a  and  let  60  and  fci  be  the  features 
immediately  adjacent  to  6,  as  shown  in  Figure  5.8.  Let  L  be  the  line  that  is  tangent 
to  the  point  of  contact  (in  the  case  of  an  edge-edge  contact,  the  line  is  parallel  to 
both  edges;  in  the  case  of  a  vertex-vertex  contact,  the  line  Hes  anywhere  between  Oo 
and  60  or  a\  and  h\).  Let  /  be  the  vector  that  generates  L.  Since  A  and  B  are  both 
convex,  the  line  L  completely  separates  both  objects.  Let  L^  be  the  side  of  A  and 
L~  the  side  of  B.  For  each  case,  we  prove  that  if  a  contact  other  than  (a,  b\ ),  (a,  60), 
(i),  Oo)  or  (i,  ai)  immediately  follows  the  contact  (a,  6),  then  one  of  the  features  that 
produces  it  lies  on  the  "forbidden"  side  of  the  line  (for  a  feature  of  A  on  the  L~ 
side,  for  a  feature  of  B  on  the  L*  side  of  the  line).  Having  a  fraturc  in  the  forbidden 
side  of  tlir  line  dirrrtly  implies  that  the  object  is  not  convex. 
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The  proof  of  each  case  is  done  by  contradiction.  We  begin  by  assuming  that 
a  non-adjacent  feature,  say  03  or  62,  appears  in  the  contact  following  the  current 
(a,  6)  contact.  We  then  show  that  this  feature  must  lie  on  the  forbidden  side  of  line 
L,  and  thus  violates  the  convexity  assumption. 

Translation-Translation  Space:  Suppose  A  is  fixed  and  B  has  2  degrees  of 
translational  freedom  (this  is  equivalent  to  having  A  and  B  with  one  degree  of 
translationaJ  freedom  each).  Let  B  move  in  the  direction  of  /  (see  Figure  5.9(a)). 
In  this  case,  the  next  contact  is  either  (a, 60)  or  (ao,6).  Suppose,  by  contradiction, 
that  it  is  not.  Then,  one  of  the  features  must  lie  on  the  forbidden  side  of  the  Une  so 
that  the  contact  occurs  before  the  two  contacts  specified  above.  This  violates  the 
convexity  constraint.  The  case  in  which  B  moves  in  the  direction  opposite  to  /  is 
symmetrical. 

Translation-Rotation  Space:  Suppose  A  rotates  and  B  translates.  Let  A 
turn  in  a  clockwise  direction  (see  Figure  5.9(b)).  Then  four  types  of  contacts  can 
occur:  {ai,b),{a,bo),{a,bi),{ao,b).  Take,  for  example,  (ai,6).  Suppose  that  the 
contact  (a2,fe)  takes  place  instead.  Then,  if  we  position  A  and  B  so  that  (ai,6)  is  in 
contact,  we  find  that  03  necessarily  lies  on  the  L~  region  and  02  appears  before  ai 
in  the  counter-clockwise  ordering.  This  implies  that  the  boundary  of  A  crosses  the 
line  L,  violating  the  convexity  assumption.  The  other  three  cases  can  be  proven  in 
a  similar  way. 

Rotation-Rotation  Space:  Exactly  along  the  lines  of  the  previous  case.  See 
the  four  possible  contacts  in  Figure  5.9(c). 

Since  every  feature  of  A  can  come  in  contact  with  every  feature  of  B,  the  majc- 
imum  size  of  CS{A,B)  is  0{nm).  ■ 

Proof  of  the  Convexity  Theorem,  Translation- Translation  Case 

This  theorem,  including  the  linear  bound  on  CS(A,B),  has  been  proven  by 
Lozano-Perez  [Lozano- Perez,  83]  (see  also  section  5.4.1). 
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Translation-Translation 


Contact:  {a  Jo) 


Contact:  (ao. '>) 


Contact:  (a  1,6) 


Rotation-Translation 


U 


Contact:    (q./^q) 


Contact:    (a 0,6) 


% 


Rotation- Rotation 


6 


Contact:  (a,  61) 


Contact:  (ao.t) 


Figure  5.9:  Case  Analysis  for  the  Convexity  Theorem 
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5.4      Design  in  the  Translation- Translation  Space 

In  this  section,  we  investigate  the  translation-translation  space  in  detail,  and  provide 
a  number  of  efficient  special-purpose  algorithms  for  shape  design  in  this  space. 

First,  we  note  that  the  problem  of  design  in  translation-translation  space,  where 
each  object  has  a  single  translations!  degree  of  freedom  along  an  ajcis,  is  equivalent 
to  the  design  problem  in  which  one  object  is  fixed  and  the  other  has  two  degrees 
of  translational  freedom  (in  fact,  this  observation  is  true  for  any  design  space).  A 
simple  linear  coordinate  transformation  is  sufficient  to  establish  this  equivalence.  In 
the  following  discussion,  we  will  assume  that  one  object  is  fixed  and  the  other  has 
two  degrees  of  translational  freedom,  and  that  the  appropriate  coordinate  transfor- 
mations have  been  made.  In  addition,  we  assume  without  loss  of  generality  that 
the  coordinate  frame  of  the  configuration  space  is  identical  to  the  space  in  which 
objects  move  (the  real  space)  and  that  the  reference  point  of  the  fixed  object  lies 
at  the  origin. 

In  the  translation-translation  space,  configuration  space  boundaries  are  par- 
ticularly simple:  they  have  the  same  geometric  complexity  as  the  boundaries  of 
the  objects.  Polygonal  objects,  in  particular,  produce  configuration  spaces  whose 
boundaries  are  line  segments.  The  geometric  routines  that  handle  these  spaces  (seg- 
ment intersection,  computation  of  configuration  space,  etc.)  are  particularly  simple 
and  well  understood.  We  can  thus  focus  on  the  combinatorial  aspect  of  the  algo- 
rithms and  use  standard  geometrical  techniques  described  elsewhere  to  deal  with 
the  geometrical  aspects  ([Preparata,  85]).  In  the  following,  we  assume  that  objects 
are  polygonal. 

5.4.1      Properties  of  the  Configuration  Space 

Following  Lozano-Perez,  we  summarize  the  properties  of  translation-translation  con- 
figuration spaces  [Lozano-Perez,  83].  Let  Tt^  be  a  two-dimensional  Euclidean  space, 
and  let  a,b,x  denote  points  in  TZ^,  as  well  as  the  corresponding  vectors.  Objects 
A  and  B  denote  (for  the  purposes  of  this  section)  sets  of  points.  Assume  that 
object  A  is  fixed  in  the  plane,  and  B  has  2  degrees  of  translational  freedom.   Let 
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Cspace{B)  be  the  space  of  configurations  of  B,  and  x  a  point  in  it.  B  in  config- 
uration X  is  denoted  by  placem€Tit[B,x);  B  in  its  initial  configuration  is  denoted 
by  placeTnent{B ,xq).  The  Cspace{B)  obstacle  due  to  A  denoted  OBST{A,B)  is 
defined  as: 

OBST{A,  B)  =  {x  e  Cspace{B)\A  n  placement{B,  x)  ^  0}  (5.1) 

When  the  coordinate  frame  of  the  configuration  space  is  identical  to  the  space  in 
which  objects  move  (the  real  space),  the  set  of  free  configurations  is  the  complement 
of  OBST{A, B).  hci  Ae  B  =  {a  -  b  \  a  ^  A,  6  €  B}  be  the  vector  difference  (also 
called  the  Minkowski  difference  of  A  and  B).  Then, 

Theorem  5.5  Lei  A  and  B  be  sets  inH}.   The  obstacle  OBST{A,B)  can  be  defined 


as: 


OBST{A,B)  =  Aeplacement{B,xo) 


Therefore,  the  configuration  space  obstacle  consists  of  the  set  difference  (or 
vector  difference)  of  A  and  B  in  its  initial  position.  When  both  A  and  B  are 
convex,  the  configuration  space  CS{A,B)  can  be  computed  in  time  linear  to  the 
sum  of  edges  of  A  and  B.  In  general,  CS{A,B)  can  be  computed  in  0(nm),  where 
n  and  m  are  the  number  of  edges  of  A  and  B  respectively. 

5.4.2      Configuration  Space  Boundaries 

There  are  four  types  of  contacts  between  two  polygons:  vertex- vertex,  vertex-edgf, 
edge- vertex  and  edge-edge  contact.  The  vertex-vertex  contact  can  be  considered  to 
be  a  special  case  of  the  edge-vertex  contact.  In  addition,  note  that  the  edge- vertex 
and  the  vertex-edge  contacts  are  entirely  symmetrical.  There  are  thus  two  types  of 
contacts  to  analyze:  vertex-edge  contact  and  edge-edge  contact. 

Let  !F  he  a.  fixed  cartesian  coordinate  frame.  Assume  that  A  is  a  fixed  object,  and 
B  is  a.  moving  object.  Let  O^  and  Ob  be  their  reference  points,  and  let  the  contours 
be  described  by  two  sets  of  points  {P,*}  and  {Pf}  respectively,  corresponding  to 
the  vertices  of  the  objects.    The  coordinates  of  these  vertices  are  relative  to  the 
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Edge- Vertex  Contact 


Edge-Edge  Contact 


Configuration  space  boundaries 


Figure  5.10:  Two  Types  of  Contacts  in  the  Translation-Translation  Space 

reference  points  of  each  object. 

Edge- Vertex  Contact 

Let  La  =  {P^,P^)  be  an  edge  of  A  in  contact  with  a  vertex  of  5,  Pf.  The 
configuration  space  boundary  created  by  this  contact  is  the  hne  Lc  =  (Pj^jPj^) 
with  endpoints  (see  Figure  5.10): 


Pf  =  (P^^  +  Oa)  -  A^ 
P,^  =  {P^  +  Oa)  -  Pf 


(5.2) 
(5.3) 


In  addition,  since  we  assumed  that  the  coordinate  system  of  the  configuration  space 
is  identical  to  the  coordinate  system  of  the  reaJ  space,  the  edge  X^  is  parallel  to  the 
line  Lc- 

The  analysis  of  an  edge- vertex  contact  consists  of  computing  the  line  Lc  for  two 
given  features,  La  and  Pf.    This  line  is  uniquely  determined  by  the  coordinates 
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of  the  two  features.  The  design  of  an  edge-vertex  contact  consists  of  finding,  for 
a  given  line  Lc  in  the  desired  configuration  space  R{A^B)^  the  edge  Lj^  and  the 
vertex  P^  that  create  it.  This  corresponds  to  finding  the  coordinates  of  three  points 
(6  unknowns)  in  equations  5.2  and  5.3  given  two  points  (4  values)  and  a  parallelism 
constraint.  Therefore,  in  the  case  of  design,  the  system  of  equations  that  determines 
two  features  to  create  an  edge-vertex  contact  is  under  constrained.  An  additional 
value  or  constraint  is  necessary  to  uniquely  determine  both  features. 

Edge-Edge  Contact 

Let  La  =  {P^,P.f)  be  an  edge  of  A  in  contact  with  an  edge  of  Lb  =  {P^,P^) 
of  B.  The  configuration  space  boundary  created  by  this  contact  is  the  line  Lc  — 
{Pf,Pf)  is  defined  as  (see  Figure  5.10): 

Pf  =  [Pf  +  Oa)  -  P^  (5.4) 

P^  =  {P,^  +  OA)-Pf  (5.5) 

In  addition,  the  three  lines  Lc,  Lb  and  La  must  be  parallel. 

As  in  the  previous  case,  the  analysis  of  an  edge-edge  contact  consists  of  comput- 
ing the  line  Lc  for  two  given  features.  La  and  Lb-  This  line  is  uniquely  determined 
by  the  coordinates  of  the  two  features.  The  design  of  an  edge-edge  contact  consists 
of  finding,  for  a  given  line  Lc  in  the  desired  configuration  space  R{A,B),  the  two 
features  La  and  Lb  that  create  it.  This  corresponds  to  finding  the  coordinates  of 
four  points  (8  unknowns)  in  equations  5.3  and  5.4  given  two  points  (4  values)  and  a 
parallelism  constraint.  Therefore,  in  the  case  of  design,  the  system  of  equations  that 
determines  two  features  to  create  an  edge-edge  contact  is  also  under  constrained. 
Three  additional  values  or  constraints  uniquely  determine  both  features. 

5.4.3      Designing  with  the  General  Algorithm 

Consider  agaiin  the  general  backtracking  algorithm  presented  in  section  5.2.  For  a 
given  configuration  space  boundary  of  R{A,B)  that  is  not  in  CS{A,B),  we  have 
to  produce  one  or  two  object  features  that  create  this  boundary.  By  the  analysis 
of  the  previous  subsection,  there  are  two  contacts  that  create  a  configuration  space 
boundary:    an  edge-vertex  contact  and  an  edge-edge  contact.    In  both  cases,  the 
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system  of  equations  that  defines  the  two  features  is  under  constrained.  Thus,  an 
additional  constraint  must  be  introduced.  Here  is  a  list  of  alternatives: 

Edge- Vertex  Contact 

1.  Pick  an  existing  vertex  in  B  and  compute  the  two  endpoints  of  the  edge  Lj^. 

2.  Pick  an  existing  edge  in  A  and  find  a  vertex  P^ . 

3.  Pick  an  existing  vertex  in  A,  say  P^,  and  compute  the  vertices  P^  and  Pf. 
This  produces  a  edge  that  is  connected  to  the  boundary  of  A. 

4.  Pick  a  direction  or  a  length  for  the  edge  L^-  This  introduces  an  extra  con- 
strciint  which  thus  determines  Pf,P^  and  P^. 

5.  Find  additional  constraints  that  restrict  the  choices  on  P^,P^,P^ .  The  majc- 
imum  and  minimum  length  of  edge  L^,  maximum  and  minimum  distance  of 
the  new  vertex  Pf  from  the  existing  boundary  of  B  are  some  examples  of  such 
constraints.  All  constraints  should  be  based  on  information  about  the  desired 
boundary  Lc  and  its  immediate  configuration  space  boundary  neighbors. 

Note  that  for  the  first  three  modifications,  a  diff^erent  existing  feature  is  chosen,  so 
the  number  of  choices  is  bounded  by  the  number  of  features  of  A  and  B.  Modi- 
fications that  require  the  introduction  of  all  three  vertices  P^,P^,Pf  lead  to  an 
infinite  number  of  choices. 

Edge-Edge  Contact 

1.  Pick  two  existing  vertices,  one  of  A  and  one  of  B. 

2.  Pick  an  existing  edge  of  either  A  or  B. 

3.  Pick  an  edge  of  A  and  a  vertex  of  B  (or  the  opposite). 

4.  Pick  two  vertices,  one  from  L^  and  one  from  Lb- 

5.  Pick  two  edge  lengths  for  La  and  Lb,  a  vertex  of  one  of  the  edges.    This 
introduces  three  more  constraints  and  thus  uniquely  determines  P^,P2  , -Pi 
and  Pf . 
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6.  Find  additional  constraints  that  restrict  the  choices  on  Pf,P^,Pf,Pf.  The 
maximum  and  minimum  length  of  edges  La  and  Lb,  maximum  eind  minimum 
distance  of  the  endpoints  of  La  and  Lb  from  their  corresponding  existing  con- 
tours are  some  examples  of  such  constraints.  All  constraints  should  be  based 
on  information  about  the  desired  boundary  Lc  and  its  immediate  configura- 
tion space  boundary  neighbors. 

As  in  the  previous  case,  the  first  four  modifications  have  a  finite  number  of  choices, 
and  the  last  two  have  an  infinite  number  of  choices. 

If  one  of  the  objects  has  a  fixed  shape,  i.e.,  is  its  contour  is  not  cillowed  to  change, 
then  the  last  two  cases  in  both  types  of  contact  do  not  apply.  Therefore,  the  number 
of  choices  is  finite,  and  the  complexity  of  the  backtracking  algorithm  is  exponential 
in  the  number  of  choices.  By  introducing  restrictions  on  the  shape  of  the  objects,  a 
number  of  more  efficient  algorithms  can  be  developed.  The  next  subsections  present 
restricted  design  problems  and  the  algorithms  for  their  solution. 

5.4.4      The  Case  of  Two  Convex  Objects 

Here,  we  assume  that  both  objects  are  simple  convex  polygons,  and  thus  their 
configuration  space  is  also  a  convex  polygon. 

Problem  1: 

Given  a  simple  convex  polygon  A  and  a  convex  configuration  space  R{A,B), 
find  a  simple  convex  polygon  B  such  that  CS{A,B)  =  R{A,B)  without  altering  A. 
Assume  that  the  contours  of  A  and  the  boundary  of  R{A,B)  are  given  in  clockwise 
order,  and  that  1?  is  a  fixed  object. 

Algorithm  5.2: 

The  algorithm  proceeds  by  "walking"  clockwise  around  the  contour  of  both  A 
and  R{A,B)  simultaneously.  Since  both  objects  are  convex,  there  is  a  single  can- 
didate fcatiirr  for  A  to  produce  the  next  configuration  space  boundary  (Convexity 
Theorem,  section  ."3..'^).  The  edges  of  B  are  added  clockwise.  At  the  end  of  this 
process,  the  consistency  of  B  is  tested  by  verifying  that  the  first  edge  added  meets 
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the  last  edge  at  a  vertex  (i.e.  the  shape  of  B  is  closed).  The  solution  of  this  design 
problem,  if  it  exists,  is  unique. 

Let  "create-edge(/yi,/fl)"  be  a  procedure  whose  input  is  a  feature  (a  vertex  or 
an  edge)  of  A  and  a  Hne  of  R{A,  B)  and  whose  output  is  the  corresponding  edge  of 
B  determined  by  the  equations  defined  in  the  previous  section.  Similarly,  "create- 
point(P4,Pfi)"  returns  the  vertex  of  B  corresponding  to  the  vertex  Pa  of  A  and 
the  point  Pr  of  R[A,B).  Let  "next(/)"  be  a  procedure  that  returns  the  feature 
adjacent  to  /  in  clockwise  order,  and  let  current(i4),  current(B)  and  current(i2) 
be  three  pointers  to  a  feature  in  A,B  and  R{A,B)  respectively.  The  procedure  is 
shown  in  Table  5.4. 

Since  the  local  check  in  step  2.4  takes  constant  time,  the  complexity  of  the 
algorithm  is  linear  in  the  number  of  features  of  R{A,  B).  Note  that  if  we  are  given 
an  initial  shape  for  B,  we  can  simply  disregard  it  and  run  the  above  procedure  to 
produce  a  new  B. 

Problem  2 

Given  a  convex  configuration  space  R{A,B),  find  two  simple  convex  objects  A 
and  B  such  that  CS{A,B)  =  R{A,B). 

This  problem  is  under  constrained,  since  and  thus  admits  infinitely  many  solu- 
tions. One  possible  solution  is  to  set  A  to  be  half  the  size  of  R{A,  B)  (i.e  reduce  the 
length  of  all  the  lines  in  R{A,B)  by  half)  and  B  to  be  half  the  size  of  QR{A,B) 
(vector  difference).  This  guarantees  that  both  A  and  B  are  simple  convex  objects, 
and  that  CS{A^B)  =  R{A,B).  The  solution,  however,  might  violate  some  of  the 
design  constrains.  The  complexity  of  this  method  is  again  linear  in  the  size  of 
R{A,B). 

5.4.5      The  Case  of  One  Convex  Object  and   One  Concave 
Object 

Here,  we  assume  that  one  object,  A,  is  a  simple  concave  polygon  and  5  is  a  sim- 
ple convex  polygon.  The  configuration  spaces  CS{A,B)  and  R{A^B)  are  possibly 
concave,  depending  on  the  objects. 
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Procedure  DESIGN-CONVEX(A,  R{A,  B)) 

1.  Sweep  a  line  and  find  the  leftmost  point  in  A  and  R{A,  B).  Both  points  uniquely 
determine  a  starting  point  in  B. 


current  (>1) 
current(i?) 
current(5) 


=  leftmost(A) 

=  \tiimo5\{R{A,B)) 

=  create-point(current(yl),  current(5)) 


2.  For  all  boundaries  of  R[A,B),  in  clockwise  order,  do 

2.1.  current(i2)  :=  next ( current (i?)) 

2.2.  If  current(i2)  is  not  parallel  to  next(current(>l))  then 

If  current(i2)  =  create-Iine(next(current(yl)),  current(5)) 
then  current(>l)  :=  next(current(yl)) 
else  current(5)  :=  create-edge(current(>l),  current(i2)) 

2.3.  Else  (current(iZ)  is  not  parallel  to  next(current(yl))) 

If  length(current(>l))  <  length(current(i?)) 

then  current(J9)  :=  a  edge  parallel  to  current(i?),  whose  length  is 
the  diff"erence  of  the  two  lengths. 

current(i4)  :=  next ( current (>1)) 

2.4.  If  current(5)  changed,  then  check  local  design  constraints.    If  any  of 
them  is  violated,  return  'fail. 

3.  End 

4.  If  last(B)  is  not  adjacent  to  first(jB)  then  return  'fail 

5.  Else  return(B) 


Table  5.4:    Design  Algorithm  for  Convex  Objects  in  the  Translation-Translation 
Space 


Problem  3 

Given  a  concave  object  A  and  a  configuration  space  R(A,B),  find  a  convex 
polygon  B  such  that  CS{A,B)  =  R{A,B)  without  altering  A. 

Algorithm  5.3 
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The  solution  is  based  on  the  use  of  convex  hulls  ([Preparata,  85]).  Object  B 
is  computed  by  taking  the  convex  hull  of  both  R{AjB)  and  A  and  then  using 
Algorithm  5.2.  The  output  of  algorithm  5.2  is  the  convex  hull  of  B,  which  is  equcd 
to  B  since  we  assumed  that  B  is  convex.  Following  is  the  proof  that  this  method  is 
correct. 

Proof 

The  boundary  of  R{A,B)  constitutes  also  the  boundary  of  the  configuration 
space  obstacle  (as  defined  in  section  5.4.1),  OBST[A,B).  We  have  that 

OBST{A,B)  =  Aeplacement{B,xo) 

Since   we   will   always   refer   to   B   in   its   initial   position,    we   will   simply   write 
OBST{A,B)  =  AQ  B.  Since  B  is  convex,  convex  Jiull{B)  =  B.  By  the  properties 
of  the  convex  hull  operation,  convex.hull{OB ST{A,  B))  =  convex.hull{AQ  B). 
In  order  to  prove  that  the  above  algorithm  is  correct,  we  need  to  prove  that,  when 
jB  is  a  convex  object, 

convex  Jiull{A  Q  B)  =  convexJiull{A)  Q  B  (5-6) 

If  this  equality  holds,  then  the  boundary  of  B  is  uniquely  determined.  To  see  this, 
consider  the  boundaries  of  A  and  B  defined  as  a  set  of  vectors  from  the  origin 
to  their  corresponding  vertices.  Let  "-"  be  the  vector  difference  operation.  Then, 
equation  5.6  can  be  rewritten  as:  B  =  convex  Jiull{A)  — convex  Jiull{OBST{A,B)). 
Therefore,  to  find  B,  we  take  the  convex  hull  of  A,  the  convex  huU  of  CS{A,  B)  and 
then  use  Algorithm  5.2.  We  now  prove  5.6  in  two  steps: 

1)  convexJiull{A)  Q  B     C     convex Jiull[A  Q  B): 

Let  Ci,  02  be  two  points  in  A^  and  let  6  be  a  point  in  B.  By  the  definition  of  convex 
hull,  for  all  a  in  (0,  1),  the  point  p  =  [aci  +  (1  -  a)a2]  -  6  is  in  convex  Jiull{  A)  Q  B. 
By  rewriting  6  as  afe  +  (1  —  a)h  and  substituting  it  into  p  we  get  p  =  a(ai  —  6)  + 
(1  -  a){a-2,  -  h).  Now  both  points  pi  =  (cj  -  h)  and  p2  =  [a^  -  h)  belong  io  AQ  B. 
Therefore,  the  point  p  =  api  +  (1  -  Q:)p2  also  belongs  to  convex  Jiull{A  Q  B). 

2)  convex  Jiull{A  Q  B)     C     convex  Jiull{ A)  0  B: 

Let  pi,p2  be  two  points  \-d.  AQ  B  such  that  pi  =  ai  —  6i  and  p2  =  ^2  —  ^2,  where 
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0-1,0,2  €  A  and  61,62  G  B.  Then,  by  the  definition  of  convex  hull, 

p  =  api  +  (1  -  a)p2  =  a{ai  -  61)  +  (1  -  a)(a2  -  62)  (5.7) 

is  in  convex  Jiull{A  Q  B).  By  rewriting  5.7,  we  get 

p  =  [aai  +  (1  -  0)02]  -  [a6i  +  (1  -  0)62)] 

The  first  portion  belongs  to  convex  Jiull{  A),  and  the  second  to  convexJiull[B)  =  B. 
Therefore  p  also  belongs  to  conv ex Jiull{A)  Q  B.  ■ 

Taking  the  convex  hull  of  k  points  in  the  plane  can  be  done  in  time  0{k\ogk). 
Therefore,  the  complexity  of  Algorithm  5.3  is  O((n  +  Tn)log(n  +  Tn)),  since  k  =  n+m 
is  the  number  of  features  in  R{A,B). 

Problem  4 

Given  a  convex  object  A  and  a  possibly  concave  configuration  space  R{A,B), 
find  a  concave  object  B  such  that  CS{A,B)  =  R{A,B). 

Algorithm  5.4: 

This  algorithm  is  very  similar  to  Algorithm  5.2,  except  that  we  can  no  longer 
take  the  next  feature  in  the  contour  of  A  as  we  design  B  (step  2.2).  Instead,  we 
find  the  next  feature  of  A  by  sweeping  a  line  parallel  to  the  current  segment  Lc 
of  R{A,B).  The  first  vertex  va  of  A  to  come  in  contact  with  the  sweep  line  is  the 
vertex  that,  together  with  an  edge  of  B,  produces  Lc-  Given  v^,  the  coordinates 
of  the  two  endpoints  of  the  new  edge  of  B  can  be  directly  determined  by  equations 
5.2  and  5.3.  This  method  produces  a  disconnected  boundary  of  B  that  is  then 
connected  to  B  by  using  parts  of  the  contours  of  A  to  fill  in  the  missing  contour. 

Let  "sweep-line(Z//j)"  be  a  function  that,  when  given  a  line  Lr  of  R{A,B),  and 
a  direction  of  sweep  returns  the  first  feature  of  A  to  come  in  contact  with  the  sweep 
of  Lr  (see  Figure  5.11  for  an  example).  We  substitute  Step  2.2  in  Algorithm  5.2  by 
the  following  step: 

2.2.  If  current(/2)  is  not  parallel  to  sweep-line(current(i2))  then 

If  ciirrent(/?)  =  create-edge(sweep-line(current(/?)),  current(B)) 
tlu-n  currcnt(^)  :=  sweep-linc(currcnt( /?)) 
else  currcnt(Z^)  :=  create-edge(sweep-line(current(/?)),  current(/2)) 


161 


Sweep  Line 


Configuration  Space  Line 


Figure  5.11:  Example  of  a  Sweep  Line 

In  addition,  a  new  step  (between  step  3  and  4)  is  introduced  to  complete  the 
boundary  of  B,  using  the  contour  of  A.  See  Figure  5.12  for  an  example  on  how 
object  B  is  completed  by  using  part  of  the  contour  of  A.  Note  that  Algorithm  5.2  is 
a  special  case  of  this  algorithm,  since  the  function  sweep-Hne(current(i2))  is  always 
equal  to  next(^). 

5.4.6      The  General  Method 

For  the  general  case  of  design  in  the  translation-translation  space,  we  allow  both 
objects  to  be  concave,  and  not  necessarily  simple  (i.e.,  they  can  contain  holes).  The 
configuration  spaces  CS{A,  B)  and  R{A,  B)  can  thus  consist  of  disconnected  regions. 
In  the  following,  we  will  assume  that  the  shape  of  one  object.  A,  is  fixed.  The  goal 
is  to  find  the  largest  (in  a  set-theoretical  sense)  object  B  such  that  CS{A,B)  = 
R{A,B). 

Note  that  we  can  no  longer  use  Algorithm  5.3,  since  the  sweeping  of  a  Hne 
of  R(A,B)  no  longer  identifies  the  feature  of  A  that  created  it.  Instead,  we  use  a 
method  that  "carves"  B  by  positioning  A  in  the  free  placements  defined  by  R{A,  B). 
We  start  by  taking  B  to  be  the  complement  of  A.  In  this  case,  the  configuration 
space  CS{A,B)  is  reduced  to  a  single  point,  corresponding  to  the  only  free  place- 
ment of  B.  By  sweeping  A  along  several  lines  corresponding  to  free  placements 
inside  R[A,B),  we  "cut"  B  to  allow  the  sweep.  This  is  done  by  translating  A  in 
the  direction  and  distance  of  the  line  and  then  intersecting  the  trace  with  B  from 
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Given  Object 


R(A,  B) 


Desired  Configuration  Space 
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B 


Before  Complelion 


After  Complelion 


Figure  5.12:  Example  of  Object  Completion 


163 


E 


Initial  Objects 


Desired  Configuration  Space 


Resulting  Object 


Figure  5.13:  Two  Regions  Created  by  the  Sweeping  of  an  Object 

the  initial  to  the  final  positions.  The  resulting  object  (possibly  disconnected)  is 
guaranteed,  by  construction,  to  be  able  to  translate  along  this  line.  In  order  to 
cover  the  whole  space,  we  triangulate  R{A^B)  and  then  sweep  along  the  edges  of 
each  triangle.  Note  that  when  sweeping  an  object  A  along  the  edges  of  a  triangle, 
two  disconnected  regions  might  be  created  (see  Figure  5.13).  One  of  this  regions 
must  be  discarded  since  it  contains  forbidden  placements  that  are  in  reality  free.  To 
determine  which  region  must  be  discarded,  it  is  sufficient  to  pick  one  free  placement 
inside  the  triangle  of  R{A,B)  and  determine  to  which  region  it  belongs.  The  other 
region  is  then  discarded.  If  the  design  is  possible,  then  the  resulting  B  matches  the 
requirements.  Otherwise,  the  design  problem  has  no  solution.  Table  5.5  presents 
the  general  algorithm  (Algorithm  5.5). 
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A 


Configuration  Space 


Figure  5.14:  An  Example  of  an  Object  and  a  Configuration  Space  that  Produces  a 
Quadratic  Number  of  Disconnected  Regions 
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Algorithm  5.5: 
Procedure  DESIGN-BY-SWEEP(^,  R{A,  B)) 

1.  Triangulate  R{A^B)  by  introducing  new  edges. 

2.  B  :=  complement (>1). 

3.  For  every  triangle  in  R{A,B)  do 

3.1  For  every  edge  c^  in  the  triangle,  do: 

a.    Translate  A  in  the  direction  and  length  of  c^,  recording  the  traces 

made  by  the  vertices  of  A. 

h.  Intersect  this  trace  with  B  and  produce  a  contour  for  B. 

3.2  If  this  sweep  procedure  creates  two  regions,  discard  one  of  them. 

3.3  End. 

4.  End 

5.  Merge  the  pieces  of  B  created  by  the  sweep  in  each  triangle. 

6.  Compute  the  configuration  space,  C S{A,  B).  If  it  is  equal  to  R{A,B)  and  no 

design  constraints  are  violated,  then  return(5). 
Else  return  'fail. 

Table  5.5:  General  Design  Algorithm  in  the  Translation-Translation  Space 


Since  this  algorithm  produces  the  largest  set  such  that  CS{A,  B)  =  R{A,  B),  the 
designed  object  B  may  in  fact  contain  several  pieces,  some  of  which  are  redundant. 
Also,  the  designed  object  is  not  necessarily  the  simplest  object. 

Complexity 

Let  the  complexity  (number  of  edges)  of  A  be  n,  of  5  be  m  and  of  R(A,B) 
be  k.  The  triangulation  of  R{A,B)  in  step  1  produces  0{k)  triangles.  For  each 
triangle,  the  computation  of  the  sweep  of  A  can  produce  at  most  0{n^)  pieces  for 
B.  To  see  this,  consider  the  object  A  in  Figure  5.14.  It  consists  of  two  "combs" 
having  n  long,  thin  "teeth"  so  that  their  "backbones"  are  perpendicular  to  one 
another.  The  translation  of  this  object  along  the  axis  x  and  y  produces  at  most 
a  quadratic  number  of  isolated  pieces.    Since  there  are  k  triangles,  step  3  of  the 
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algorithm  produces  at  most  0{n^k)  polygonal  pieces  for  B.  Merging  a  polygonal 
regions  in  the  plane  can  be  done  in  O(aloga)  ([Preparata,  85]).  Since  we  have  at 
most  0{n^k)  regions  to  consider  for  merging  in  step  5,  a  =  n^fc,  the  complexity  of 
this  step  is  0{n^ k  log  n^k).  This  dominates  the  complexity  of  all  the  other  steps. 
Thus  the  overall  complexity  of  the  algorithm  is  O {n^ k  log  n^k). 

5.4.7      Evaluation 

The  complexity  of  the  special  purpose  algorithms  for  the  translation-translation 
space  are  significantly  better  than  the  general  algorithm  presented  in  section  5.2. 
Note  that  when  the  ordering  heuristics  in  the  genereJ  backtracking  algorithm  are 
used,  and  both  objects  are  simple  convex  polygons,  the  algorithm  runs  in  time 
lineariy  proportional  to  the  size  of  R{A,B),  just  as  Algorithm  5.2  in  this  section. 
This  is  because  the  ordering  heuristics  guarantee  that  first  candidate  feature  chosen 
is  always  the  right  one,  precluding  the  need  for  backtracking  (see  also  section  5.2.4). 

The  aJgorithms  presented  here  can  easily  be  extended  to  include  arcs  in  the  ob- 
ject boundary.  The  combinatorial  component  of  the  algorithms  remains  unchanged, 
and  the  geometric  component  is  extended  to  deal  with  arcs. 

5.5      Qualitative  Shape  Design 

Up  to  now,  we  assumed  that  we  either  have,  or  can  produce,  an  exact  description 
of  the  desired  configuration  space.  In  some  cases,  such  a  precise  description  is  not 
available,  or  not  required. 

Consider  the  following  example:  we  are  given  a  disk  A  that  can  rotate  around 
cLxis  Oi  and  a  rectangle  B  that  can  translate  along  axis  O2.  Let  B  and  A'  be 
their  rotation  and  translation  parameters,  respectively.  Suppose  we  want,  for  a 
full  rotation  of  A,  B  to  slide  up,  then  down,  and  then  stay  stationary.  The  precise 
relationship  between  X  and  6  is  not  important.  We  only  require  X  to  increase  when 
$  increases  for  the  intervals  X  €  [0,  Xq]  and  6  e  [0,7r/2],  and  X  to  decrease  when  9 
increases  for  X  G  [>Vo,0]  and  6  6  (ff/2,7r].  For  6  6  (7r,27r),  A'  is  to  remain  constant. 
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X  =  0.  This  description  is  not  sufficient  to  produce  an  exact  configuration  space 
since  the  type  of  configuration  space  boundary  in  the  first  two  regions  is  unknown. 
Indeed,  any  boundary  is  satisfactory  as  long  as  the  qualitative  relations  between 
the  parameters  hold  continuously  in  each  region.  Figure  5.15  shows  a  solution  that 
meets  these  requirements.  The  given  boundary  points  are  matched  exactly,  but  also 
new  boundary  points  are  introduced. 

To  design  shapes  from  qualitative  descriptions,  we  no  longer  require  an  exact 
boundary  match  between  CS{A,B)  and  R{A,B).  The  matching  requirement  for 
qualitative  boundaries  is  relaxed  as  follows:  let  5  be  a  set  of  boundary  segments  of 
CS{A,B).  S  matches  a  qualitative  boundary  defined  by  two  given  points  Pi  and 
P2oiR{A,B)  iff: 

1 .  The  boundary  segments  of  S  form  a  connected,  piecewise  differentiable  bound- 
ary whose  endpoints  are  Pi  and  P2. 

2.  Each  boundary  segment  in  S  reflects  the  same  qualitative  change  as  the  change 
from  Pi  to  P2. 

The  introduction  of  qualitative  boundaries  has  two  main  consequences  in  the 
design  process:  first,  there  are  more  possibilities  to  produce  a  configuration  space 
boundary.  Since  we  no  longer  require  an  exact  match  between  the  actual  and  the  de- 
sired boundary,  the  boundary  type  (as  defined  in  Table  5.2)  is  no  longer  important, 
as  long  as  it  reflects  the  same  qualitative  change.  Therefore,  there  are  more  poten- 
tial types  of  contacts  to  choose  from  (see  Figure  5.16(a)).  In  order  to  determine 
how  to  choose  a  pair  of  features  that  wiU  produce  a  desired  qualitative  boundary, 
we  need  to  store  additional  information  in  the  table  of  elementary  interactions  that 
indicates  for  what  value  range  the  configuration  space  boundary  is  monotoniceilly 
increasing  or  decreasing.  For  example,  in  the  translation-translation  space,  the  line 
boundary  is  increasing  when  the  angle  a  of  the  boundary  line  with  respect  to  the 
coordinate  system  is  between  0  and  7r/2,  that  is,  the  tangent  of  the  configuration 
space  line  is  positive: 

tan  a  =  ^\,  ~  %    >  0 

Xj     —  X2 
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Figure  5.15:   A  Qualitative  Boundary  Description  and  an  Acceptable  Solution  for 
It 
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Types 


Type  1 


Type  7 


(a) 


(b) 


Figure  5.16:  Two  Extensions  for  Matching  Configuration  Spaces 

where  Pi  =  (xf  ,2/f )  and  P2  =  (^^,2/2^)  are  points  in  the  configuration  space.  This 
relation  imposes  a  set  of  constraints  on  the  position  of  the  features  that  produce  it. 
In  other  spaces,  there  might  be  additional  constraints  on  the  possible  positions  of  Pi 
and  P2.  All  these  constraints  are  included  in  the  table  of  elementary  interactions. 

The  second  consequence  of  introducing  qualitative  boundaries  is  that  the  actual 
configuration  space  boundary  can  be  piecewise  continuous,  instead  of  just  continu- 
ous. Therefore,  the  actual  configuration  space  boundary  can  be  produced  by  several 
contacts,  not  just  one  (see  Figure  5.16(b)).  This  is  equivalent  to  breaking  the  quali- 
tative configuration  space  boundary  C  defined  by  two  given  points  Pi  and  P2  into  n 
segments,  .si , . . . ,  5^  such  that  each  segment  is  produced  by  a  single  pairwise  contact. 
The  segments  meet  at  points  Qi, . . .  ,Qn_2. 

Both  consequences  introduce  more  choices  for  the  general  design  algorithm  pre- 
sented in  section  5.2.3.  In  the  first  case,  the  new  number  of  candidates  is  bounded 
by  the  number  of  contact  types.  In  the  second  case,  it  is  bounded  by  the  number 
of  new  segments  introduced  times  the  number  of  contact  types.  Thus,  if  we  put  a 
limit  on  the  number  of  pieces  that  a  qualitative  boundary  can  be  divided  into,  the 
number  of  new  choices  introduced  by  qualitative  boundaries  is  also  bounded.  In 
addition,  we  have  to  determine  a  method  for  partitioning  qualitative  boundaries. 
The  problem  that  arises  is  how  to  divide  a  qualitative  configuration  space  bound- 
ary. In  theory,  there  are  infinitely  many  ways  of  doing  the  partition,  even  when  the 
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Procedure  FIND-Q-BOUNDARY  {Pi, P2,Q change) 

1.  Find  a  paiir  of  features  that  produce  a  boundary  B  from  Pi  to  P2,  such 
that  Boundary- Sign[B)  —  Qchange- 

2.  If  such  a  boundary  is  impossible,  choose  a  pair  of  features  that  produce 
a  continuous  boundary  B  from  Pj  to  an  intermediate  feasible  point  Q. 
This  new  point  should  be  as  close  as  possible  to  P2. 

When  choosing  features,  prefer  the  features  that  form  a  continuous 

boundary  in  both  objects. 

In  addition,  Boundary- Sign{B)  =  Qchange- 

3.  If  no  point  Q  can  be  found,  return  fail. 

Else  call  FIND-Q-BOUNDARY  {Q,P2,Qchar.g.)  recursively. 

Table  5.6:  Algorithm  for  Qualitative  Boundaries 


number  of  segments  is  fixed.  The  strategy  we  use  is  to  start  from  Pi  and  make  the 
segment  as  long  as  possible. 

Table  5.6  presents  a  recursive  backtracking  procedure  to  find  the  points  Q,  that 
define  the  new  segments.  Given  a  qualitative  configuration  space  boundary  defined 
by  two  points,  Pi  and  P2,  we  first  look  for  a  pair  of  features  that  creates  a  boundary 
connecting  the  two  given  endpoints.  If  this  is  not  possible,  we  need  to  introduce  new 
points  to  break  the  boundary  into  several  pieces.  Borrowing  Kuipers'  terminology 
[Kuipers,  84]  we  call  these  new  points  landmark  points.  In  order  to  keep  the  design 
as  simple  as  possible,  new  landmark  points  should  be  introduced  only  when  it  is 
impossible  to  design  without  them.  The  function  Boundary- Sign{B)  is  a  function 
that  returns  "+"  if  the  boundary  B  is  continuously  increasing,  "0"  if  it  is  constant 
and  "— "  if  it  is  decreasing.  The  variable  Qchange  represents  the  change  of  the 
qualitative  boundary. 
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Figure  5.17:  The  Half  Gear  Pair 

5.6      Shape  Design  from  Causal  Descriptions 

In  the  previous  sections,  we  presented  a  number  of  algorithms  for  shape  design 
based  on  region  diagram  descriptions  (i.e.,  configuration  space  descriptions)  of  the 
pair's  desired  behavior.  However,  causal  descriptions  of  desired  behaviors  are  some- 
times preferable  and  more  intuitive  than  descriptions  in  terms  of  possible  motions. 
Caused  descriptions  of  behaviors  are  stated  in  terms  of  state  diagrams  (Chapter 
2).  A  state  diagram  is  a  directed  graph  in  which  every  node  represents  a  qual- 
itatively different  behavior  of  the  mechanism  resulting  from  a  sequence  of  input 
motions.  Edges  represent  transitions  between  behaviors.  In  this  section  we  show 
how  to  transform  causaJ  descriptions  characterized  in  terms  of  state  diagrams  into 
configuration  spaces.  This  transformation  is  necessary  in  order  to  use  the  design 
algorithms  presented  previously. 

As  mentioned  in  section  5.1  and  Chapter  2,  an  alternative  way  of  describing  the 
behavior  of  a  mechanism  is  a  causal  description.  A  causal  description  characterizes 
the  effect  that  a  sequence  of  input  motions  applied  to  one  object  in  the  mechanism 
have  on  the  rest  of  the  objects.  As  an  example  consider  the  half  gear  pair  shown 
in  Figure  5.17.  The  first  gear,  A^  is  fully  toothed,  while  the  second,  J5,  has  teeth 
only  in  half  of  its  circumference.  The  radius  of  both  gears  is  equaJ.  An  example  of 
a  causal  description  for  this  kinematic  pairs  is  as  follows:  the  clockwise  rotation  of 
B  causes  a  counter  clockwise,  intermittent  rotation  oi  A.    A  continuous  clockwise 
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rotation  of  A  causes  a  counter  clockwise  rotation  of  5  by  tt  and  then  no  further 
motion  of  B.  The  speeds  of  rotation  are  equal.  This  behavior  was  described  in 
terms  of  state  diagrams  in  section  2.5,  Figure  2.8. 

As  shown  in  Chapter  4,  there  is  a  direct  relationship  between  the  region  diagram 
of  a  mechanism  and  the  state  diagram  for  given  sequence  of  input  motions.  Given 
a  region  diagram  and  a  sequence  of  input  motions,  the  corresponding  state  diagram 
is  derived  using  a  motion  propagation  procedure.  The  difference  between  state  di- 
agrams and  region  diagrams  is  that  the  state  diagram  describes  only  one  of  many 
behaviors,  whereas  the  region  diagram  describes  all  the  possible  behaviors.  There- 
fore, a  set  of  state  diagrams  might  be  necessary  to  account  for  all  the  qualitatively 
different  behaviors  of  a  mechanism.  For  example,  in  order  to  have  a  complete  caussil 
description  of  the  half  gear  pair  of  Figure  5.17,  we  have  to  complete  the  previous 
causal  description  by  stating  what  happens  when  B  rotates  counterclockwise  and 
when  A  rotates  counterclockwise.  Also,  we  should  state  that  no  other  qualitatively 
different  behavior  is  possible.  Indeed,  a  causal  description  can  be  interpreted  as 
either  being  a  partial  or  a  complete  description  of  the  desired  behavior.  Both  de- 
scriptions require  the  described  behaviors  to  take  place,  but  the  partial  description 
allows  additional  queJitatively  different  behaviors.  A  complete  description  requires 
that  no  other  qualitatively  different  behaviors  take  place.  In  both  cases,  the  design 
is  considered  successful  when  the  input  motion  sequences  applied  to  the  objects 
produce  exactly  the  original  state  diagrams. 

We  can  formalize  this  notion  of  successful  design  as  follows:  let  S  =  {Si,  ...  ,  5n} 
be  a  collection  of  state  diagrams,  where  each  state  diagram  Si  is  a  triple  [ai,  {a.j},  {< 
*ijj*ifc  >}]•  the  sequence  a  is  the  input  motion  sequence,  {.s.j}  is  the  set  of  states 
describing  the  motion  of  each  object,  and  {<  5,j,  sn,  >}  is  the  set  of  state  transitions. 
The  function  applyia,  CS{A,B))  produces  the  state  diagram  corresponding  to  the 
input  sequence  a  and  the  configuration  space  CS{A,B)  (the  procedure  to  compute 
apply  corresponds  to  the  procedure  STATE-DIAGRAM  presented  in  section  4.3, 
Table  4.3).  The  shapes  of  A  and  B  satisfy  a  given  collection  S  of  state  diagrams  iff: 

"rfS^eS   A   V(Ti  e  5.,    apply((T,,  CS(A,B))  =  S, 

i.e.,  the  application  of  each  input  motion  sequence  to  the  actual  configuration  space 
produces  the  same  state  diagram  as  the  one  desired  one.  A  configuration  space  that 
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Figure  5.18:  Merging  Two  Regions 

satisfies  the  above  property  is  said  to  be  acceptable.  For  a  given  set  of  state  diagrams, 
the  goal  is  to  construct  an  acceptable  desired  configuration  space,  R{A,B). 


5.6.1      Deducing  the  Region  Diagram  from  State  Diagrams 

Given  a  set  of  state  diagrams  {Si, ...,  5n},  our  goal  is  to  construct  a  region  diagram 
(and  thus  a  configuration  space)  R{A,B)  that  satisfies  the  acceptability  criterion. 
Since  there  may  be  many  region  diagrams  for  which  the  acceptability  criterion  is 
satisfied  (especially  when  the  state  diagrams  describe  only  a  subset  of  the  possible 
behaviors),  we  want  to  produce  the  "weakest"  or  least  constrained  region  diagram 
that  satisfies  the  acceptability  criterion.  For  two  given  region  diagrams  R(A,B) 
and  R'{A,B)  that  satisfy  the  acceptability  criteria  for  5,  R{A,B)  is  said  to  be  less 
constrained  than  R'{A,B)  iff  the  set  of  free  placements  in  R{A,B)  includes  the  set 
of  free  placements  in  R'{A,  B). 

We  construct  R{A,B)  by  composing  individual  configuration  spaces  Ri{A,B) 
resulting  from  each  Si.  The  space  Ri{A,B)  is  in  turn  constructed  by  composing 
configuration  space  regions  r^^  resulting  from  each  state  Sij.  Each  state  5,j  is  mapped 
into  a  region  of  the  configuration  space  by  using  the  information  contained  in  the 
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state  about  object  motions  and  their  relationships: 

1.  The  type  of  motions  determines  the  design  space. 

2.  The  intervals  of  the  motion  parameters  determine  the  region  of  the  configu- 
ration space  in  which  the  behavior  takes  place. 

3.  The  boundary  of  the  configuration  space  is  determined  either  by  an  explicitly 
given  relation  {X^  >  /(Xb)),  or  deduced  from  the  causaJ  description  that 
defines  the  instigator  of  the  movement  and  the  direction  of  change  for  the 
motion  parameters: 

'motion{A)    CAUSES    motion(B),  direction{XA),direction{XB), 

The  configuration  space  boundary  resulting  from  a  causal  description  is  a  qualitative 
boundary,  whose  endpoints  are  determined  by  the  intervals  of  Xa  and  Xb-  The 
region  of  free  placements  is  determined  by  one  of  the  eight  possible  combinations 
of  values  for  dir€ction{XA),direciion{XB)  and  motion{A)  CAUSES  Tnoiion{B),  as 
shown  in  Table  5.7.  For  example,  in  the  first  case,  the  queditative  configuration 
space  boundary  is  defined  by  the  endpoints  {X^,X^)  and  (X^,  Jf^).  The  set  of 
free  placements  corresponds  to  the  region  Xb  <  /(X^i),  where  /  is  the  equation  of 
the  boundary  line.  Table  5.8  shows  four  additional  cases  (all  derivable  from  the  first 
four  cases  in  Table  5.7);  the  first  two  cases  involve  coordinated  motion  {A  moves  iff 
B  moves)  and  thus  correspond  to  a  direct  motion  relationship;  the  third  case  shows 
the  corresponding  region  when  there  is  no  motion  relation  between  objects.  Fiucdly, 
the  last  case  shows  the  configuration  space  boundary  when  one  of  the  objects  is  fixed 
while  the  other  moves. 

For  every  state  s,j,  we  construct  the  corresponding  region  r,^.  The  regions  r,j, 
1  ^  i  ^  "i  are  then  combined  to  produce  fi,{A,B).  Regions  are  combined  by 
taking  the  union  of  their  forbidden  placements.  Figure  5.18  shows  the  merging  of 
two  regions,  Ri  and  iZj:  R^  is  defined  in  the  intervals  Xa  G  [oij^i].  ^B  €  [ci,<fij  and 
the  relation  A'^  <  /i(A'fl).  7?2  is  defined  in  the  intervals  Xa  €  [oj*^])  Xb  6  [cj,dj] 
and  the  relation  A'^  >  Jj{Xb)-  I  heir  combination  is  indicated  by  the  doubly 
hatched  region  corresponding  to  free  placements.  Conceptually,  composing  two 
regions  amounts  to  requiring  two  behaviors  to  take  place  in  llu'  interval  common 
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1.  dir(A'^)  =  +,    dir(Are)  =  +.  A  =>  fl,  or 
dir(A'^)=  -,dir(Afl)  =  -.fl=»  A 


2.  <Iii(.Vm)  =  -,  dir(JVB)  =  -,A  ^  B,ot 
(lir(.V^)  =  +,dir(XB)  ^  +,B  ^  A 


s. 


3.  dir(.\^)  =  +.  dW(XB)  =  -,  M  =>  B,  or 
dir(A'^)  =  -,  dniXg)  =  +,  B  =>  A 


4.  (lir(A'^)  =  - ,  dir(AB)  =  +,  /4  =»  B.  or 
d"(A-^)  =  +.  dir(A5)  =  -.B=»  y* 


/(^4) 


Ab>    f{Xji) 


Xb<  J{Xa) 


Xb>  J{Xa) 


Table  5.7:  Causal  Descriptions  and  their  Corresponding  Configuration  Spaces 


176 


5.  dir(Xx)  =  +,    d\T{XB)  =  +,  A  <=^  B, 


or 


MXa)  =  - ,  dniXe)  =  - ,  B  <=^  A 


Xb 

> 

■\p^ 

V 

x.t 

A 

f> 

6.  dir(Xx)  =  -,  dkiXe)  =  +,  A  <==>  B,  ot 
dir(Xx)  =  +,  dir(Xfl)  =  -,  B  <=>  A 


7.  d'ii{XA)  =  ± ,  dir(XB)  =  0,  A  independent  B,        -^  A 
or 
dir(X^)  =  0,  dir(XB)  =  ±,  B  independent  A 


8.  dir(A'^)  =  ±,  dir(XB)  =  0,  fixed{B,p) 


^Xa 


Xb  =  p 


Xf 


Xb  =  f{X.) 


Xb  =  f{XA] 


i 


Xb>  /{a- J 


X? 


Xb 

— > 


Tabic  5.8:  Causal  Descriptions  and  tluir  Corresponding  Configuration  Spaces  (cont) 
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to  the  two  regions,  and  preserving  the  behaviors  in  the  disjoint  subregions.  The 
configuration  space  resulting  from  this  composition  is  then  partitioned  into  regions 
to  obtain  the  region  diagram  for  the  described  behavior,  Ri{A,B).  Note  that  this 
composition  method  produces  the  least  constrained  region  diagram. 

Once  the  region  diagram  R{A,B)  has  been  constructed,  we  can  follow  the  de- 
sign technique  described  previously  to  design  A  and  B  by  matching  R{A,B)  and 
CS{A,  B).  If  we  require  a  strict  interpretation  of  the  state  diagrams,  i.e.,  we  assume 
that  all  the  possibly  qucditative  different  behaviors  of  the  pair  are  described  by  the 
state  diagrams,  we  will  require  an  exact  match  between  R{A,B)  and  CS{A,B)  (or 
a  qualitative  match  if  the  boundaries  are  qualitative).  If  the  set  of  state  diagrams 
constitutes  a  particJ  description  of  the  pair's  behavior,  meaning  that  the  pair  A,B 
should  have  at  least  the  behaviors  described  by  S,  but  possibly  more,  then  we  no 
longer  require  an  exact  match  between  R{A,B)  and  CS{A,B).  In  this  case,  we 
permit  regions  in  CS{A,B)  that  cannot  be  reached  in  the  description  of  R{A,B) 
(disconnected  components).  Therefore,  R{A,B)  matches  CS{A,B)  iff  there  exist  a 
set  of  regions  rj,   ....,  r^  C  CS{A,B)  such  that  R{A,B)  =  ri    U    ...   U   r„. 

5.6.2      An  Example 

Consider  again  the  half  gear  example  introduced  in  Figure  5.17.  Suppose  we  want 
to  design  this  pair  from  the  description  of  two  state  diagrams,  Si  and  52,  shown  in 
Figure  5.19.  In  Si,  the  input  motion  is  a  continuous  counterclockwise  rotation  of  B. 
We  want  this  rotation  to  cause  an  intermittent  clockwise  rotation  of  A,  where  both 
gears  turn  together  at  the  same  speed  for  an  interval  of  tt  and  then  B  continues  to 
rotate  by  another  it  while  A  stays  fixed  (assuming  no  inertia).  This  process  is  to 
repeat  itself  indefinitely. 

Sii'.    Totaiion{B,OB,0B),  ^b  £  [0,7r],    direction{6B)  =  + 
rotation{A,OA,0A),  ^a  ^  [0,— tt],    direction{$ji)  =  — 

^A  =  —^B 

Si2'-    rotaiion{B,OB -iOb),  Ob  G  [7r,27r],  direciion{9B)  =  + 
fixed{A,eA),    0A  =  O 
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Figure  5.19:  Two  State  Diagrams  for  the  Half  Gear  Pair 

513:    rotation{B ,0b ,Gb),  &b  G  [27r,37r],  direction{9B)  —  + 
rotaiion{A,0A,9A),  ^a  G  [0,7r],  direction{OA)  =  — 
^A  =  -^B 

5i4:    rotaiion{B,OB,&B),  ^s  €  [37r,47r],  direction{6B)  =  + 
fixed{A,eA),    Oa^O 

In  52,  the  input  motion  is  a  continuous  clockwise  rotation  of  A.  We  want  this 
rotation  to  cause  a  counterclockwise  rotation  of  B  by  tt  (at  the  same  speed)  and 
then  no  further  motion  of  B. 

521 :     rotation{A,OAjA),  ^a  G  [0,7r],  direction{OA)  =  + 
rotation{B,OB,0B),  ^s  e  [0, -tt],  (firec/ton(^B)  =  - 

^A  =   -^B 

522:    Toiaiion{A,0A,6A),  6a  €  [0,27r],  direciion{9A)  =  + 
fixediB,eB),    Ob  =0 


The  state  diagram  Si  consists  of  three  regions,  as  shown  in  Figure  5.20(a):  r^ ,  r^ 
and  Ta.  'I'hr  regions  rj  and  r^  correspond  to  the  states  S]\  and  S\3  (Table  5.7,  case 
5)  where  9a  and  9b  have  a  linear  relation.     Vhr  rrgion  r3  is  formed  by  the  two 
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(a)  Configuration  Space  for  S, 


(b)  Configuration  Space  for  Sj, 
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Figure  5.20:  Construction  of  the  Configuration  Space  for  the  Half  Gear  Pair 
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(a)  Constructed  Configuration  Space 


(b)  Real  Configuration  Space 


Figure  5.21:  Qualitative  and  Exact  Configuration  Spaces  of  the  Half  Gear 

states  S\2  and  5i4  (Table  5.7,  case  7)  in  which  the  rotation  of  A  does  not  affect  the 
movement  of  B. 

Similarly,  the  region  diagram  corresponding  to  ^2,  R-2,{A^B^  has  two  regions,  r< 
and  rj  (Figure  5.20(b)).  The  composition  of  Ry{A,B)  and  R-i{A^B)  is  as  follows: 
in  the  interval  Qa  ^  [^,27r]  and  Bb  €  [0,27r],  two  regions,  r^  and  rs  are  identical  and 
thus  belong  to  R{A,B).  In  the  interval  Ba  ^  [0,7r]  and  Bb  e  [0,7r]  there  is  only  one 
region,  7-2  C  R{A,B).  In  the  interval  Ba  €  [0,7r]  and  Bb  €  [7r,27r]  the  intersection 
of  the  regions  rj  and  r^  is  a  line.  Therefore,  the  least  constrained  region  diagram 
R(A,B)  has  three  regions:  r3,r2  and  rj  Cir^.  This  corresponds  to  the  configuration 
space  shown  in  in  Figure  5.20(c).  Figure  5.20(d)  shows  schematically  the  actual 
configuration  s])<irr.  In  the  interval  Bb  €  [0,7r],  the  different  regions  corrcponding 
to  linear  relations  reflect  the  different  inititd  teeth  contacts  (angular  positions)  of 
the  two  gears. 

Assuming  that  Si  and  S^  form  a  partial  description  of  the  pair's  desired  behavior, 
the  configuration  space  CS(A,B)  corresponding  to  the  pair  of  gears  in  Figure  5.17 
qualitatively  matches  R{A,B).  The  real  configuration  space  of  the  gears  is  shown 
in  Figure  5.21  (the  configuration  space  boundary  produced  by  teeth  contact  forms 
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a  narrow  region  as  described  in  [FaJtings,  87],  and  not  an  exact  line).  Thus,  given 
the  two  state  diagrams  ^i  and  5*2,  and  the  initial  shape  of  A  as  a  full  gear,  the 
design  algorithm  will  produce  the  half  gear  B. 

5.7      Summary  of  Design  Results 

Table  5.9  presents  a  summary  of  the  results  for  the  design  of  kinematic  pairs.  The 
table  consists  of  two  parts:  Precise  Boundary  and  Qualitative  Boundary,  corre- 
sponding to  how  is  the  desired  configuration  space  given.  In  the  first  ccise,  it  is 
fully  specified,  with  the  precise  relations  between  motion  parameters.  In  the  second 
case,  the  desired  configuration  space  is  given  qucditatively,  or  was  derived  from  a 
causal  description,  as  discussed  in  section  5.6.  There  are  two  main  categories  of 
design  problems:  one  category  where  one  of  the  object  shapes  is  given  and  is  not 
allowed  to  change  (ONE  SHAPE  FIXED)  and  the  other  where  both  object  shapes 
can  be  modified  (NO  SHAPE  FIXED).  For  each  category,  we  distinguish  between 
three  cases  (Topology):  the  first  case,  where  both  object  shapes  must  be  convex, 
the  second  where  one  object  is  convex,  but  the  other  is  not  necessarily  convex,  and 
the  third  case  where  none  of  the  shapes  are  necessarily  convex.  Orthogonally  to  this 
distinctions,  we  have  two  kinds  of  design  spaces:  the  Translation- Translation  space 
and  the  other  three  spaces  involving  rotation  (Rotation- Translation,  Translation- 
Rotation,  Rotation-Rotation). 

Each  entry  of  the  table  points  to  the  algorithm  that  can  be  used  to  solve  the 
design  problem.  Numbered  algorithms  (e.g.,  5.1)  refer  to  the  algorithms  presented 
in  this  chapter.  The  complexity  of  each  algorithm  is  aJso  given  (n  and  m  represent 
the  number  of  features  in  objects  A  and  B,  respectively).  The  general  backtracking 
algorithm  is  the  one  presented  in  Table  5.3  and  whose  complexity  is  exponential 
in  the  number  of  features  of  A  and  B.  If  the  word  "Complete"  is  specified,  it 
means  that  the  number  of  feature  choices  is  bounded.  Otherwise,  as  in  the  case  of 
two  concave  objects  whose  shapes  can  vary  in  the  Rotation- Rotation  Space,  there 
might  be  an  infinite  number  of  pairwise  choices.  The  rubric  "Limited  Backtracking" 
refers  to  the  genereJ  backtracking  cJgorithm  where  the  number  of  choices  at  each 
step  is  more  restricted  than  in  the  general  case  (as  in  the  case  of  two  convex  objects, 
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section  5.3).  The  rubric  "Fill-in"  refers  to  whether  it  is  necessary  to  apply  the  object 
completion  procedure  at  the  end  of  the  design  procedure.  Finally,  the  hatched  region 
of  the  table  shows  the  cases  in  which  the  backtracking  algorithm  has  a  potentially 
infinite  number  of  choices.  In  an  actual  implementation,  however,  heuristics  can  be 
designed  to  circumvent  this  problem. 

5.8      Extensions 

In  this  section,  we  will  consider  several  extensions  to  the  assumptions  made  in 
section  5.1.  These  extensions  include: 

•  Three  dimensional  objects 

•  Several  fixed  axes  for  each  object 

•  Three  or  four  dimensional  configuration  spaces 

•  Movable  axis  pairs 

•  Multiple  part  mechanisms 

Introducing  three  dimensional  objects  whose  surfaces  are  either  planar  or  cylin- 
drical requires  the  consideration  of  new  possible  contacts  between  objects:  vertex- 
face,  edge-face,  cylinder-face,  etc.  These  contacts  must  be  added  to  the  elementary 
interactions  table  since  they  represent  new  possibilities  for  creating  configuration 
space  boundaries.  In  addition,  the  existing  contacts  (edge-edge,  vertex-edge,  etc.) 
must  be  reconsidered  and  augmented  to  reflect  the  third  dimension.  This  introduces 
more  parameters  and  equations  for  describing  of  the  relation  between  features  and 
configuration  space  boundaries,  but  does  not  alter  the  indeterminacy  of  the  sys- 
tems of  equations.  For  example,  if  we  consider  again  the  vertex-edge  contact  in  the 
translation-translation  space  (section  5.3),  each  vertex  and  point  is  determined  by 
three  coordinates.  This  brings  to  9  the  number  of  unknowns  to  be  determined  by  7 
equations  (since  the  dimensionality  of  the  configuration  space  did  not  change,  each 
contact  produces  3  equations  instead  of  2).  Therefore,  determining  one  vertex  in 
either  A  or  B  fully  constraints  the  problem  as  it  did  in  the  case  of  two  dimensions. 
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The  new  cases  involving  a  face  (face-vertex,  face-edge  or  face-face)  do  not  intro- 
duce more  indeterminacies  since  faces  are  treated  as  planes  bounded  by  edges  and 
vertices.  In  the  case  of  the  translation-translation  space,  the  configuration  space 
boundary  produced  by  a  face  in  contact  with  another  feature  is  also  a  line,  as  ah 
other  contacts.  This  augments  the  number  of  possible  feature  contacts  that  have 
to  be  considered  in  order  to  obtain  a  boundary  of  R{A,B).  In  general,  new  types 
of  configuration  space  boundaries  and  more  possible  feature  contacts  producing  the 
same  type  of  configuration  space  boundary  have  to  be  added  to  the  table  of  elemen- 
tary interactions.  From  these  considerations,  we  can  conclude  that  the  proposed 
approach  does  scale  up  for  designing  kinematic  pairs  containing  three  dimensional 
objects. 

An  interesting  extension  is  to  allow  objects  to  have  motions  along  several  fixed 
axes.  For  example,  we  can  require  that  object  A  translates  aJong  an  axis  Oi  and 
then  rotate  around  O2  (but  not  simultaneously);  object  B  should  translate  cdong  O3 
independently  of  A.  For  each  pair  of  axes  (one  for  each  object),  we  can  define  a  de- 
sign problem  (and  its  corresponding  desired  configuration  space)  that  can  be  solved 
using  the  techniques  presented  here.  The  difficulty  lies  in  the  fact  that  proposed 
design  solutions  for  each  of  the  independently  stated  problems  may  conflict  with 
each  other.  To  overcome  this  difficulty,  design  processes  that  are  independently 
solving  the  single  axis  problem  must  communicate  and  signed  which  object  features 
can  be  deleted  or  added  and  what  are  the  consequences  of  such  changes.  Object 
features  having  an  active  role  in  each  configuration  space  are  labeled  as  necessary. 
They  will  not  be  modified  unless  there  is  another  alternative  that  replicates  their 
effect.  The  backtracking  over  possible  choices  now  occurs  between  choices  in  sev- 
eral configuration  spaces,  not  just  one.  If  the  number  of  choices  of  additions  and 
deletions  is  finite  for  each  configuration  space,  then  a  backtracking  search  algorithm 
will  always  find  a  solution,  if  such  a  solution  exists. 

Three  or  four  dimensional  configuration  spaces  arise  only  in  fixed  axis  mecha- 
nisms where  the  objects  are  three  dimension2il.  In  this  case  the  matching  procedure 
has  to  compare  and  intersect  two  or  three  dimensional  surfaces  and  three  or  four 
dimensional  regions  of  space.  The  geometrical  routines  to  carry  these  operations 
arr  much  more  complicated  than  the  routines  for  thr  two  dimensional  case.    This 
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extension  appears  to  be  difficult  and  thus  it  seems  better  to  try  to  work  with  several 
two-dimensional  projections  of  the  configuration  space  and  treat  them  as  a  multiple 
fixed  axis  problem  in  different  two-dimensional  spaces.  For  a  discussion  on  this 
issue,  see  section  4.1. 

Extending  the  design  algorithm  to  deal  with  movable  axis  pairs  is  not  possible 
in  the  context  presented  here  since  the  analysis  of  their  configuration  space  cannot 
be  handled  with  the  set  of  possible  motion  labels.  For  fixed  axis  pairs,  we  were  able 
to  identify  three  types  of  possible  motions  that  defined  a  small  number  of  design 
spaces.  When  the  axes  along  which  the  objects  in  the  pair  move,  this  classification 
is  no  longer  possible.  The  difficulties  posed  by  movable  aaes  mechanisms  were 
discussed  in  section  4.4. 

The  ultimate  goal  of  a  design  theory  for  mechanical  devices  is  to  show  how 
complete  (multiple  part)  mechanisms  can  be  designed  from  a  set  of  functional  spec- 
ifications. The  kinematic  design  method  proposed  in  this  chapter  is  appropriate  for 
the  design  of  kinematic  pairs,  but  is  limited  for  designing  complete  mechanisms.  An 
object  generally  belongs  to  several  kinematic  pairs  and  thus  a  modification  in  its 
shape  affects  several  kinematic  pairs,  possibly  modifying  their  configuration  space. 
Therefore,  we  need  to  account  for  interactions  between  design  tasks. 

Following  is  a  sketch  of  a  procedure  that  designs  a  fixed  axis  mechanism  by 
designing  its  kinematic  pairs.  The  initial  specification  of  the  desired  behavior  must 
include  the  number  of  objects  involved,  the  fixed  axes  for  each  object,  and  the  pair- 
wise  kinematic  behavior  of  every  pair  of  objects  that  interact.  For  every  kinematic 
pair,  we  set  a  design  process  and  construct  its  desired  configuration  space.  The  in- 
teraction between  design  processes  caji  be  done  as  described  in  the  case  of  multiple 
axes,  by  exchanging  messages  about  the  relevance  of  specific  features  of  common 
objects.  A  constraint  propagation  technique  is  necessary  to  carry  this  information 
to  all  pairs  that  can  be  affected  by  a  change. 

This  procedure  has  several  limitations.  First,  it  requires  the  determination  of 
all  the  objects  that  will  form  the  mechanism,  together  with  their  axes  of  motion. 
There  is  no  possibility  to  introduce  a  new  object,  nor  to  change  the  orientation  of 
an  axis.  Second,  a  detailed  pairwise  specification  of  the  desired  behavior  is  seldom 
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available  at  the  beginning  of  the  design  task.  In  general,  the  initial  description  of 
the  desired  behavior  includes  only  a  few  objects  and  is  refined  as  the  detailed  design 
proceeds,  creating  the  constraints  and  specifications  of  each  kinematic  pair.  Finally, 
this  procedure  is  prohibitively  expensive.  Reasoning  only  from  first  principles  to 
design  a  complete  device  is  cleariy  inappropriate.  Thus,  a  hierarchiccd  approach  for 
the  design  of  complete  mechanisms  is  necessary. 


Chapter  6 


Review  of  Related  Work 


The  broad  topic  of  this  thesis  is  spatial  and  geometrical  reasoning  about  physical 
objects  in  space.  Many  research  areas  in  AI  and  other  domains  are  involved  in  one 
way  or  another  with  this  topic,  and  thus  an  exhaustive  survey  would  be  too  long 
to  be  useful.  Instead,  we  have  chosen  to  restrict  the  survey  to  systems  and  theories 
dealing  with  mechanical  devices,  where  the  objects'  shapes  play  an  important  role. 

Three  areas  had  an  important  influence  on  this  work:  Qualitative  Physics,  Com- 
putational Geometry,  and  Mechanical  Engineering.  The  goal  of  Qualitative  Physics 
is  to  provide  computationally  tractable  methods  for  the  analysis  and  prediction  of 
physical  systems  behaviors.  These  explanations  and  predictions  should  be  simi- 
lar to  those  given  by  a  person,  namely  they  should  identify  the  important  states 
of  the  system  and  the  transitions  between  them.  The  foundational  work  on  this 
field  is  reported  in  [Bobrow,  85]  and  contains  the  research  by  DeKleer  and  Brown, 
Forbus,  and  Kuipers.  The  main  motivation  of  our  qualitative  motion  distinctions, 
region  diagrams  and  state  diagrams  are  all  inspired  in  this  work.  However,  as  we 
have  pointed  out  throughout  the  thesis,  their  methodology  is  not  directly  applica- 
ble to  the  analysis  and  design  of  mechanical  devices  because  of  the  primary  role  of 
geometry,  previously  ignored. 

One  area  that  has  a  deep  relation  with  spatial  reasoning  is  Computational  Ge- 
ometry and  its  Robotics  applications.  In  particular,  the  motion  planning  problem 
is  of  special  relevance.  We  have  surveyed  some  of  the  relevant  issues  of  this  field  at 
the  beginning  of  Chapter  ,3  and  in  section  3.5,  wlicrr  we  discussed  the  computation 
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of  configuration  spaces.  In  addition,  some  of  the  design  techniques  presented  in 
sections  3.3  and  3.4  also  use  computational  geometry  techniques.  Since  most  of  the 
relevant  material  was  already  surveyed,  we  omit  it  here.  The  interested  reader  is 
referred  to  [Schwartz  and  Yap,  87]  and  [Schwartz  et  al.,  87]  for  an  in-depth  presen- 
tation of  the  most  relevant  issues  in  this  area. 

The  field  of  Mechanical  Engineering  is  probably  as  old  as  humanity  itself.  How- 
ever, the  systematic  study  of  the  design  and  analysis  of  mechanisms  only  started 
with  F.  Reuleaux's  1876  book  entitled:  The  Kinematics  of  Machinery:  Outlines 
of  a  Theory  of  Machines.  The  notion  of  kinematic  synthesis,  i.e.,  the  systematic 
approach  to  the  design  of  a  mechanism  to  perform  a  given  function,  was  first  ex- 
plored in  this  book.  Throughout  this  century,  and  in  particular  since  the  advent  of 
computers,  the  trend  towards  systematization  has  grown  steadily.  Most  of  the  re- 
search has  been  concerned  with  the  analysis  and  design  of  planar  and  spatial  linkage 
mechanisms,  and  the  design  of  particular  elements  such  as  gears  and  cams.  How- 
ever, in  most  of  the  existing  programs  for  linkages,  object  shapes  are  abstracted  to 
one-dimensional  rods  and  thus  do  not  address  directly  the  problem  of  our  research, 
namely  the  ability  to  reason  explicitly  about  the  relation  between  shape  and  func- 
tion; one  notable  exception  is  the  design  of  cams,  which  will  be  discussed  in  section 
6.2.1.  There  are  many  other  programs  that  deal  with  other  aspects  of  mechanisms, 
such  as  dynamics  and  manufacturing,  and  are  outside  the  scope  of  our  thesis.  We 
will  therefore  not  discuss  them  here. 

Our  research  can  be  seen  as  a  modest  step  in  the  direction  of  automatic  analysis 
and  design  of  mechanisms  where  object  shapes  are  considered  in  their  full  relevance. 

The  following  survey  consists  of  two  parts:  the  first  part  is  devoted  to  the 
analysis  of  mechanical  devices,  and  the  second  surveys  various  approaches  to  design. 

6.1      Analysis 

Two  major  recent  works  in  AI  directly  address  the  issue  of  mechanism  analysis:  the 
Qualitative  Kinematics  Theory,  developed  by  Forbus,  Faltings,  and  Nielsen  based 
on  configuration  spaces,  and  Gelsey's  program  for  kinematic  analysis.  We  will  begin 
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by  surveying  these  two  approaches.  The  last  subsection  will  discuss  other  research 
related  to  mechanisms  and  kinematic  behavior,  in  particular  the  work  by  C.  Stcinfill, 
the  commonsense  approach  by  Y.  Shoam,  and  the  logicist  approach  by  E.  Davis. 

6.1.1      Qualitative  Kinematics 

The  theory  of  kinematic  behavior  presented  in  this  thesis  is  closely  related  to  the 
Qualitative  Kinematics  Theory  developed  by  Forbus,  Fallings  and  Nielsen  [Fallings, 
86;  87a;  87b],  [Forbus  et.  a/.,  87],  [Nielsen,  87].  The  idea  of  using  configuration 
spaces  and  dividing  them  into  regions  that  correspond  to  kinematic  behaviors  was 
independently  proposed  by  Fallings  and  Forbus,  and  Joskowicz  [Joskowicz,  87a; 
87b]. 

The  global  framework  of  Qualitative  Kinematics  is  presented  in  [Forbus  et  ai, 
87].  In  this  paper,  the  authors  claim  that  there  is  no  general-purpose,  purely  qual- 
itative kinematics  such  as  there  is  a  purely  qualitative  dynamics.  There  are  two 
main  reasons  for  this:  first,  slight  shape  perturbations  generally  cause  major  qual- 
itative behavioral  changes,  and  second,  there  is  no  appropriate  qualitative  model 
to  deal  with  geometry.  Metric  information  is  necessary  to  complement  a  purely 
qualitative  representation.  In  addition,  the  connections  between  different  behaviors 
are  essential  to  provide  a  complete  description  of  the  overall  behavior.  In  order 
to  describe  qualitatively  different  interactions  between  objects,  the  concept  of  a 
symbolic  Place  Vocabulary  is  introduced.  Place  Vocabularies  were  originally  used 
by  Forbus  to  describe  regions  of  possible  motions  of  a  point  mass  amidst  polygo- 
nal obstacles  [Forbus,  80;  81].  The  qualitative  representation  of  the  geometry  of 
these  regions  was  derived  by  dividing  the  space  into  places,  and  arranging  them  in 
a  connectivity  graph.  Fallings  extends  this  concept,  and  shows  how  to  pairtition 
configuration  spaces  (instead  of  just  the  physiccd  space)  to  obtain  a  place  vocab- 
ulary that  describes  the  structure  of  the  possible  object  contacts  underlying  the 
qualitative  mechanism's  kinematic  behavior.  Nielsen  shows  how  to  find  potential 
directions  of  motion  and  compute  envisionments  from  the  computed  configuration 
space. 

Falting's  Qiinlitative  Plnce  Vocnbuinrics 
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In  his  doctoral  dissertation,  Faltings  (1987a)  presents  a  method  for  the  ancdy- 
sis  and  interpretation  of  the  two-dimensional  configuration  space  arising  from  the 
interaction  of  two  two-dimensional  objects,  each  with  one  degree  of  freedom.  He 
proposes  a  partition  of  the  configuration  space  based  on  applicability  constraints 
[Donald,  84]  and  vertex  bisectors.  In  order  to  maintain  qualitative  similarity,  re- 
gions are  further  subdivided  for  monotonicity.  Once  the  configuration  space  and 
its  partition  have  been  computed,  the  place  vocabulary  is  constructed.  There  are 
three  requirements  for  places  in  this  vocabulary  [Faltings  86;  87b]: 

1.  The  places  must  distinguish  at  which  points  the  objects  are  in  contact. 

2.  For  each  contact  point,  it  must  be  possible  to  give  the  contact  force  in  an 
arbitrary  qualitative  coordinate  system,  and 

3.  For  motions  specified  in  an  arbitrary  qualitative  coordinate  system,  it  must 
be  possible  to  enumerate  the  set  of  possible  place  transitions. 

These  requirements  are  necessary  to  answer  questions  concerning  possible  contact 
configurations  and  changes  in  object  contacts.  For  a  kinematic  pair,  there  are  three 
types  of  places: 

1.  0-Dimensional  Places:    they  correspond  to  points  in  the  configuration  space 
produced  by  vertex-vertex  contacts. 

2.  1-Dimensional  Places:   correspond  to  the  boundary  segments  of  the  configu- 
ration space. 

3.  Full- Dimensional  Places:    No  contact  between  the  objects  exists,  and  thus 
objects  do  not  constrain  each  other's  motions. 

Transitions  between  places  reflect  the  topology  of  the  configuration  space;  together 
with  the  description  of  the  places,  they  form  the  place  graph.  In  general,  the  place 
vocabulary  of  a  mechanism  with  d  degrees  of  freedom  has  d  +  1  diff^erent  types 
of  places.  Places  of  dimension  d  —  n  comprise  the  configurations  that  satisfy  n 
constraints  simultaneously  (corresponding  to  n  points  of  contacts). 
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Figure  6.1  shows  a  ratchet  mechanism  (a)  consisting  of  a  rotating  wheel  Jind 
a  lever,  several  positions  of  the  pair  (b),  and  a  small  portion  of  its  corresponding 
configuration  space  (c).  The  corresponding  place  graph  is  shown  in  (d)  (all  the 
figures  are  copied  from  [FzJtings,  87a]).  In  the  graph,  2-dimensional  places  are 
labeled  by  a  single  letter  followed  by  a  sign  (e.g.,  A+);  one-dimensionaJ  places  are 
denoted  by  a  letter  and  a  number  (e.g.,  B4),  and  0-dimensional  places  are  denoted 
by  two  letters  or  a  letter  with  a  number  (e.g.,  A5B4  or  AA5).  The  edgorithm  for 
computing  the  configuration  space  and  the  place  vocabulary  for  kinematic  paiirs  is 
fully  implemented. 

The  place  vocabulary  of  a  mechanism  consisting  of  several  objects  is  obtained 
by  composing  the  pairwise  place  vocabularies  of  the  objects  in  contact.  There  are 
two  types  of  compositions: 

•  Co-dimensional  Compositions:  the  composition  of  places  in  the  same  configu- 
ration space.  This  roughly  corresponds  to  intersecting  the  regions  represented 
by  the  places. 

•  Chain  Composition:  the  composition  of  two  place  vocabularies  whose  con- 
figuration spaces  have  one  or  more  parameters  in  common.  This  roughly 
corresponds  to  the  natural  join  operation  ®,  that  we  defined  in  Chapter  3. 

In  general,  composing  place  vocabularies  is  difficult.  Faltings  presents  a  simplified 
version  of  composition  methods  that  rely  on  the  fact  that  objects  have  one  fixed 
axis  of  motion  (a  stronger  restriction  than  our  fixed  axes  mechanism  assumption). 

Place  vocabularies  constitute  a  knowledge  representation  structure.  Their  de- 
scriptive power  is  characterized,  according  to  F'cJtings,  by  three  properties:  first, 
place  vocabularies  make  the  necessary  geometric  distinctions  to  support  qualita- 
tive analysis.  Second,  they  fully  describe  the  topology  of  the  configuration  space. 
Finally,  there  exists  a  simple  mapping  from  the  symbolic  description  back  to  the 
original  domain.  The  existence  of  such  a  mapping  is  important  for  a  knowledge  rep- 
resentation scheme  because  it  defines  the  meaning  of  its  instances  [Faltings,  87b]. 

Our  concept  corresponding  to  Faltings'  qualitative  place  vocabulary  is  the  con- 
cept of  region  diagrams  (section  2.3  and  section  3.2.4).  Region  diagrams  share  the 
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Figure  6.1:  A  Configuration  Space  and  its  Place  Graph  [Faltings,  87a]. 
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descriptive  powers  of  qualitative  place  vocabularies:  they  support  qualitative  me- 
chanical analysis  because  within  a  region  only  qualitatively  similar  motions  can  oc- 
cur; by  definition,  region  diagrams  describe  the  topology  of  the  configuration  space; 
and  finally,  they  are  defined  as  a  mapping  from  the  symboHc  description  to  the  orig- 
inal domain.  Despite  the  fact  that  both  representations  have  the  same  descriptive 
power,  region  diagrams  and  qualitative  place  vocabularies  differ.  The  main  differ- 
ence lies  in  the  partition  of  the  configuration  space  into  places  (FaJtings'  approach) 
or  into  regions  (our  approach).  Fahngs'  partition  makes  an  expHcit  distinction 
between  configuration  space  vertices  (0-dimensional  places),  edges  (1-dimensioncd 
places)  and  2-dimensional  places;  these  distinctions  are  defined  in  terms  of  the  con- 
tacts or  constraints  between  objects.  Our  partition  into  regions  is  solely  defined  in 
terms  of  motion  parameter  relations.  In  addition,  FaJtings'  2-dimensional  places  are 
delimited  by  applicability  constraints,  as  shown  in  Figure  6.1.  Our  regions  are  de- 
limited by  monotone  intervals  along  one  of  the  motion  parameters,  as  shown  in  the 
partition  of  the  ratchet's  configuration  space  in  Figure  6.2(a).  These  two  differences 
are  illustrated  in  comparing  the  region  diagram  in  Figure  6.2(b)  corresponding  to 
the  configuration  space  in  Figure  6.1(a),  and  the  place  vocabulary  in  Figure  6.1(d). 

The  partition  of  the  configuration  space  in  terms  of  regions  corresponds  to  a 
different  qualitative  interpretation  of  qualitative  behavior.  Despite  these  difl^^erences, 
the  monotonic  changes  in  boundaries  of  the  configuration  space  are  captured  in 
both  approaches,  and  thus  both  can  serve  as  the  ba^is  of  qualitative  envisionments. 
We  believe  that  the  introduction  of  possible  motion  labels  to  describe  regions  is 
more  intuitive  and  makes  the  distinction  between  kinematic  behavior  and  object 
geometry  sharper.  Region  diagrams  were  meant  to  be  a  uniform  representation  for 
both  design  and  analysis.  Qualitative  place  vocabularies  cannot  be  used  to  specify 
the  desired  behavior  because  they  require  the  specification  of  the  contacts  that 
produce  the  constraints.  In  addition,  we  introduced  state  diagrams  as  a  means  to 
deal  with  causality  separately. 

Nielsen's  Qualitative  Statics 

Place  vocabularies  do  not  constitute  per  sc  an  envisionnicnt  of  the  mechanism's 
possible  behaviors.  In  order  to  extract  envisionments  from  place  vocabularies, 
Nielsen  has  developed  a  theory  of  motion  constraints  and  freedoms.    In  this  the- 
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Figure  6.2:  Region  Diagram  for  the  Configuration  Space  in  Figure  6.1 
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ory,  objects  are  assumed  to  be  free  to  move  in  every  direction  unless  the  motion 
is  specifically  constrained  by  a  contact  with  another  object.  Motions,  forces,  and 
contact  directions  are  expressed  in  terms  of  qualitative  vectors  and  a  calculus  for 
combining  them  is  used.  Motions  applied  to  objects  are  transferred  to  other  objects 
using  "pushing"  and  "blocking"  rules.  These  ideas  are  implemented  in  a  program 
called  ALEX.  The  program  deduces  the  instantaneous  behavior  of  a  mechanisms  in 
a  given  configuration  from  the  computation  of  the  constrained  motions.  [Nielsen,  87] 
presents  a  number  of  examples,  among  them  the  envisionment  of  a  pair  of  meshed 
gears. 

The  envisionments  produced  by  Nielsen's  program  can  be  compared  to  our  no- 
tion of  state  diagrams  (section  2.5  and  3.2.3).  In  both  cases,  a  state  corresponds 
to  qualitatively  different  motions,  determined  by  the  direction  of  the  motion.  The 
way  in  which  these  envisionments  are  obtained  is,  however,  different.  First,  our 
region  diagram  is  different  (as  explained  above)  from  their  place  vocabulary,  and 
thus  they  are  used  differently  in  the  generation  of  the  state  diagram.  Second,  we  use 
motion  intersection  rules  and  a  propagation  algorithm  to  determine  the  actucil  mo- 
tions without  considering  again  object  contacts;  all  the  propagation  is  done  through 
motion  parameters.  In  Nielsen's  approach,  the  place  vocabulary  is  used  to  reeison 
about  motion  constraints  resulting  from  object  contacts. 

Comparison 

Despite  the  already  mentioned  differences  between  Qualitative  Kinematics  and 
our  approach,  they  both  share  the  same  basic  philosophy:  the  use  of  configuration 
spaces  for  kinematic  pair  analysis,  the  decomposition  of  mechanism  analysis  into 
two  steps,  and  the  need  of  explicit  quantitative  (metric)  information.  We  have 
fully  formcdized  these  concepts  and  provided  a  proof  for  the  completeness  of  the 
two-step  procedure  (Chapter  3).  In  this  context,  we  also  proved  that  for  fixed 
axes  mechanisms  (an  implicit  assumption  for  Faltings  composition  procedure),  the 
composition  of  pairwise  behaviors  can  be  simplified.  We  concentrated  mainly  on  the 
problem  of  composition  of  pairwise  behaviors,  wherejis  Faltings  concentrated  mainly 
on  the  problem  of  computing  them.  In  addition,  wc  showed  that  configuration 
spaces  are  an  effective  tool  for  tlic  (l<-.sipii  of  kiiH-inatir  pairs  (this  will  bo  discussed 
in  section  6.2). 
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6.1.2      Gelsey's  Approach 

Recently,  Andrew  Gelsey  developed  a  program  that  produces  kinematic  analyses 
from  a  Constructive  Solid  Geometry  (CSC)  representation  [Requicha,  80]  of  a  3-D 
mechanism  [Gelsey,  87].  The  description  of  the  kinematic  behavior  is  given  in  terms 
of  of  relationships  between  parameterizations  of  kinematic  pairs,  expressed  in  terms 
of  monotonic  segments.  His  analysis  technique  consists  of  five  steps  ([Gelsey,  87; 
pl83]): 

1.  Identify  lower  pairs  by  the  symmetries  of  the  common  surfaces  shared  by  the 
elements  of  the  pair. 

2.  Identify  higher  pairs  (particularly  gears  and  cams)  by  noticing  appropriately 
intersecting  motion  envelopes. 

3.  Find  constraints  on  the  relative  and  absolute  positions  and  orientations  of 
kinematic  pairs. 

4.  Detect  relationships  between  the  motion  of  one  pair  and  that  of  another  due 
to  relative  geometric  configurations  of  the  pair. 

5.  Compose  these  relationships  to  form  new  relationships. 

Note  that  this  procedure  is  also  an  elaboration  of  the  two-step  procedure  for  mech- 
anism analysis  introduced  by  Reuleaux  (1876)  and  presented  in  section  3.3  and 
Chapter  4.  The  first  two  steps  identify  kinematic  pairs,  and  the  last  three  compose 
their  pairwise  possible  motions.  The  recognition  of  kinematic  pairs  is  done  using 
a  set  of  heuristics.  Lower  pairs  are  recognized  by  examining  the  geometry  of  the 
shared  surface  areas  of  contact.  The  CSG  representation  of  the  subparts  in  con- 
tact must  be  complementary  (e.g.,  a  sohd  subpart  of  one  object  matching  a  hollow 
subpart  of  the  other  object),  and  share  symmetries.  Higher  pairs  are  identified  by 
intersecting  motion  envelopes.  Once  the  type  of  the  kinematic  pairs  has  been  iden- 
tified, their  possible  motions  and  parameterization  is  determined  from  a  library  of 
kinematic  pairs.  The  composition  of  kinematic  behaviors  is  carried  by  finding  con- 
straints on  the  relative  and  absolute  positions  and  orientations  of  kinematic  pairs. 
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Kinematic  Pairs: 

<  LFRAME  I  LPISTON  >  (type  -  PRISMATIC) 

axis  -    (-3,0,0], 1-4,0,0)    ratio  -   0 

PERPENDICULW)   to  <    UTONR    ,    LPISTON    > 

PERPENDICLTLAK   to  <    LTRAME    .    itrs    > 
FIXED 

<  LFRAME    ■    LCRS    >  (type   -    REVOLUTE) 

axl»  -    [32,6,01,(32,7,0]    ratio  -   0 
PARALLEL  to   <    LCONR    :    LPISTON    > 
PARALLEL  to   <    LCONR    :    LCRS    > 
DISTANCE   to   <    LCONR    :    LCRS    >      -    7 
PERPENDICl^AR   to   <    LFRAME    ,    LPISTON    > 

<  LCONR    :    LPISTON   >    (type   -   REVOLUTE) 

«ls   -    (-8,-0.5,0], (-8,0.5,0]    ratio  - 
PARALLEL  to   <    LFRAME    :    LCRS    > 
PARALLEL  to   <   LCONR    :    LCRS    > 
DISTANCE  to   <    LCONR    :    LCRS    >      -    11 

1A.UNK    .    LCRS   >    (type  -    RCVOLUTE) 

"Is   -    (25,-9,01,(25,-8,0]    ratio  -   0 
PARALLEL   to    <    LCONR    :    LPISTON    > 
DISTANCE   to   <    LCONR    :    LPISTON    >      -    33 
PARALLEL   to    <    LFRAME    :    LCRS    > 
DISTANCE   to    <    LFRAME    i    LCRS    >       -    7 


Interrelationships: 

Monolonlc  Segment 

<  LFRAME  I  LCRS   >   goes  from 

<  LFRAME  1  LPISTON)  goes  from 
Monotonlc  Segment 

<  LFRAME  1  LCRS   >   goes  frc«a 

<  LFRAME  1  LPISTON)  goes  from 


0  to 
0  to 


180  to 
-14  to 


160 
-14 


360 
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Figure  6.3:  Piston  and  Crankshaft  Mechanism,  and  its  Kinematic  Analysis  [Gelsey, 

87]. 


Relations  between  motions  come  from  higher  pairs  and  Hnkages;  this  is  done  by 
applying  special  techniques  such  SiS  triangle  geometry  (necessary  for  movable  axes 
mechanisms).  Finally,  the  relations  are  propagated  and  new  relations  are  found, 
using  algebraic  techniques.  An  example  of  the  analysis  of  a  Piston  and  Crankshaft 
mechanism  is  shown  in  Figure  6.3. 

Gelsey's  approach  is  not  based  on  configuration  spaces,  but  rather  on  heuristics 
for  recognizing  types  of  kinematic  pjiirs.  This  approach  has  two  disadvantages:  first, 
only  known  kinematic  pairs  described  in  a  predefined  library  can  be  recognized. 
Second,  only  simple  kinematic  pairs  (i.e.,  kinematic  pairs  with  only  one  axis  of 
motion)  can  be  recognized.  Another  minor  complication  is  that,  because  objects  are 
described  using  CSG  representations,  the  matching  of  hollow  versus  solid  surfaces  is 
complicated  by  the  fact  that  CSG  representations  are  not  unique;  a  simple  syntactic 
matching  procedure  is  not  sufficient  to  determine  the  adequacy  of  the  match.  Thus, 
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the  recognition  of  kinematic  pairs  although  probably  more  efficient,  is  more  limited 
than  the  configuration  space  approach.  In  the  composition  of  kinematic  pairs, 
Gelsey's  approach  can  deal  with  a  certain  class  of  movable  axes  mechanisms  by 
using  a  number  of  heuristics,  making  his  approach  more  general.  However,  it  is 
not  clear  that  his  composition  method  can  deal  with  mechanisms  with  changing 
topologies,  such  as  the  clutch  system  in  Figure  4.1.  Finally,  the  kinematic  analysis 
produced  by  Gelsey's  program  does  not  specify  exphcitly  the  different  qualitatively 
different  kinematic  behaviors.  He  envisages  to  carry  an  additional  simulation  step 
in  order  to  find  the  state  diagram  of  the  mechanism.  The  arguments  for  and  against 
the  use  of  simulations  versus  doing  a  complete  envisionment  are  well  known. 

6.1.3      Other  Related  Work 

The  first  attempt  to  automatically  deduce  the  behavior  of  machines  based  on  the 
geometrical  descriptions  of  its  parts  was  presented  by  StanfiU  (1983).  He  proposes 
a  hierarchy  of  seven  sub-domains,  such  as  Kinematics,  Dynamics  and  Sohd  geome- 
try as  a  decomposition  for  the  domain  of  mechanisms.  For  every  sub-domain,  the 
appropriate  representation  and  domain  expert  is  constructed.  The  result  is  a  sys- 
tem which  produces  qualitative  models  of  simple  machines  from  purely  geometric 
representations.  The  Kinematics  domain  can  deal  with  only  very  simple  shapes 
(cyhnders)  describing  prototypical  objects.  Motions  of  objects  and  their  relation- 
ships are  derived  using  a  small  set  of  rules.  The  limitations  of  this  approach  are 
quite  severe,  since  it  cannot  account  for  various  object  geometries  nor  can  it  deal 
with  more  than  a  few  types  of  object  interactions. 

Commonsense  approaches  to  reasoning  about  solid  objects  include  work  by  Yoav 
Shoam  (1985)  and  Ernest  Davis  (1988).  Shoam  addresses  the  concept  of  kinematic 
freedom  and  presents  a  number  of  theorems  on  the  local  degrees  of  freedom  of 
objects.  The  concept  oi  fit  between  two  shapes  is  also  defined  in  terms  of  constraints 
on  the  degrees  of  freedom.  The  problem  with  his  formalization  is  that  it  is  useful 
only  for  determining  local  behaviors;  no  method  is  provided  in  order  to  compose 
these  local  constraints  to  obtain  an  envisionment,  i.e.,  an  account  of  the  global 
degrees  of  freedom  of  the  mechanism.  His  results  are  largely  subsumed  by  Nielsen's, 
Faltings',  and  ours. 
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Davis  approaches  the  problem  of  reasoning  about  the  behavior  of  sohd  objects 
from  a  logicist  perspective.  For  this  purpose,  he  has  built  a  logical  framework 
that  incorporates  a  formalization  of  physical,  temporal,  and  spatial  knowledge.  His 
goal  is  to  predict  qualitatively  the  behavior  of  a  physical  system  consisting  of  solid 
objects.  The  prediction  of  behavior  is  deduced  from  a  set  of  first-order  axioms, 
without  recourse  to  solving  complicated  (and  in  most  cases,  unnecessary)  differential 
equations.  Although  reasoning  about  the  kinematics  of  objects  is  addressed  in  his 
theory,  the  perspective  is  somewhat  different.  He  is  mainly  interested  in  robust 
predictions,  i.e.,  predictions  where  the  outcome  of  a  situation  does  not  vary  with 
slight  variations  of  shape,  position  or  velocity.  This  perspective  is  not  suitable 
for  reasoning  about  mechanisms  because,  as  argued  previously,  sUght  changes  in 
shape  do  cause  qualitative  changes  of  behavior.  Davis'  approach  is  best  suited  for 
commonsense  situations,  and  is  very  much  in  the  spirit  of  Hayes'  formalization  of 
Naive  Physics  [Hayes,  79]. 

6.2      Design 

As  mentioned  in  the  introduction  of  Chapter  5,  most  existing  CAD  systems  in  the 
area  of  Mechanical  Engineering  serve  as  a  computerized  drafting  system  to  store 
two  and  three-dimensional  drawings  of  the  parts  in  a  mechanism  [Encarnacao,  83]. 
A  few  existing  CAD  systems  are  also  capable  of  verify  the  consistency  of  object's 
shapes,  and  ccdculate  properties  such  as  weight,  moment  of  inertia,  center  of  gravity, 
etc.  [Krouse,  82].  For  one  particular  class  of  mechanisms,  planar  and  spatial  Unkage 
mechanisms,  there  are  avciilable  programs  to  assist  the  engineer  in  the  process  of 
design.  As  argued  in  the  introduction  of  this  chapter,  these  programs  abstract  the 
shapes  of  the  Hnks  to  one-dimensioned  rods  and  use  analyticzJ  methods  to  compute 
the  precise  paths  of  the  links.  We  will  briefly  discuss  a  recent  extension  of  this  type 
of  design  at  the  end  of  this  section. 

One  particular  task  that  deeds  with  the  explicit  design  of  object  shapes  is  cam 
design.  In  this  task,  the  goal  is  to  determine  the  shape  of  an  object's  continuous 
boundary  that,  when  in  contact  with  another  object,  achieves  a  predefined  motion 
relation.   In  general,  the  boundary  of  the  resulting  object  is  a  polynomial  or  Iran- 
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scendental  curve.  Our  design  method  differs  from  existing  cam  design  methods,  but 
is  tilso  more  general.  We  will  discuss  this  briefly  in  section  6.2.1. 

Certain  developments  in  AI  techniques,  in  particular  expert  systems  and 
knowledge-based  reasoning,  have  made  it  possible  to  attempt  the  automatization 
of  a  number  of  routine  design  tasks  (Expert  CAD  systems;  see  the  recent  issue  of 
Computer,  July  1986,  dedicated  to  expert  systems  in  MechanicaJ  Engineering).  It  is 
a  common  observation  that  knowledge  plays  a  key  role  in  the  design  process;  from 
this  perspective,  the  design  problem  is  viewed  as  a  constraint  satisfaction  problem 
where  the  search  for  a  solution  is  guided  by  domziin  knowledge.  The  utility  of  this 
framework  has  been  reported  in  the  design  of  paper  transports  inside  copiers  [Mittal 
and  Araya,  86],  [Mittal  et  ai,  86]  and  in  the  design  of  air  cylinder  systems  [Brown 
and  Chandrasekaran,  86].  We  will  begin  by  surveying  these  methods,  and  then  pro- 
ceed to  survey  a  design  method  for  kinematic  pairs  proposed  by  Faltings  (1987a). 
In  section  6.2.4,  we  will  consider  a  new  innovative  design  system,  called  PROMPT 
[Addanki  and  Murthy,  87]. 

6.2.1      Cam  Design 

A  cam  mechanism  consists  of  a  cam  and  a  follower,  as  shown  in  Figure  6.4.  In 
most  cases,  the  cam  is  mounted  on  a  revolute  axis  and  can  only  rotate;  there  are 
one  or  more  followers,  permanently  in  contact  with  the  cam  through  the  action  of 
gravity  or  a  spring.  Each  follower  has  one  degree  of  freedom,  either  translational  or 
rotational.  The  goal  is  to  find  the  shape  of  the  continuous  contour  of  the  Ccun  so  as 
to  obtain  a  specific  motion,  velocity,  and  acceleration  of  the  follower(s).  In  general, 
the  boundary  of  the  cam  is  a  polynomiaJ  or  transcendental  curve,  and  a  number  of 
analytical  and  numerical  techniques  are  used  to  determine  this  shape. 

The  main  differences  between  cam  design  methods  and  our  kinematic  pair  de- 
sign method  is  that  in  cam  design,  the  boundary  of  the  cam  consists  of  a  single, 
continuous  feature;  this  feature,  however  is  not  a  predefined  feature  but  an  arbitrary 
curve.  Our  design  method  is  capable  of  producing  discontinuous  boundaries  formed 
by  simple  features  (e.g.,  vertices,  edges  and  arcs).  Our  design  method  is  capable  of 
modifying  both  the  cam  and  the  follower,  and  not  just  the  cam;  it  can  also  design 
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Follower 


Cam 


Figure  6.4:  A  Cam  Mechanism 

cams  in  any  design  space,  not  just  the  rotation-translation  space. 

We  can  incorporate  cam  design  methods  in  our  design  framework  as  follows: 
given  a  desired  motion  relationship  between  the  cam  and  the  follower,  we  will  first 
attempt  to  construct  the  cam  boundary  using  simple  features.  For  every  portion 
of  the  configuration  space  that  cannot  be  produced  by  a  simple  feature  pair,  we 
switch  cam  design  methods  in  order  to  define  a  new  feature.  Thus,  we  incorporate 
new  features  only  when  necessary.  The  new  resulting  method  constitutes  a  more 
general  and  solid  theory  of  kinematic  cam  design. 

6.2.2      Knowledge-Based  Approaches 


The  problem  of  compiling  and  using  routine  design  knowledge  has  been  addressed 
in  [Brown  and  Chandrasekaran,  86],  [Mittal  and  Araya,  87],  [Araya  and  Mittal, 
86].  In  routine  design,  the  structure  of  the  device  is  fixed,  and  standard  meth- 
ods of  designing  various  parts  are  known.  Design  methods  are  captured  in  design 
plans  that  guide  the  design  modification  process.  The  design  process  proceeds  by 
hierarchical  refinement  of  (he  initial  generic  device.  At  each  refinement  step,  the 
constraints  generated  by  the  new  requirements  guide  the  design  process.  The  final 
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step  consists  of  choosing  the  appropriate  elementary  components  and  the  values  of 
their  parameters  from  a  fixed  library  of  components. 

Our  design  method  for  kinematic  pairs  can  be  incorporated  with  the  last  step  in 
this  refinement  process,  when  elementary  components  are  chosen.  The  components 
can  be  modified  when  their  parameterized  description  does  not  satisfy  the  local 
constraints.  As  noted  in  section  5.8,  the  design  of  multiple  part  mechanisms  using 
only  configuration  spaces  is  prohibitively  expensive.  A  hierarchical  approach  such 
as  the  one  described  in  these  systems  is  clearly  advantageous. 

6.2.3      Faltings'  Approach 

[Faltings,  87]  briefly  sketches  an  approach  to  mechaniccJ  design,  and  in  particular 
to  the  design  of  kinematic  pairs.  By  varying  the  parameters  such  as  the  distance 
between  the  motion  axes,  it  is  possible  to  find  aJl  the  landmark  vcJues  (this  term  is 
borrowed  from  [Kuipers,  84])  and  make  a  list  of  their  corresponding  place  vocabu- 
laries. Then,  given  a  description  of  a  desired  behavior  in  terms  of  place  vocabularies, 
it  is  sufficient  to  search  for  the  place  vocabulary  corresponding  to  one  of  the  land- 
mark values.  If  no  such  place  vocabulary  exists,  the  design  problem  has  no  solution 
in  terms  of  varying  the  chosen  parameter.  Faltings  also  proposes  to  use  landmark 
values  for  variations  in  the  objects  themselves  in  order  to  account  for  shape  modifi- 
cations. As  he  points  out,  the  problem  is  that  variations  of  many  parameters  must 
be  considered  jointly,  and  thus  landmark  regions  in  a  high-dimensional  space  must 
be  considered. 

Faltings  approach  to  design  is  a  parameter-based  approach,  and  thus  suffers  from 
the  same  limitations  associated  with  it:  the  potential  design  solutions  are  limited  by 
the  initial  choice  of  shapes  and  parameterization;  the  solution  search  space  is  of  high- 
dimensionality  if  many  parameters  axe  involved.  Our  solution  circumvents  both 
problems  by  eliminating  parameters  ajid  using  the  two-dimensional  configuration 
space  as  the  backbone  of  the  search  procedure. 
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6.2.4      Modification  Operators:   PROMPT 

An  interesting  departure  from  the  parameter-based  design  paradigm  is  the  work  by 
Murthy  and  Addanki  (1987).  They  have  developed  a  system,  called  PROMPT,  that 
is  capable  of  reasoning  about  the  structure  and  behavior  of  elementary  components. 
The  system  is  capable  of  analyzing  and  modifying  the  prototypes  in  the  fixed  hbrary 
of  elementary  components.  Two  mechanisms  are  introduced  to  perform  this  ta^k: 
a  graph  of  models  and  a  set  of  modification  operators.  The  purpose  of  the  graph  of 
models  is  to  organize  the  domain  knowledge  into  manageable  domain  models  that 
incorporate  assumptions  and  simplifications  of  the  domain.  The  edges  between 
models  in  the  graph  represent  a  set  of  assumptions  that  must  be  added  or  relaxed 
to  switch  between  adjacent  models.  Problem  solving  in  a  given  domain  is  thus 
reduced  to  iterating  between  the  search  for  an  appropriate  model  and  the  search  for 
the  appropriate  knowledge  within  the  model.  Searching  for  the  appropriate  model 
is  simplified  by  explicitly  representing  assumptions  and  reasoning  about  conflicts 
with  respect  to  assumptions.  Searching  within  a  model  is  simplified  by  the  relatively 
small  size  of  the  different  models. 

Modification  operators  are  predefined,  rule-like  operations  that  can  be  applied 
to  a  component  in  order  to  match  design  constraints.  They  consist  of  three  parts: 
a  set  of  preconditions  that  determine  the  applicability  of  the  operator,  a  set  of 
heuristics  that  help  focus  the  analysis  of  the  prototype,  and  a  set  of  heuristics  that 
control  the  mapping  from  the  results  of  the  analysis  to  structural  changes.  When 
a  given  prototype  must  be  modified,  the  system  begins  by  finding  the  appropriate 
model  for  the  prototype;  it  analyzes  it  and,  using  the  mapping  heuristics,  determines 
what  changes  should  be  made.  If  the  result  is  not  satisfactory,  a  different  model 
(adjacent  to  the  one  considered)  is  selected,  and  the  process  is  repeated.  [Murthy 
and  Addanki,  87]  illustrate  this  technique  in  the  domain  of  structural  beam  design; 
given  a  set  of  design  constraints,  the  system  is  capable  of  modifying  the  shape  of  a 
beam's  cross  section  to  match  the  constraints  by  applying  shape  operations  such  as 
mass  redistribution,  circular  symmetry,  etc. 

The  advantage  of  this  technique  is  that  the  prcconipilation  of  design  modifica- 
tions results  in  a  level  of  reasoning  that  forms  a  bridge  between  the  purely  param- 
eterized level  of  component  description  and  the  very  general,  but  inefficient  level  of 
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first  principles  analysis.  The  resulting  designs  are  novel  in  that  they  do  not  exist 
within  the  system  library. 

From  this  perspective,  we  can  consider  our  design  method  as  being  a  first  prin- 
ciples theory  of  shape  and  kinematic  function.  Our  elementary  components  cor- 
respond to  vertices,  lines,  and  arcs;  there  are  two  types  of  modification  operators: 
feature  deletion  and  feature  addition.  The  analysis  of  the  residting  design  is  done  by 
computing  the  configuration  space  of  the  modified  kinematic  pair.  The  difference 
is  however,  that  we  are  reasoning  at  the  level  of  first  principles  and  therefore  the 
operators  are  both  general  and  complete.  An  interesting  problem  is  to  develop  a 
"higher  level"  version  of  modification  operators  for  kinematic  pair  design;  instead 
of  adding  one  feature  at  a  time,  one  can  consider  the  addition  of  several  features 
at  a  time.  For  example,  when  designing  toothed  mechanisms  (such  as  the  half  gear 
pair  in  Figure  7.18),  we  can  think  of  introducing  one  pair  of  teeth  at  a  time,  instead 
of  introducing  them  line  by  line.  We  will  discuss  this  in  further  detail  in  the  next 
chapter. 

6.2.5      Mechanism  Synthesis  Using  Basic  Elements 

[Manoochehri  and  Seireg,  87]  report  a  general  methodology  for  generating  an  opti- 
mum machine  topology  for  performing  predefined  tasks.  Their  approach  combines 
both  kinematic  and  dynamic  requirements,  and  configures  the  desired  mechanism  by 
composing  elementary  components.  The  table  of  elementary  components  contains  a 
host  of  joint  assemblies  such  as  prismatic  and  revolute  joints,  two-arm  dyads,  etc.  A 
number  of  composition  and  analysis  rules  are  used  to  gradually  add  (or  substitute) 
elements  to  the  kinematic  chain  according  to  their  merits  in  improving  the  design. 
A  finite-element  method  is  used  to  determine  the  paths  of  the  different  links. 

This  method  is  interesting  because,  although  it  abstracts  object  shapes,  it  is 
capable  of  handling  movable  axes  mechanisms.  The  system  is  capable  of  compos- 
ing complex  systems  from  a  set  of  tabulated  elements  described  by  their  function. 
Our  kinematic  pair  design  procedure  could  be  used  after  the  global  design  of  the 
mechanism  is  finished,  in  order  to  "fill-in"  the  functional  descriptions  and  give  an 
actual  shape  (or  modify  a  predefined  one)  to  the  objects  that  satisfies  the  kinematic 
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requirements  of  the  pair. 

6.3      A  Note  on  Previous  Publications 

Part  of  the  material  presented  in  this  thesis  has  been  previously  reported  in  several 
papers.  The  first  paper  was  published  in  1987  [Joskowicz,  87a]  and  deals  with  the 
analysis  of  mechanisms.  It  presents  the  two-step  method  consisting  of  local  and 
global  interactions  analysis,  and  introduces  the  use  of  configuration  spaces  for  the 
analysis  of  kinematic  pairs.  The  global  interactions  analysis  method  for  fixed  axes 
mechanisms  uses  a  version  of  the  constraint  propagation  algorithm  presented  here. 
In  this  paper,  no  distinction  is  made  between  state  diagram  and  region  diagram.  A 
subsequent  technical  report  [Joskowicz,  87b]  makes  the  distinction  and  introduces 
the  formalization  of  the  method  in  terms  of  configuration  spaces;  it  serves  as  the 
basis  for  the  formalization  in  Chapter  3.  The  journal  paper  [Joskowicz,  88]  sum- 
marizes the  analysis  approach  presented  in  Chapter  4.  The  basis  of  the  innovative 
kinematic  pair  design  was  reported  in  length  in  [Joskowicz  and  Addanki,  88a]  and  is 
succinctly  presented  in  [Joskowicz  and  Addanki,  88b].  Both  are  the  basis  of  Chapter 
5.  This  thesis  presents  the  unified  view  of  the  ideas  presented  in  all  these  papers. 


Chapter  7 


Conclusion 


The  central  problem  addressed  in  this  thesis  is  the  development  of  a  framework 
for  reasoning  about  the  relationship  between  the  shape  of  a  solid  object  and  its 
kinematic  function  in  a  mechanical  device.  Such  a  framework  is  essential  for  nu- 
merous reasoning  tasks  concerning  mechanical  devices:  analysis,  prediction,  design, 
diagnosis,  etc.  Our  original  goal  was  to  develop  a  framework  general  enough  to 
support  all  these  reasoning  tasks  and  constitute  a  first  principles  theory  (also  called 
deep  domain  model)  of  kinematics  and  shape,  i.e.,  a  theory  that  captures  the  set 
of  fundamental  principles  underlying  the  domain.  The  main  requirements  for  this 
theory  were: 

•  To  provide  a  first  principles  theory  of  shape  and  kinematic  behavior  in  me- 
chanical devices 

•  To  allow  explicit  reasoning  about  the  relationship  between  shape  and  kine- 
matic function 

•  To  support  symbolic  and  functional  reasoning 

•  To  support  qualitative  and  causal  reasoning 

•  To  be  provably  sound  and  complete 

•  To  provide  the  basis  for  the  development  and  analysis  of  specific  reasoning 
algorithms  for  envisioning,  prediction  of  behavior  and  design  in  this  domain. 

206 


207 


We  have  shown  that  configuration  spaces  can  be  used  as  the  basis  for  a  first  prin- 
ciples theory  that  satisfies  the  above  requirements.  Configuration  spaces  provide 
an  intermediate  representation  that  relates  object  geometry  to  kinematic  behavior. 
The  shapes  of  the  objects  and  their  degrees  of  freedom  determine  the  regions  of  free 
placements  in  the  configuration  space.  These  regions,  in  turn,  can  be  interpreted  a^ 
representing  qualitatively  different  possible  motions  of  the  objects  in  a  mechanism. 
Conversely,  desired  behaviors  can  be  mapped  into  regions  of  the  configuration  space; 
the  nature  of  these  regions  and  their  boundaries  can  then  be  used  to  determine  the 
shapes  of  the  objects.  Thus,  configuration  spaces  can  be  used  for  both  analysis  and 
design  of  kinematics  of  mechanisms. 

Based  on  this  theory,  we  first  developed  two  languages  to  describe  kinematic  be- 
havior: possible  motions  descriptions  and  caused  descriptions.  Then,  we  developed 
an  analysis  algorithm  based  on  a  formalization  of  Reuleaux's  (1876)  method  for 
the  design  and  analysis  of  mechanical  devices.  This  method  is  a  two-step  procedure 
that  starts  by  analyzing  the  behavior  of  cJl  kinematic  pairs  and  then  composes  these 
behaviors  to  obtain  the  overall  behavior  of  the  mechanism.  For  a  restricted  class  of 
mechanisms  (fixed  ajces  mechanisms),  we  showed  that  the  composition  of  behaviors 
can  be  done  using  a  small  set  of  composition  rules.  The  result  of  the  analysis  is 
a  region  diagram  that  indicates  all  the  qualitatively  different  attainable  behaviors 
of  the  mechanism.  The  region  diagram  can  be  used  to  predict  the  behavior  of  a 
mechanism  for  a  given  input. 

The  design  techniques  for  kinematic  pairs  introduced  in  Chapter  5  are  also 
based  in  configuration  spaces.  We  showed  how  to  design  the  shapes  of  objects  in 
kinematic  pairs  from  functional  specification  of  their  desired  behavior.  The  result 
was  a  series  of  design  algorithms  that  modify  (or  create)  object  shapes  based  on  the 
configuration  space  representation  of  the  desired  behavior.  In  order  to  account  for 
qualitative  and  partially  specified  causal  desired  behaviors,  we  extended  the  notion 
of  configuration  space  boundary.  The  novelty  of  our  design  method  for  kinematic 
pciirs  lies  in  the  fact  that  the  method  does  not  presuppose  a  parameterization  of 
the  shapes  of  the  objects.  This  enables  us  to  describe  the  desired  behavior  in  very 
general  terms  and  obtain  innovative  solutions. 
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Our  theory  is  by  no  means  complete,  or  immediately  applicable  in  a  practical 
context,  such  as  a  production  CAD/CAM  system.  However,  it  can  be  extended 
and  improved  towards  these  goals.  In  this  concluding  chapter,  we  will  discuss  some 
of  the  limitations  and  possible  improvements  and  extensions  of  our  scheme.  We 
begin  by  considering  a  number  of  technical  limitations  and  possible  improvements 
of  the  algorithms  for  analysis  and  design.  We  then  discuss  the  limitations  of  our 
functional  languages  and  the  need  of  a  hierarchical  reasoning  scheme.  We  conclude 
by  suggesting  a  scheme  to  incorporate  non-kinematic  constrciints  and  outline  the 
architecture  and  requirements  of  a  practical  framework  for  automated  analysis  and 
design  of  mechanical  devices. 

7.1      Technical  Improvements 

In  this  section,  we  will  discuss  some  of  the  technical  improvements  and  limitations 
of  the  methods  and  cdgorithms  presented  in  this  thesis.  We  have  discussed  at  the 
end  of  Chapters  4  and  5  some  of  the  immediate  extensions  for  both  analysis  and 
design,  and  we  will  not  repeat  them  here.  Rather,  we  will  make  a  globed  evaluation 
and  examine  directions  for  improvements. 

In  order  to  further  validate  the  theories  presented  in  this  thesis,  an  implemen- 
tation is  necessary.  We  have  implemented  a  simplified  version  of  the  constraint 
propagation  algorithm,  and  have  begun  the  implementation  of  the  design  algorithm 
in  the  translation-translation  space.  This  work  is  by  no  means  complete,  and  ex- 
tensive effort  is  necessary  to  implement  all  the  algorithms  presented  here. 

7.1.1      Analysis 

The  most  important  feature  missing  in  our  analysis  algorithm  is  the  ability  to  deal 
with  movable  axes  mechanisms,  and  in  particular  with  linkage  mechanisms.  The 
problem  is  that  the  composition  of  relative  possible  motions  requires,  in  generail, 
algebraic  techniques.  Furthermore,  no  clear  qualitative  characterization  of  object 
motion  is  readily  available.  Despite  this,  it  is  possible  in  most  cases  to  abstract  the 
shapes  of  the  objects  to  one-dimensional  rods  and  then  analyze  the  resulting  line- 
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Figure  7.1:  A  Kinematic  Pair  that  Requires  the  Computation  of  a  3D  configuration 
Space 

diagram  mechanism.  This  abstraction  can  be  fully  justified  in  terms  of  configuration 
spaces  (Theorem  4.1,  section  4.4).  In  addition,  a  set  of  heuristics  such  as  the  ones 
proposed  by  Gelsey  (1987)  can  be  incorporated  to  deal  with  such  mechanisms.  We 
sketched  an  extended  analysis  algorithm  in  section  4.4. 

Another  limitation  of  our  analysis  algorithm  is  that  it  deduces  pairwise  behaviors 
from  the  computation  and  analysis  of  two-dimensional  configuration  spaces,  instead 
of  their  full  four-dimensional  spaces.  For  most  kinematic  pairs,  this  simplification  is 
valid.  However,  in  some  cases,  it  is  not.  Consider  the  paiir  of  objects  in  Figure  7.1. 
The  lever  B  is  free  to  rotate  around  ajds  O2,  and  the  drum  A  is  free  to  rotate  and 
translate  along  axis  Oj.  Both  axes  are  perpendicular,  as  indicated  in  the  figure.  For 
four  angular  positions  of  A  and  a  translational  position,  B  can  push  A.  In  all  other 
positions,  the  motions  of  A  and  B  are  independent.  Since  there  are  three  degrees  of 
freedom,  the  corresponding  configuration  space  is  three-dimensional.  Suppose  that 
we  analyze  several  two-dimensional  projections  of  it.  One  possibility  is  to  fix  Xa 
and  compute  the  configuration  space  defined  by  Oyi  and  6b-  There  are  two  types  of 
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Figure  7.2:  An  Example  of  Two  Simultaneous  Motions 


configuration  spaces:  one  in  which  6^  and  6b  are  independent,  and  one  in  which 
they  are  related  (this  corresponds  to  the  initial  placement  shown  in  the  figure).  The 
problem  is  to  discover  the  ranges  of  Xa  where  these  two  behaviors  take  place,  since 
there  is  no  a  priori  information  on  their  existence  and  extension.  Note  that  fbdng 
0A  and  analyzing  the  space  defined  by  9b  and  Xa  presents  the  same  problem.  In 
addition,  considering  a  new  motion  parameter  X  defined  as  the  difference  of  the 
two  others  (e.g.,  X  =  Oa  -  Ob)  as  we  did  in  Figure  4.3  is  not  meaningful  since  both 
parameters  are  defined  on  different  axes.  The  only  complete  analysis  method  in  this 
case  is  the  computation  and  analysis  of  the  three-dimensional  configuration  space. 

In  the  prediction  of  behavior  algorithm  (state  diagrams,  section  4.3),  we  re- 
stricted input  motions  to  be  sequential,  i.e.,  only  one  input  motion  could  be  applied 
to  an  object  at  any  time.  Allowing  simultaneous  input  motions  on  several  parts  re- 
quires the  introduction  of  time  information  since  the  actual  velocity  of  the  objects 
influences  the  resulting  behavior.  Consider  a  three-piece  mechanism  consisting  of  a 
fixed  base  C  and  two  discs,  A  and  B,  that  can  translate  along  two  perpendicular 
axes,  Oi  and  O2  respectively  (see  Figure  7.2).  Suppose  we  apply  simultaneously 
a  translation  input  motion  to  A  and  B.  Then,  depending  on  the  velocities  and 
accelerations,  they  might  collide,  prevent  the  other  block's  translation,  or  just  not 
interact.  To  determine  this,  it  is  necessary  to  incorporate  time  information  in  addi- 
tion to  the  type  and  extent  of  the  input  motions.  (Erdmann  and  Lozano-Perez,  83) 
have  studied  this  problem  in  the  context  of  motion  planning  for  multiple  moving 
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objects.  Their  method  is  to  consider  an  additional  dimension,  and  construct  the 
configuration  space-time  for  each  moving  object.  We  believe  that,  in  practice,  be- 
cause object  motions  are  more  constrained  in  mechanisms,  a  much  simpler  approach 
can  be  used. 

One  of  the  apparent  disadvantages  of  our  prediction  algorithm  is  that  it  requires 
as  input  the  region  diagram  produced  by  a  previous  envisionment  of  the  mecheinisia; 
this  region  diagram  describes  all  the  possible  reachable  behaviors  of  the  mechajiism. 
One  could  argue  that  in  order  to  find  the  actual  behavior  of  the  mechanism  due 
to  a  sequence  of  input  motions,  it  is  not  necessary  to  find  first  all  the  possible 
behaviors  of  the  mechanism.  Rather,  it  could  be  computationally  more  efficient 
to  find  how  input  motions  are  constrained  as  they  are  applied,  based  on  object 
contacts;  motion  constrciints  could  then  be  produced  and  examined  "on  the  fly". 
This  argument  advocates  for  the  use  of  a  simulation  in  order  to  predict  behavior. 
The  rationale  behind  this  argument  is  that  most  of  the  possible  behaviors  in  the 
envisionment  are  not  necessary  for  the  particular  sequence  of  input  motions. 

Two  arguments  can  be  opposed  to  this  simulation  approach.  To  begin  with,  we 
compute  only  the  reachable  behaviors  from  an  initial  position,  and  not  all  the  be- 
haviors, including  unreachable  behaviors  (which  are  computed  by  Faltings'  program 
(1987a)).  Second,  since  the  motions  in  a  mechanism  are  highly  constrained,  it  is 
likely  that  there  would  be  only  a  few  qualitatively  different  motions.  To  see  this, 
consider  again  the  clutch  system  in  Figure  4.1  and  its  region  diagram  in  Figure  4.5. 
If  unreachable  behaviors  were  to  be  considered,  their  number  would  be  astronomical 
-  one  would  have  to  consider  the  mechanism  with  some  of  its  parts  removed  (not 
in  contact  with  the  fixed  frame).  Note  that  the  region  diagram  obtained  for  the 
clutch  system  is  small,  considering  the  number  of  parts  and  their  potential  degrees 
of  freedom.  For  cases  in  which  the  region  diagram  is  not  so  compact,  we  proposed  to 
simplify  the  region  diagram  to  obtain  a  more  representative  region  diagram  (section 
4.2.4).  We  believe  that,  although  feasible,  the  simulation  approach  faces  the  same 
type  of  problems  that  the  envisionment  approach,  with  the  disadvantage  that  the 
simulation  must  start  from  scratch  for  every  new  sequence  of  input  motion. 
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(a) 


(b) 


Figure  7.3:  The  Block  and  Rod  Pair  and  its  Configuration  Space 
7.1.2      Adding  Springs,  Gravity,  and  Friction 


In  order  to  have  a  more  complete  analysis  of  mechanisms,  it  is  necessary  to  incor- 
porate non-kinematic  elements  to  account  for  such  phenomena  as  forces  resulting 
from  springs,  gravity,  and  friction.  Our  analysis  scheme  assumed  that  no  externaJ 
forces  act  on  objects:  motion  was  transmitted  if  there  was  a  contact,  regardless 
of  gravity  and  friction.  It  is  possible  to  partially  account  for  these  phenomena  as 
follows: 

Gravity  and  Springs: 

The  effects  of  these  forces  is  to  impose  a  "preferred  direction  of  motion"  in  which  the 
objects  will  move  by  themselves,  unless  prevented  to  do  so  by  a  contact  with  another 
object.  In  terms  of  configuration  spaces,  this  translates  into  a  direction  of  motion 
in  the  configuration  space.  For  a  given  initial  placement,  corresponding  to  a  point 
in  configuration  space,  motion  occurs  in  the  direction  of  gravity  (or  the  direction 
of  the  spring  compression).  If  a  boundary  is  reached  (i.e.,  a  contact  is  established), 
the  corresponding  object  contact  will  remain  unless  specifically  interrupted.  For 
example,  consider  the  block  and  rod  pair  in  Figure  7.3(a)  in  their  initial  positions. 
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Figure  7.4:  Friction  Prevents  the  Transmission  of  Motion 

Assume  that  gravity  is  parallel  to  the  axis  of  translation.  The  block  will  go  down 
until  it  comes  in  contact  with  the  rod,  and  then  move  with  it.  The  path  of  motion 
is  indicated  by  a  dotted  line  in  the  configuration  space  in  Figure  7.3(b).  Note  that 
if  the  ajcis  was  perpendicular  to  gravity,  no  motion  would  occur.  The  effect  of  a 
spring  is  entirely  analogous. 

Friction: 

The  slope  of  a  configuration  space  boundary  can  determine  in  certain  situations 
if  motion  can  be  transmitted.  Consider  the  two  blocks  in  Figure  7.4  and  their 
configuration  space.  If,  in  a  certain  parameter  interval,  the  slope  of  the  parameter 
relation  is  not  within  the  range  of  allowable  slopes,  then  the  motion  will  not  be 
transmitted  (the  objects  are  stuck  by  friction).  In  the  example,  the  slopes  of  Co,Ci 
and  cz  are  too  steep,  so  no  motion  can  be  transmitted  from  A  to  B  and  vice  versa. 

7.1.3      Design 


The  backtracking  design  algorithm  in  Table  5.3  is  general  but  inefficient,  since  its 
complexity  is  exponential  in  the  number  of  features  of  both  objects.  We  introduced 
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(a)  Adding  Feature  Clusters 
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(b)  Sweeping  Heuristics 


Figure  7.5:  Two  Extensions  for  the  Design  Algorithm 

two  heuristics,  the  Boundary  Ordering  heuristic  and  the  Feature  Ordering  heuristic 
based  on  the  principle  of  local  convexity  to  establish  an  ordering  between  possible 
feature  pair  candidates,  and  thus  speed  the  algorithm.  We  were  also  able  to  develop 
a  number  of  efficient  algorithms  for  special  cases  of  design  situations.  More  research 
is  necessary  to  find  efficient  algorithms  for  design  problems  in  rotational  spaces. 

A  number  of  improvements  can  be  envisaged  to  our  qualitative  shape  design 
scheme.  To  begin  with,  we  need  a  better  way  of  dealing  with  the  potentially  in- 
finite number  of  new  landmark  points  that  can  be  introduced  in  the  qualitative 
configuration  space  boundary.  This  would  require  a  discretization  of  the  configu- 
ration space  and  the  definition  of  a  neighborhood,  or  alternatively  an  optimization 
scheme  to  find  the  "best"  new  landmark  point.  Also,  heuristic  methods  can  be 
developed  to  direct  the  choice  to  "good"  landmark  points.  Finally,  we  can  envisage 
a  design  algorithm  that  considers  the  addition  and  deletion  of  a  number  of  features 
simultaneously,  instead  of  just  one  feature  at  a  time.  Two  methods  can  be  used: 
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•  Add  to  the  table  of  elementary  interactions  clusters  of  features;  for  example, 
we  can  add  the  interaction  between  two  gear  teeth  (a,  b)  as  a  possible  choice 
(see  Figure  7.5(a));  then,  when  designing  geared  kinematic  pairs,  such  as  the 
half  gear  pair  in  Figure  7.18,  we  consider  the  addition  or  deletion  of  a  full 
teeth,  instead  of  just  a  single  line,  according  to  their  configuration  space. 

•  Sweeping  Heuristic:  when  the  design  space  includes  translation,  and  a  region 
of  the  configuration  space  contains  a  line  parallel  to  the  translation  axes  (i.e., 
for  a  given  angular  position  of  A,  B  can  translate)  it  is  possible  to  sweep  the 
translating  object  and  remove  the  edges  in  the  rotating  object  that  intersect 
with  it.  Consider  agaiin  the  design  example  presented  in  section  5.1  (Figure 
5.1)  and  the  desired  configuration  space  in  Figure  5.3.  Figure  7.5(b)  presents 
the  results  of  the  sweep.  In  the  translation-translation  space,  this  heuristics 
leads  to  a  complete  algorithm  (Table  5.5) 

7.2      Functional  Descriptions 

As  argued  in  Chapter  2  and  3,  the  two  functional  languages  for  describing  kine- 
matic behavior,  possible  motions  descriptions  and  causal  descriptions,  are  expres- 
sive enough  to  describe  cdl  kinematic  behaviors  of  fixed  axes  mechanisms.  They  are, 
however  too  "low  level"  for  a  certain  class  of  design  applications.  First,  they  require 
the  description  of  the  kinematic  pair  behavior  in  terms  of  the  relationships  between 
motion  parameters  and  the  intervals  in  which  they  hold.  Although  these  relation- 
ships can  be  stated  in  qualitative  or  causal  terms,  higher  level  descriptions  such  as 
">1  supports  B",  "A  maintains  5's  position",  "A  is  attached  to  B",  etc.  cannot  be 
handled.  Such  descriptions  are  likely  to  come  up  in  the  early  stages  of  the  design, 
where  the  design  problem  is  not  yet  stated  in  terms  of  motion  parameters.  To  incor- 
porate this  type  of  design  specifications  into  our  design  framework,  we  would  have 
to  establish  a  mapping  between  these  descriptions  and  their  corresponding  configu- 
ration space  constraints.  For  example,  ">1  is  attached  to  5"  can  be  mapped  into  the 
configuration  space  restriction  "moiion-paraT7zeier(yl)  =  motion -parameter[B)''\ 
Mappings  similar  to  this  one  can  be  developed  for  the  other  specifications  as  well. 

A  second  limitation  of  our  functional  languages  is  their  inability  to  capture 
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symmetry  and  allow  fuzziness  in  design  specifications.  For  example,  consider  the 
design  of  the  ratchet  mechanisms  presented  in  Figure  6.1.  The  purpose  of  the 
ratchet  mechanism  is  to  allow  rotations  of  the  wheel  in  one  direction,  but  prevent 
them  in  the  other.  Stating  the  desired  behavior  as  "allowing  full  clockwise  rotations 
but  preventing  full  counter-clockwise  rotations"  is  too  imprecise  to  be  mapped  into 
a  configuration  space;  we  have,  in  addition,  to  specify  by  how  much  the  permitted 
counter-clockwise  rotation  is,  and  how  is  the  rotation  prevented.  Eventually,  we 
have  to  produce  a  configuration  space  that  matches  (at  least  qualitatively)  the 
ratchet's  configuration  space  in  Figure  6.1(d).  In  reality,  causal  descriptions  of 
behavior  are  descriptions  of  one-dimensional  paths  from  which  a  two-dimensional 
configuration  space  must  be  constructed.  In  order  to  account  for  these  specifications, 
we  must  develop  a  more  powerful  and  flexible  configuration  space  matching  scheme, 
that  allows  the  matching  of  two-dimensional  qualitative  regions  and  not  just  one- 
dimensional  qualitative  boundaries. 

7.3      Hierarchical  Reasoning 

In  principle,  all  problem-solving  in  a  given  domain  can  be  done  at  the  level  of 
first  principles  when  a  complete  theory  of  that  domain  is  available.  In  practice, 
however,  this  approach  is  generally  too  expensive  and  necessary  only  when  more 
efficient  but  less  general  techniques  fail.  The  most  appropriate  approach  is  a  multi- 
level, hierarchical  scheme  that  embodies  knowledge  and  heuristics  in  several  levels 
of  abstraction,  down  to  the  level  of  first  principles.  For  example,  when  an  engineer 
is  faced  with  the  task  of  designing  a  gear-box,  he  generadly  uses  standard  gears  and 
thus  does  not  consider  the  precise  shape  of  the  gears'  teeth;  the  only  important 
property  is  that  the  gears  mesh.  Only  seldomly  will  the  engineer  consider  redesign- 
ing the  shapes  of  the  teeth.  For  a  hierarchical  approach  to  be  of  use,  the  knowledge 
in  each  level  should  be  automatically  derivable  (or  justifiable)  from  the  knowledge  at 
the  previous  level.  In  this  way,  we  ensure  its  overall  consistency  and  completeness. 
In  order  to  switch  between  levels,  a  focusing  mechanism  that  is  capable  of  decid- 
ing when  to  switch  between  levels,  when  to  modify  or  generate  a  new  knowledge 
structure,  etc.  is  necessary. 
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The  theory  presented  in  this  thesis  is  a  first  principles  theory  of  kinematic  be- 
havior and  thus  has  the  advantages  and  drawbacks  of  any  first  principle  theory. 
However,  it  can  serve  as  the  basis  of  a  multi-level  reasoning  approach  about  mecha- 
nisms. More  specifically,  we  envisage  the  introduction  of  one  (or  more)  intermediate 
reasoning  level,  based  on  shape  predicates  and  properties: 

Functional  Level  (Reference  Point  and  Motion  Parameters) 

Predicate  Level  (Shape  Primitives  and  Interaction  Rules) 

First  Principles  Level  (Geometry  and  Configuration  Spaces) 

The  functional  level  corresponds  to  describing  objects  and  their  interactions  in  terms 
of  the  object's  reference  points  and  relationships  between  motion  parameters.  This 
level  is  characterized  by  the  functional  descriptions  presented  in  Chapter  2.  In  the 
first  principles  level,  objects  are  represented  by  their  boundaries  and  their  relation- 
ships by  configuration  spaces.  The  techniques  for  doing  anadysis  and  design  at  this 
level  were  presented  in  Chapters  4  and  5.  Between  these  two  levels,  we  propose 
to  introduce  a  "Predicate  Level",  in  which  object  shapes  are  represented  by  sym- 
boUc  properties  (e.g.,  cylinder,  gear,  number-of-teeth,  etc.)  and  their  interactions 
are  captured  by  rules.  As  an  example,  consider  the  following  representation  of  a 
cyhndricaJ  gear: 

cylindrical-geeir(G)    is   defined   by 
radius(G) 

number-of-teeth(G) 
size-of -teeth (G) 
axis-of-rotation(G) 
origin(G) 

The  interaction  between  two  parallel  gears  is  stated  by  the  following  rule: 
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Preconditions : 

isa(cylindrical-geax(Gl)) 

isa(cylindrical-geeLr(G2)) 

size-of -teeth(Gl)    =    size-of-teeth(G2) 

f ixed(axis-of-rotation(Gl) ) 

f ixed(axis-of -rotation(G2) ) 

parallel(axis-of-rotaticn(Gl) ,  axis-of-rotation(G2) ) 

distance(origin(Gl) ,  crigin(G2))  = 
radius(Gl)  +  radius(G2) 
Then: 

rotation(Gl,  axis-of-rotation(Gl) ,  Th_l)  IFF 

rotation(G2,  axis-of-rotation(G2) ,  Th_2) 

Th_l  =  Th_2  *  number-of-teeth(Gl) 
/number-of-teeth(G2) 

This  rule  assumes,  of  course,  that  nothing  prevents  the  rotation  of  either  Gi  or  G2- 
Then,  given  that  d  and  G2  are  two  cylindrical  gears  that  satisfy  the  preconditions, 
we  can  apply  this  rule  to  determine  their  pairwise  behavior.  Similarly,  we  can 
define  a  set  of  typical  elements,  their  properties  and  a  set  of  rules  that  define  their 
interactions.  In  fact,  we  can  develop  several  levels  in  the  hierarchy,  at  decreasing 
levels  of  abstraction  [Joskowicz,  86].  For  example,  the  previous  gear  description  did 
not  incorporate  the  notion  of  tooth.  In  a  lower  level  abstraction,  we  can  incorporate 
this  new  property  of  gears,  and  rewrite  parallel  gear  rule  that  states  the  effect  of  the 
interaction  between  teeth.  Using  this  rule  we  could  deduce  the  behavior  of  partly 
toothed  gears,  not  just  fully  toothed  parallel  gears. 

Although  appealing  at  first,  the  predicate  level  approach  by  itself  is  severely 
hmited:  first,  it  requires  the  pre-compilation  of  all  the  expected  interaction  between 
objects;  second,  it  assigns  predefined  functions  to  objects  (e.g.,  a  gear  could  not  be 
used  as  a  cam  if  it  is  described  solely  with  gear  properties).  Finally,  reasoning  at 
this  level  requires  the  development  of  composition  rules  and  the  integration  of  a 
symbolic  geometric  reasoner.  This  task  has  turned  out  to  be  of  extreme  difficulty, 
and  no  satisfactory  solution,  even  for  very  simplified  versions  of  the  problem  have 
been  found  (see  the  comments  on  this  in  [Forbus  ci  a/.,  87]).  The  integration  of 
the  predicate  level  witli  the  functional  and  first  principles  level  in  the  hierarchy  is 
what  brings  out  many  potential  benefits.  By  having  a  first  principle  theory,  we  can 
justify  every  single  rule  and  make  explicit  the  assumptions  and  abstractions  it  is 
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based  on;  this  means  that  we  can  reason  explicitly  about  these  assumptions.  In 
addition,  we  can  define  levels  to  support  more  abstract  design  specifications  (e.g., 
"support",  "maintain  position",  etc.)  such  as  and  the  ones  discussed  in  the  previous 
section. 

Reasoning  at  different  levels  of  abstraction  leads  to  efficient  problem-solving.  A 
first  step  in  this  direction  is  the  scheme  presented  by  Addanki  (1988).  He  proposes 
to  organize  the  different  levels  of  abstraction  and  knowledge  about  the  world  into 
hierarchies  of  structures  called  prototypes.  An  analysis  component  is  capable  of 
analyzing  prototypes  from  first  principles  and  modifying  them  when  necessary.  We 
consider  this  paradigm  suitable  for  building  robust  and  efficient  automatic  problem- 
solving  systems  for  complex  domains,  such  as  the  domain  of  mechanisms. 

7.4      Incorporation  of  Other  Design  Constraints 

The  incorporation  of  non-kinematic  design  constraints  such  as  dynamics  and  manu- 
facturing constraints  is  essential  in  order  to  develop  a  general  design  system.  Kine- 
matic constraints  can  be  though  of  as  defining  "the  bare  minimum"  requirements 
for  the  mechanism  to  function,  since  they  define  desired  motions  of  objects  that 
must  take  place.  Our  design  algorithm  ftdly  accounts  for  all  kinematic  constraints 
and  also  incorporates  a  number  of  non- kinematic  constraints  (Table  5.1).  The  con- 
straints in  this  table  fall  into  two  broad  categories:  local  constraints,  i.e.,  constraints 
that  can  be  enforced  during  the  design  process  by  locaJ  computations  (minimum 
thickness,  minimum  and  majdmum  distance  between  edges,  etc.)  and  constraints 
that  are  enforced  by  the  procedural  definition  of  the  shape  modification  algorithm 
(design  the  simplest  objects,  prefer  edge-edge  contacts  over  edge-vertex,  etc).  How- 
ever, not  all  design  constraints  correspond  to  these  two  categories.  They  require 
their  own  first  principles  theories  and  design  methods,  which  are  independent  of 
kinematic  considerations. 

We  believe  that  a  blackboard  architecture  can  be  an  appropriate  framework  to 
integrate  different  design  constraints  and  have  "domain  specialists"  interact  to  come 
up  with  a  satisfactory  mechanism  ([Hayes-Roth,  85];  for  a  survey  on  blackboard 
architectures  and  its  uses  for  knowledge  engineering,  see  [Nii,  86]).    To  iUustrate 
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how  the  design  proceeds  in  such  an  environment,  consider  the  following  example. 
Suppose  we  want  to  incorporate  stress  and  shearing  constraints  to  the  design  of 
the  input  cylindrical  axis  {A)  of  the  clutch  system  (Figure  4.1).  Suppose  that,  as  a 
result  of  stress  analysis,  we  find  that  cross  section  of  the  axis  must  be  modified  to 
a  square,  or  its  radius  must  be  increased.  Given  these  two  possible  solutions,  the 
kinematic  analyzer  will  discard  the  first  one  because  no  appropriate  support  can 
be  provided  for  a  rotating  beam  with  a  square  cross-section.  Enlarging  the  radius 
of  the  input  axis  implies  that  the  supporting  frame  must  also  be  modified,  because 
the  kinematic  behavior  of  the  mechanism  was  altered  by  the  change  of  dimensions 
of  A.  It  is  the  interaction  of  the  dynamics  expert  and  the  kinematics  expert  that 
eventually  lead  to  the  design  solution  that  satisfies  all  constraints. 

7.5      Towards  a  Practical  System 

The  construction  of  a  fully  automated  practical  system  for  mechanism  analysis  and 
design  is  an  arduous  task.  We  would  like  to  list,  however,  the  desired  features  of 
such  a  system,  based  on  the  considerations  discussed  in  this  chapter. 

The  most  important  feature  of  an  automated  design  and  analysis  system  is  the 
ability  to  reason  at  different  levels  of  abstraction.  As  we  argued  in  section  7.3, 
it  is  not  efficient,  nor  desirable  (and  sometimes  not  even  possible)  to  do  all  the 
problem-solving  at  the  level  of  first  principles.  A  hierarchiccd  approach  with  &n 
explicit  mechanism  for  switching  between  levels  of  abstraction  is  necessary  to  effi- 
ciently use  the  knowledge  at  each  level  and  recognize  its  Umitations.  The  different 
levels  of  abstraction  are  determined  by  considering  the  sub-domain  addressed  (we 
outlined  three  levels  of  abstraction  for  the  domain  of  kinematics  in  section  7.3).  In 
order  to  incorporate  different  sub-domains,  such  as  kinematics,  dynamics  ajid  man- 
ufacturing, as  well  as  other  design  constraints,  we  proposed  to  use  a  blackboard 
architecture;  such  an  architecture  organizes  the  communication  between  the  differ- 
ent sub-domain  experts.  Within  each  of  the  sub-domains,  reasoning  is  hierarchical. 

The  consequences  of  these  two  features,  hierarchical  and  nmlti-doniain  reason- 
ing, are  manifold.  First,  the  representation  scheme  for  both  objects  and  constraints 
must  be  flexible  enough  to  support  reasoning  at  different  levels  of  abstraction.  Thus, 
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it  is  probably  necessary  to  establish  a  hierarchy  of  representations;  furthermore,  the 
system  must  be  able  to  accept  inputs  at  different  levels.  This  is  possible  in  our  kine- 
matic reasoning  scheme,  where  we  can  describe  two  gears  functionally  and  describe 
the  rest  of  the  mechanism  in  terms  of  object  geometry.  In  the  design  algorithm,  we 
specified  the  initial  shapes  of  the  objects  geometrically,  and  the  desired  behavior 
functionally.  For  the  geometrical  modeUng,  existing  CAD  systems  can  be  used,  but 
they  have  to  be  augmented  and  integrated  to  the  overall  system. 

The  design  of  a  mechanism  is  seldomly  a  one-pass  process;  it  generally  involves 
the  modification  and  adjustment  of  both  the  designed  device  and  the  design  con- 
straints. To  account  for  this  the  system  must  be  highly  interactive,  allowing  the  user 
to  introduce  modifications  at  any  step  of  the  design  process,  support  hypothetical 
reasoning,  etc. 


Appendix  A 


In  this  appendix,  we  analyze  in  detail  some  of  the  aspects  of  object  contacts  and 
the  configuration  space  boundaries  they  create.  We  begin  by  presenting  our  no- 
tation which  follows  [Faltings,  87].  The  first  section  provides  the  equations  of  a 
point  in  configuration  space  created  by  the  contact  of  two  points  in  the  object 
boundary.  The  second  section  present  the  equations  for  both  analysis  and  design 
in  the  translation-translation  space  (includes  arc  segments).  We  also  discuss  the 
conditions  for  qualitative  design.  This  appendix  is  based  on  the  analysis  results 
presented  in  [Faltings,  87],  and  extends  the  results  for  design. 

Let  Xa,  Xb,  Ox,  ^b  be  the  motion  parameters  of  A  and  B  and  let  O^  and  Ob 
be  their  axes  of  motion.  Let  F  be  the  configuration  space  coordinate  frame  that  is 
fixed  in  space.  F  is  defined  by  two  motion  parameters  and  an  origin  Pq  =  {X^,Xg). 
A  point  in  the  configuration  space  (with  respect  to  F)  is  denoted  by  Pc  =  {Xa,Xb), 
where  X^  and  Xb  are  the  values  of  the  motion  parameters  Xa,Xb  with  respect  to 
the  origin  Pq.  Let  Fa  =  (xajYa)  and  Fb  =  (xB,yB)  be  two  cartesian  coordinate 
frames  attached  to  A  and  B,  respectively.  Object  features  are  described  in  terms 
of  coordinates  with  respect  to  the  local  coordinate  frames  (see  Figure  A.l) 

•  Points  of  objects  are  denoted  by  P^  =  {xa^Va)  and  Pb  =  {xB,yB)- 

•  Edges  of  A  and  B  are  defined  by  two  endpoints,  L4  =  {P^,P^)  and  Lb  = 

•  Arcs  of  objects  are  defined  by  four  values:  the  origin  point  o^,  the  radius  of 
the  arc  r^  and  the  two  endpoints  of  the  arc,  P^  and  Pj  ■ 

■>0') 
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Rotation-Rotation  Translation-Translation 

(a)  Global  and  Local  Coordinate  Frames 
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Angular  Offset  Translational  Offset 

(b)  Offset  Measures 


Figure  A.l:  Notation  Conventions 
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Constant  Axis  Parameters 


Figure  A. 2:  Notation  Conventions  (continued) 

We  measure  angular  positions  with  respect  to  the  Xx  axis.  The  angular  position 
of  the  object  is  given  by  ^^,  and  ipA  represents  the  local  angular  offset  of  a  feature 
with  respect  to  xa-  Similarly,  we  measure  translations  with  respect  to  the  origin 
of  the  Xa  axis,  and  parallel  to  it.  The  translational  position  of  the  object  is  given 
by  Xa,  and  A^  represents  the  local  translational  offset  of  a  feature  with  respect  to 
the  origin  of  Xa  (see  Figure  A.l). 

We  define  the  measure  of  distance  between  the  axes  Oa  and  Ob  as  follows  (see 
Figure  A. 2): 

•  Rotation-Rotation  Space:  The  distance  d  between  Oa  and  Ob  is  denoted  by 
d. 


•   Rotation-Translation  Space:   The  distance  between  Oa  and  a  perpendicular 
to  Ob-  The  value  /  is  the  signed  distance  from  the  perpendicular  to  the  origin 

of  Ofl. 
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•  Translation-Trajislation:  The  angle  between  the  two  axes  is  a.  The  values  /^ 
and  Ib  are  the  signed  distances  from  the  origin  of  Oa  and  Ob  to  the  intersection 
point  of  the  two  axes,  respectively. 

In  addition,  we  denote  by  Ra  the  distance  from  the  point  of  rotation  to  the  point 
of  contact  (rotation  space)  or  from  the  point  of  contact  to  the  axis  of  translation. 

Without  loss  of  generality,  we  assume  that  the  origin  of  the  local  coordinate 
axes  coincides  with  the  axis  of  rotation,  and  the  axis  of  translation  coincides  with 
the  xa  axis,  as  shown  in  Figure  A. 2. 

A.l      Coordinates  of  Endpoints 

Given  an  endpoint  Pc  in  the  configuration  space  boundary,  our  goal  is  to  find  the 
corresponding  two  points  Pa  and  Pb  of  A  and  B  that  create  it.  These  points  can  be 
vertices  (and  thus  form  a  Type  0  contact),  or  just  points  belonging  to  the  boundary 
features.  The  problem  of  determining  Pa  and  Pg  from  Pc  is  underconstrained,  and 
thus  accepts  infinitely  many  solutions.  However,  if  one  of  the  points  Pa  or  Pg  are 
given,  the  other  is  completely  determined. 

In  this  section,  we  provide  the  equations  relating  Pa,  Pb  and  Pc-  They  can  be 
used  for  both  analysis  and  design. 

A. 1.1      Rotation-Rotation 

We  distinguish  two  cases:  Ra  +  Rb  >  d  and  Ra  +  Rb  ^  d. 
1.  Ra  +  Rb  >  d.  The  generaJ  equations  are: 

Ra  cosIOa  +iI>a)  +  Rb  cos(^b  +  t^b)  =  d       (A.l) 
RAsm{eA  +  tpA)  =  RBCOs{eB+i>B)        (A.2) 

tanV'yi  =  xa/va         (A. 3)  tSinipB  =  ^b/j/b         (A.5) 

Ra^  =  XA^  +  VA^         (A.4)  Rb^  =  xb"  +  ys'        (A.6) 
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From  (A.l)  and  (A. 2)  we  deduce 


d 


D        _ (p.    g') 


For  analysis,  we  have  the  following: 

Given:     PaiPb  (we  can  then  deduce  Ra,Rb,''Pa,''Pb)- 

Find:     Pc  =  {eA,OB). 

Equations:     (A.l)  -  (A. 6) 

Problem:     Two  unknowns,  eight  given  values,  six  equations.   The  problem 
is  fully  determined. 

For  design. 

Given:     Pc  =  (Oa^Ob). 

Find:     Pa,Pb  (and  also  Ra.RbAaAb)- 

Equations:     (A.l)  -  (A. 6). 

Problem:     Eight  unknowns,  two  given  vedues,  six  equations.   The  problem 
is  underconstrained.  One  point  (either  Pa  or  Pb)  must  be  given. 

Assume  Pa  is  given.  Then,  we  get  from  equations  (A.l)  -  (A. 6)  and  (A. 8): 

-—  =  cos{eA  +  V'a)  +  sin(^^  +  V>i)  cot(^B  +  V-b) 
Ka 

where  Ra  and  t/'^t  are  given  by  (A. 3)  and  (A. 4).  Then, 

4      Id     ^    I    \  sin(g^  +  ^x)  ^ 

tan(^fl  +  Vb)  =  -2 (a    ^   I    \  "  ^ 

^  -  cos(^^  +  V'/t) 

By  the  tangent  rule,  we  get, 

tan  6b  —  C  I K  n\ 

i^ntPB  =  - ;^—-r  (A-9) 

1  -  CtanWfl 
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Thus,  the  point  Pb  is  defined  by 

IB  =  ±    ,  =     (A. 10)  VB  =  ±    I  ,  =      (A.ll) 

^1  +  tan^  iPb  V 1  +  ^^'^  '^B 

where  V'B  and /2b  are  computed  by  equations  (A. 9)  and  (A. 7).  If  0  <  V'>i+^i4  ^ 
TT  then  xb  —  -\-  and  i/b  =  —■,  else  xb  =  —  and  j/b  =  — • 

The  case  where  Pb   is  given  is  entirely   symmetriccJ.      Just  exchange  the 
subindices  containing  A  to  subindices  containing  B. 

Special  Case: 

A  special  case  occur  when  (A. 7)  and  (A. 8)  have  a  denominator  equal  to  zero. 
In  this  case, 

tan(^A  +  V'yi)  =  -  tan(^B  +  ^b) 

Then,  6a  +  V'a   =   {^b  +  V'b  +  ''^]mod  n-    Note  that  this  contact  is  physicjilly 

infeasible.  Therefore,  the  values  of  V'yi  and  V'B  for  which  the  above  equation 
is  true  must  not  be  considered. 

2.  Ra  +  Rb  <  d.    This  condition  corresponds  to  a  concave  contact.    The  generjil 
equations  are: 

Ra  cos{eA  +  V'a)  -  Rb  cos(^b  +M  =  d  (A.l) 
Ra  sm{eA  +^Pa)  =  Rb  cos(^b  +  V'b)  (A.2) 

Equations  (A. 3)  -  (A. 6)  are  the  same  as  before.  We  get, 

-  cos(^^  +  V'a)  +  sin(^^  +  V'/i)  cot(^B  +  V'b) 

Rb  = (A.8) 

-  cos(^B  +  V-b)  +  sinC^B  +  V-b)  cot(^^  +  Va) 

The  rest  of  the  equations  are  exactly  identical  to  the  case  Ra  +  Rb  >  d. 
A. 1.2      Rotation- Translation 

No  special  cases  to  distinguish  {  d  or  I  can  be  zero).  The  general  equations  are: 

RACOs{0A+'>pA)  +  RB=d  (A.l) 

Ra  sin(^4  +  Vm)  =  (Ab  +  Xb)-1        (  A.2) 


228 


tanV'yi  =  XA/yXA.3)  ys  =  Rb      (A.5) 

Ra"  =  XA^  +  VAlkA)  XB  =  Ab        (A.6) 

From  (A.l)  and  (A. 2)  we  deduce  that 

RB  =  d-iAs+Xs-  I)  cot(^^  +  VX)^.7)  R^  =  ^.^'1^^7l         ( A.8) 

For  analysis,  we  have  the  following 

Given:     Pa,Pb  (we  can  then  deduce  Ra^Rbi^Ai^b)- 

Find:     Pc  =  {Oa,Xb). 

Equations:     (A.l)  -  (A.6). 

Problem:     Two  unknowns,  eight  given  values,  six  equations.  The  problem  is  fully 
determined. 

For  design. 

Given:     Pc  =  {Oa,Xb). 

Find:     Pa,Pb  (and  also  Ra,RbA'a,Ab)- 

Equations:     (A.l)  -  (A.6). 

Problem:     Eight  unknowns,  two  given  values,  six  equations.  The  problem  is  un- 
derconstrained.  One  point  (either  Pa  or  Pb)  must  be  given. 

Assume  Pa  is  given.  Then,  we  get  from  equations  (A.l)  -  (A.6)  and  (A.8): 

Ab  =  Ra  sin(^4  +  ^a)-Xb  +  1 

Rb  =  d-  RACos{eA+rpA) 
where  Ra  and  ipA  are  given  by  (A. 3)  and  (A. 4).  Thus,  the  point  Pb  is  defined  by 

XB  =  RAsill{0A+^A)-XB  +  l  (A.9) 

yB=d-RACos{eA+i'A)  (A. 10) 

Assume  now  that  Pb  is  given.   Then  A^  and  Rb  are  deduced  from  (A.5)  and 
(A.6).  From  (A.8)  we  get: 

a  ~  Kb 
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By  the  tangent  rule, 

tan  6a—C  ,  .     ^ 

Thus,  the  point  P^  is  defined  by 

ii^tanV'yi       ..   ^_.  ,  Ra  /a  ii\ 

Xa  =  ±^=  (A. 10)  Va  =  ±-j=  (A.ll) 

^1  +  tan^  rpA  \/l  +  tan^  Vvi 

where  V'A  and  Ra  are  computed  by  equations  (A. 9)  and  (A. 7).  K  0  <  6a  +  i>A  '^  t^ 
then  tb  =  +  and  t/s  =  — ,  else  x^  =  —  and  ys  =  —■ 

Special  Case 

A  special  case  occurs  when  (A. 9)  has  a  denominator  equal  to  zero.  Then, 

6  a  =  arctan( — :) 

Vb  +  Xb  -I 

In  this  case,  the  contact  is  physically  infeasible.    Therefore,  the  points  Pb  that 
satisfy  the  above  equation  should  not  be  considered  as  solutions. 

A. 1.3      Translation-Translation 

We  distinguish  three  cases:  First,  when  a  =  0,  then  when  a  —  1^/2,  and  finally  the 
general  case  where  a  ^  Q  and  q  /  7r/2. 

1.   (a  /  0)    A    (a  7^  ■^/2).   The  general  equations  are: 

^^  +  i2B  =  (XB  +  AB-iB)tana      (A.l) 
cos  a 

Rn 

—^  +  RA  =  {XA+^A-lA)i^^ria      (A.2) 
cos  a 

XA  =  ^A  (A.3)  XB  =  Ab  (A.5) 

VA  =  Ra  (A.4)  vb  =  Rb  (A.6) 

For  analysis, 
Given:      Pa^Pb  (we  can  then  deduce  /2^,  iZ^,  A^,  Ab). 
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Find:     Pc^{Xa,Xb). 

Equations:     (A.l)  -  (A. 6). 

Problem:     Two  unknowns,  eight  given  values,  six  equations.   The  problem 
is  fully  determined. 

For  design. 

Given:     Pc  =  {Xa,Xb)- 

Find:     Pa,Pb  (and  also  Ra,Rb,^a,^b)- 

Equations:     (A.l)  -  (A. 6). 

Problem:     Eight  unknowns,  two  given  values,  six  equations.   The  problem 
is  underconstrained.  One  point  (either  Pa  or  Pb)  must  be  given. 

Assume  Pa  is  given.  Then,  we  get  from  equations  (A.l)  -  (A. 6)  and  (A. 8): 

yB  =  {Xa  -  xa  -  Ia)^^t^ol  -  VACosa  (A. 7) 

^B  =  K'Ta^"  +Ia-Xa  (A.8) 

The  case  where  Pa  is  given  is  exactly  syrrmietrical.  There  are  no  special  cases. 
2.  Q  =  0  Let  d  be  the  distance  between  the  two  parallel  ajces.  The  general  equations 


are: 


RA  +  RB  =  d  (A.l) 

Xa  +  /^a-Ia  =  Xb  +  Ab-Ib  (A.2) 

Equations  (A. 3)  -  (A. 6)  are  as  above.  Assuming  Pa  is  given,  we  have: 

xb  =  {XA  +  Xa)  -Xb  +  {Ib  -  U)  (A.7) 

Vb  =  d-yA  (A.8) 

When  Pb  is  given  the  equations  are  exactly  symmetrical. 

3.  a  =  7r/2  The  genercd  equations  are: 

Ra  =  {Ab  +  Xb)-Ib  (A.l) 

Rb  =  {Aa  +  Xa)-Ia  (A.2) 

Equations  (A. 3)  -  (A. 6)  are  cis  above.  Assuming  Pa  is  given,  we  have: 

XB  =  Va+Ib  -  Xb  (A. 7) 

yB=XA+lA-  Xa  (A.8) 

When  Pb  is  given  the  equations  arc  exactly  symmetrical. 
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A. 2      Configuration  Space  Boundary  Equations 

In  this  section  we  provide  the  configuration  space  equations  resulting  from  two 
feature  contacts.  There  are  nine  possible  contacts,  and  three  spaces  to  analyze. 
Note  that  the  case  of  a  vertex- vertex  contact  was  already  analyzed  in  the  previous 
section.  It  produces  a  point  in  configuration  space. 

For  each  case  we  will  present  the  equation  created  by  the  contact  (analysis)  and 
the  appropriate  equalities  for  the  design  case.  In  addition,  we  analyze  the  conditions 
necessary  to  maintain  monotonicity,  so  that  qualitative  relations  hold. 


A. 2.1      Translation-Translation 

For  the  sake  of  simplicity,  we  assume  that  one  object  is  fixed  and  the  other  has 
two  degrees  of  translational  freedom.  This  is  equivalent  to  having  the  two  objects 
with  one  degree  of  translational  freedom  each,  where  the  axis  are  perpendicular 
(a  =  7r/2). 

Vertex- Vertex  Contact 

Two  vertices  P^  and  Pb  create  a  configuration  space  point  Pc-  This  is  a  Type  0 
boundary. 

Analysis:  Pc  =  [Pa  -  Pb)  +  Po 

Design:  Underconstrained.   There  are  no  special  cases.    Fixing  one  feature  de- 
termines the  other. 

Given  Pa,  we  get  Pb  =  (Pa  -  Pc)  +  Po 
Given  Pb,  we  get  Pa  =  [Pb  +  Pc)  -  Po 


Edge-Vertex  Contact 

An  edge  La  =  {Pf,P.^)  and  a  vertex  Pb  create  a  configuration  space  line  segment 
Lc  =  (P^ ,P2)-  This  is  a  Type  1  boundary.  La  and  Lc  are  parallel. 

Analysis:  Pf  =  {P^  -  p^)  +  Po 
P?  =  {P^-Pb)  +  Po 

Equation  of  the  line:  {y^  -  t/^)XA  +  (^^  —  xf  )Xb  +  Vi^i   —  Vi^f  =  0 
Design:    Underconstrained  (Five  equations  and  six  unknowns).    There  are  no 
special  cases.  Fixing  one  feature  determines  the  other  two. 

Given  Pb,  we  get  P/*  ^  (Pg  -  pC)  _  p^ 
P^  =  {Pb-P^)-Po 
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Given  P^*,  we  get  Pb  =  {P^  -  Pf)  +  Po 
PB  =  (Pi4-Pf)  +  Po 

Similarly  when  P^  is  given. 

Vertex-Edge  Contact 

Exactly  as  above,  but  reversing  the  roles  of  La  and  Pg. 

Edge-Edge  Contact 

An  edge  La  —  {P^,P^)  and  an  edge  Lb  =  {Pf  ,Pf  create  a  configuration  space 

line  segment  Lc  =  {P^  ,P^).  This  is  a  Type  1  boundary.   All  La,  Lb  and  Lc  are 
parallel. 

Analysis:  P^  =  {P2   -  Pi)  +  ^0 
Pf  =  (Pi^-Pf)  +  Po 

All  the  lines  are  parallel: 

Vi  -  vi      y2  -  vi      y^  -  vi 


Xo  X-i 


Equation  of  the  line:  {y^  -  y^)XA  +  (x^  -  x^)Xb  +  Vz'^f  -  Vi^i  =  0 

Design:  Underconstrained  (Five  equations  and  eight  unknowns).  There  are  no 
special  cases.  Fixing  two  features  determines  the  other  two. 

Given  two  endpoints  of  La  and  Lb-,  Pf  and  Pf^  we  get 

P/  =  (Pi'^+Pi^)-Po 
P,^  =  {P,*-P^)  +  Po 

Similarly  when  any  other  combination  of  two  endpoints,  one  from  La  and  one  from 
Lb. 

Given  one  edge  La  =  {P*,P^),  we  get 

Pf  =  (Pf  +  Pf )  -  Po 
Pf  =  {Pf  +  P^)-Po 

Similarly  when  Eb  is  given. 

The  only  special  case  is  when  the  edges  arc  horizontal,  i.e.  x*  -  x*  =  x^  ~  ^7  — 
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xf  —  X2  .  Here  again,  two  endpoints  determine  the  other  two. 

Vertex-Arc  Contact 

A  vertex  P^  and  an  arc  Lb  =  {oB,rB,Pf  ,Pf)  create  a  configuration  space  arc 

segment  Lc  =  {oc,rc,Pf  ,P2)-  This  is  a  Type  2  boundary.  The  center  of  the  new 
arc  is  the  same  as  the  center  ob,  as  well  as  the  radius.  This  is  true  for  both  convex 
and  concave  arcs 

Analysis:  P,^  =  {Pj,  -  P^)  +  Po 

Pf  =  {PA-Pf)  +  Po 

The  radiuses  are  equal,  and  the  origins  coincide: 

rc=rB  =  y/{xf  -  x^f  +  (yf  -  y^f  =  ^{xf  -  x^)'  +  {y^  -  y^f 

oc  ■=  Ob  +  Po 

Equation  of  the  arc:  (Xa  -  x^Y  +  (Xb  -  Vof  =  ^c^ 

Design:  Underconstrained  (Seven  equations  and  nine  unknowns).  There  are  no 
special  cases.  Fixing  one  endpoint  determines  the  other  features. 

Given  the  vertex  P4,  we  get  the  arc  Lb  as  follows: 
Pf  =  (P^-Pf)-Po 

TB  =  TC 

Ob  =  oc  —  Po 

Similarly,  when  one  of  the  enpoints  of  Lb  is  given,  the  other  features  are  deter- 
mined. 

There  are  no  special  cases.  One  feature  determines  the  others. 
Qualitative  Design: 

In  this  case,  only  P^  and  P^    are  given.  The  minimum  radius  of  both  re  and  tb  is: 

TB=Tc>  v/(xf-xn^  +  (t/f- 2/2^)72 

In  order  to  have  the  boundary  monotonically  increasing  or  decreasing,  we  have  the 
further  restriction. 


rB=rc>  sJ{x^-xqY  +  {y^-y^YlV2 
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There  are  now  12  unknowns  and  9  equations.  Thus,  in  order  to  fix  the  features 
of  A  and  B  we  need 

•  Fix  the  vertex  Pa  and  the  radius  tb- 

•  Fix  one  endpoint  of  Lb  and  the  radius  r^. 

•  Use  the  tangents  of  the  adjacent  features  to  determine  the  radius.  Let  qi  and 
0:2  the  angles  of  these  tangents: 


Tc  > 


^|       2(1 -cos(ai +02)) 
guarantees  a  nionotonic  boundary. 

Arc-Vertex 

Symmetrical  to  the  previous  case. 

Edge-Arc 

An  edge  La  =  (P{*,  P^)  and  an  arc  Lb  =  {oB,rB,Pf ,  P^)  create  a  configuration 
space  that  is  either  empty  or  that  is  a  line  (see  Figure  A. 3).  When  the  arc  is  concave, 
the  part  of  the  edge  that  is  in  contact  with  it  is  the  endpoint,  and  thus  forms  a 
vertex-arc  contact.  The  only  case  in  which  a  point  of  La  that  is  not  an  endpoint 
touches  Lb  is  when  Lb  is  convex.  In  this  case,  a  configuration  space  line  segment 
Lc  is  produced.  This  is  a  Type  1  boundary.  Lc  is  parcdlel  to  La- 

Condition  for  the  contact  to  take  place:  the  tangent  at  the  enpoints  of  Lb,  at 
Pf  must  be  greater  than  /?,  and  at  Pf  must  be  smaller  than  f3.  /3  is  the  slope  of 
the  line  La  Otherwise,  it  is  the  endpoint  P^  or  Pf  that  is  in  contact.  Let 

tan/5  =  —J J 

if  -X* 

be  the  slope  of  the  edge  La- 

Ancdysis  (edge  vs.  concave  arc):  zf  =  if  +  r^  sin/3  -|-  ib  +  lo 

yf  -  P*  +  ^B  cos  /?  +  ya  +  j/o 


Parallelism  condition: 


I,  —  ij 
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A 


(a)  Edge-Arc  contacts  considered  as  Arc- Vertex  or 
Edge- Vertex  contacts. 


Two  conxex  arcs 


A  convex  and  a  concave  arc 


Figure  A. 3:  Cases  of  Contacts  Involving  Arcs 
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The  point  of  contact,  where  Pf  =  Pf  is:  xf  =  tb  sin^  +  xq 

yf  =  Tb  cos  (3  -yo 

Design:    Underconstrained  (Six  equations  and  twelve  unknowns).    The  points 

Pf  and  Pf  cannot  be  determined  in  this  case.    Only  when  the  next  edge-vertex 
or  vertex-arc  contact  takes  place  we  can  assign  them  values.  At  this  point,  we  can 

determine  og  and  tb,  P^  and  P^. 

•  Fixing  P/*  and  P^  determines  ob  and  tb- 

•  Fixing  Ob  and  tb  fixed  P^  and  P^. 

Arc-Edge  Contact 
Symmetrical  to  the  previous  case. 
Arc-Arc  Contact 

An  arc  La  =  {oA,rA,P^,  P^)  and  an  arc  Lb  =  {ob^tb^Pi  ^Pf)  create  a  config- 
uration space  of  Type  2  (arc):  Lc  =  {oc,rc,Pi  ,P2)-  For  such  a  contact  to  take 
place,  both  arcs  must  be  convex,  or  one  arc  concave  and  one  convex;  the  radius  of 
the  convex  arc  must  be  smaller  than  the  radius  of  the  convex  arc  (see  Figure  A. 3). 
The  center  of  the  new  arc  coincides  with  the  center  of  the  fixed  arc.  The  radius  is 
either  the  sum  of  radius,  or  the  subtraction  of  them  (second  case).  We  assume  that 
the  contacts  start  and  terminate  at  the  enpoints  of  the  arc. 

Analysis:  Pf  =  (P^^  -  ^i^)  +  -Po 
Pf  =  (Pi^-Pf)  +  Po 

Other  conditions:  re  =  r^  +  tb  or  tq  =  t^  —  tb 
oc  =  oa  +  Po 


re  =  ^/{x?  -  x^f  +  (yf  -  y^f  =  \/(xf  -  x^)'  +  (j/f  -  y^f 


TB  =  v/(xf  -  x^f  +  (yf  -  y^f  =  ^{xf  -  x^f  +  (yf  -  y^)' 


TA  =  yjixt  -  x^f  +  {y^  -  y^)'  =  ^/{xt  -  x^)' ^  {y*  -  y^f 

Design:  Underconstrained  (11  cquiitiuns  and  14  unknowns).  Fixing  two  features 
determines  the  other  two. 

•  Fix  the  radius  r^  and  an  cndpoint  /',•*. 

•  Fix  two  radiuses. 


237 


•   Fix  two  centers. 

The  qualitative  analysis  is  similar  to  the  previous  case. 
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Archimedes'  water  -  pump 
screw  plays  a  new  role  in  a 
weird  vehicle  called  the 
Marsh  Screw  Amphibian. 
Designed  and  built  by  the 
Chrysler  Corporation  for 
the  U.S.  Navy  Bureau  of 
Ships  in  1963,  it  rides  on 
two  c\lindrical  pontoons  fit- 
ted with  spiral  blades,  or 
helixes.  As  the  pontoons  are 
turned  by  the  engine,  they 
literally  screw  the  2,300- 
pound  craft  along  through 
water,  swamp,  deep  snow  or 
hip-deep  muck. 
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